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Generic constructions

® Generic Predicate. [Chatzidakis-Pillay 98] T a model
complete .Z-theory which eliminate 3°°. The £ U { P}-theory
T with a unary predicate, admits a model-companion TP. If
T is simple then so is TP.

® Generic expansion. T a model complete .Z-theory,

£ C &, does T as an (incomplete) .Z’-theory admits a
model-companion T g:7?
® YES : if (and only if) T eliminate 3°° [Winkler 1975]
e If T is NSOP; then so is T [Kruckman-Ramsey 2018].
([Jerabek 2018] for TY,)



General setting

T an Z-theory with infinite models;

Z € % and let Tg C T and %-theory;

S a new unary predicate symbol and .Zs = £ U {S};

Ts the Zs-theory of Zs-structures (A4, .#y) where # = T
and S(.4) = My = Ty is a substructure of Z | %.

Example

Let p >0 and T = ACF,, in the language £ = {4, —,,0,1}.Let
To=T | {+,—,0}, then Ty is the theory of [F,-vector spaces. Ts
is the theory of pairs (K, G) where K is a model of ACF, and G is
an additive subgroup, we call it ACFg.

Example
Let T=ACF and To = T = ACF. Call Tg is the theory of pairs
(K, k) of algebraically closed fields, we call it ACFscr.

Question

Can we axiomatise "generic" models of Tg?



General setting

Assume that Ty is pregeometric, there is an independence relation
|° defined over every subsets of every models of Ty.

Definition

An extension (A", A0) D (A, M) of models of Ts is strong if
0 \B//[o M .

Example
® In ACFg, every extension (K, G) D (F, H) is strong, as
G N F = H by definition of an extension.

® In ACFacr, a strong extension (L, /) D (K, k) is such that
119 K.



General setting

Theorem
Assume that the following holds:

® (Hi) T is model complete;

® (H2) To is model complete and for all infinite A C .4 = T,
aclo(A) < A ;

® (Hs) Ty is pregeometric;
O (H,) "Definability of |°-dimension in T"
Then there is a theory TS containing Ts such that
e cvery model of Ts has a strong extension which is a model of
TS;
o if (M, M) =TS and (N, M) = Ts is a strong extension
of (M , M) then (M, Mp) is existentially closed in (N, ).
If Ty is modular, then TS is the model-companion of Ts
(T, To, %) is called a suitable triple).



Hypothesis (H,)

(Ha) for all Z-formula ¢(x, y) there exists an .Z-formula 6,(y)
such that for be . # =T,

M = 04(b) <= there exists A > .# and a € 4 such that
¢(a,b) and ais an
%-independent tuple over ..

If 4 is Ng-saturated, the following are equivalent:

@ there exists .4/ >~ .# and some realisation a of ¢(x, b) in A
such that a is an |%-independent tuple over ./#;

@® there exists some realisation a of ¢(x, b) in .# such that a is
|%-independent over aclt(b).



(Hs) in examples

Under (H1) — (H3), condition (Ha) is equivalent to elimination of
3°° in the following cases:

® Ty is the theory of infinite sets;
o T =T,.

Example

® TS exists if T eliminates 3°° and Ty is the theory of infinite
sets: the generic predicate;

e Under (Hy — Hs), TS exists if T = Ty: lovely pairs of T.



Axioms

Definition

We say that a formula 1(t,y) is n-algebraic in t (or just algebraic
in t) if for any tuple b the number of realisations of 1(t, b) is at
most n. We say that a formula v(t, x, y) algebraic in t is strict in y
if whenever b is an |°-independent tuple over a, the set of
realisations of 1(t, a, b) is in aclg(a, b) \ aclg(a).

Example

In the language of vector spaces, the formula t = Ax + uy is strict
in y if and only if ;i # 0.

Lemma

Assume that Ty is pregeometric. Then for u a singleton and tuples
a and b, if u € aclg(a, b) \ aclp(a), there exists an Zy-formula
7(t, x, y) algebraic in t and strict in y such that u |= 7(t, a, b).



Axioms

If T, To satisfies (H1) — (Ha), the theory TS is axiomatised by

adding to Tgs the foIIowing axiom scheme: for each partition of

tuple of variables x = x%x!, for Z-formula ¢(x, y), and

Zo-formulae (T,(t,x,y)),<k which are algebraic in t and strict in
1

X7,

Wy (0s(y) = (Fxd(x, ) AX® C SA A\ Vet (it x,y) = £ ¢ 5))).

i<k

In other words, it is given by expressing the randomness of the
predicate S on aclp(xy) \ aclp(x%y).



(Hs) in examples

Fy finite field. Let % = {(Aa)aer,,+,0}, and £ D L. Let T
be a model-complete .Z-theory which contains the %,-theory Ty of
infinite-dimensional I ;-vector spaces. aclp(A) = (A) is the vector
space spanned by A. For x, z tuples of variable with |z| = gl —1,
there is a formula z = (y)o holding when z enumerates all
non-trivial linear combinations of x.

Fact (Chatzidakis-Pillay)

T eliminates 3°° if and only if for any formula ¢(x,y) there is a
formula 64(y) such that in any No-saturated model .# of T the set
04(.4) consists of tuples b from .# such that there exists a
realisation a of ¢(x, b) with an acly(b) = 0.

Given some Z-formula ¢(x,y), set

P(z,y) = Ixp(x,y) A (z = (x)o) and apply the fact to the formula
1(z,y), then the formula 6,(b) holds if and only if there is an
[Fg-independent realisation of ¢(x, b) over acly(b).



(Hs) in examples
Let Ty be expansion of T by a predicate for a F4-vector-subspace

V.

Theorem

If T is model-complete and eliminates 3°°, then T\, admits a
model companion. Further, TV eliminates 3°°, hence we may
iterate the expansion.

For a field of characteristic p > 0, the additive group is an
[Fp-vector space.

Corollary

A model-complete theory T of field of characteristic p > 0 has a
generic expansion by an additive subgroup if (and only if) T
eliminates 3°°.

® ACFG for T = ACFy;

® PsfG for T = Psf,¢;

¢ Finite dp-rank model-complete theory of fields of positive
characteristic, in particular ACVFG for T = ACVF, .



(Hs) in examples

Let p>0and T, = ACF | {-,_1 ) 1} the theory of the
multiplicative group. T, is given by adding to the theory of abelian
groups the following sets of axiom:

e /fp>0:

{vx 37"y y"=x|ne N\ pN}U {Vx3F=ly yP = x}

e Ifp=0:{Vx3™"y y"=x|neN\{0}}.
By an affine variety, we mean an irreducible zariski-closed set. By a
quasi-affine variety, we mean V' N O, where V is an affine variety
and O is a zariski open set.

Fact (Johnson)
Let ¢(x,y) be an ZL}ing formula, and K = ACF,

® the set of ¢ such that ¢(K, c) is a quasi-affine variety is
definable;

® if (K, c) defines a quasi-affine variety for all c, there exists
&(x,y) such that for all ¢, ¢(x,y) is the zariski-closure of
o(K,c).



(Hs) in examples

Lemma

Let p be a prime number or 0. For any formula ¢(x, z) which
defines a quasi-affine variety, there exists 04(z) such that for any
model K of ACF,, and any tuple ¢ from K, we have K |= 04(c) if
and only if there exists a € L = K such that |= ¢(a, c) and a is
|P-independent over K.

Corollary

For p > 0, the expansion of ACF,, by a predicate for a
multiplicative subgroup admits a model-companion, ACFG*.



Proof of the lemma

Let K = ACF, V C K" an affine variety, O C K" a Zariski open
set. The following are equivalent:

@ for all ki,...,k, €N, ¢ € K the quasi affine variety VN O is

not included in the zero set of x{“ cex = ¢
@® for all ki,...,k, €N, c € K the variety V is not included in
the zero set of x* - ... - xkn = ¢

© there exist L > K and a tuple a which is multiplicatively
independent over K and with a € (V N O)(L)

1 = 2isclear. If 2 holds, any generic a of V over K isin VN O
and is |P-independent over K (otherwise it would satisfy such an
equation), so 3 holds. If 3 holds, then

Ixe VNOA (X{‘1 - ... xf =£ ¢) holds in L for each ¢ € K, hence
also in K, so 1 holds.



Proof of the lemma

Condition 2 is first order:

Fact (Bays-Gavrilovich-Hils/Tran)

Let ¢(x,y) an L-formula such that for all tuple b in a model of
ACF)p, ¢(x, b) defines an affine variety. Then there exists a formula
84(y) such that for K = ACFp, we have K |= 04(b) if and only if
for all ki,..., kn € N, c € K, the set ¢(K, b) is not included in the
zero set of x;* - -+ - xkn = .

Let K = ACF, and ¢(x, z) defining quasi-affine varieties. There
exists a formula ¢(x, z) such that for all tuple ¢ from K, the set
H(K,c) is the Zariski closure of ¢(K, c).Now by the fact, there
exists a formula (z) such that K = 6(c) if and only if (K, c) is
not included in the zero set of xfl cee -x,’,‘" =d, forall d € K,
ki, , ko € N.Using the previous equivalent, K = 6(c) if and only
if there exist L >= K and a tuple a which is multiplicatively
independent over K and with a = ¢(x, c).



(Hs) in examples

The work of Block-Gorman
Let T be an o-minimal expansion of the theory To = DOAG of
divisible ordered abelian groups in a language .Z.
Definition
T has UEP (uniform endomorphisms property) if there is an
Z-formula ¢(x, y, z) for which in every M |= T, there is an infinite
definable set J C M| such that for each ¢ € J there exists € > 0
such that the formula ¢(x, ¢, y) defines the graph of an
endomorphism on a neighborhood of 0 with radius at least ¢, and
for no other d € J does ¢(x, d, y) have the same germ at zero as

¢(x, &, y).
Theorem (Block-Gorman)
If T does not have UEP, then (Hs) holds.

Let RCFgx the expansion of RCF by a predicate for a dense
divisible multiplicative subgroup of the positives, then RCFgx has
a model-companion, RCFG*.



Non-examples

Example

Let T be the theory of a field of characteristic 0 in a language .
containing , such that T is inductive. Let s = 2 U{G} and let
T¢ be the Zs-theory of models of T in which G is a predicate for
an additive subgroup of the field.Let (K, G) be an existentially
closed model of T¢. Then

Sk(G) ={aeK|aG C G} =7Z.
In particular, the theory T does not admit a model-companion.

Example (Block-Gorman)

(Rexp, G*) where G is dense divisible subgroup of R>%: no
model-companion either ({x | G* = G} = Q).



Classification
NSOPy, NTP»
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Credits to G. Conant's wonderful interactive map of the universe
http://www.forkinganddividing.com



Classification

Independence relations and NSOP;, Chernikov-Ramsey ;
Kaplan-Ramsey

Let | be an invariant ternary relation in T.

Symmetry.
IfAL///Bthen Bl A
Monotonicity.
fA] ,BDthen A | B.
Existence.
Forany .# and awe havea | %
Strong Finite Character. For any model ., if a J///// b,
then there is a formula ¢(x, b, m) € tp(a/b.#') such that for
all @, if & |= ¢(x,b,m) then &' f  b.
3-amalgamation.
For all model . if there exists tuples c1, co and sets A, B such
that
Ca=z0o
*Al.B
° clj///[Aand CQJ-/‘/”B



Classification
Chernikov-Ramsey (2015) ; Kaplan-Ramsey (2017)

e Symmetry.
® Monotonicity.

e Existence. NSOP
1

e Strong Finite Kim-Forking
Character.

® 3-amalgamation.

/

® Witnessing.

® Base Monotonicity.



Independence relation in TS

Let (T, To, %) be a suitable triple ((H1 — Ha) and To modular).
Assume that there is an independence relation | defined over
subsets of models of T, and such that

A \LTC B = ACNBC = C for A= aclr(A).

We define the weak independence relation | by

A "B < A |TB and S(acly(AC, BC)) = acly(S(AC), S(BC)).
C C



Independence relations in TS

Theorem

If |7 satisfiess Symmetry, Monotonicity, Existence, Strong
Finite Character, Witnessing, then so does |".

If further T satisfies the following:

(Condition (x)) for all A, B, C algebraically closed containing
E=E, ifC J/TEA,B and A J/TEB then
(AC,BC) |° AB.
AB

Then if | satisfies 3-amalgamation, so does |".



Independence relations in TS

Theorem
Assume that |7 satisfies Base Monotonicity. The following are
equivalent.

@ |Y satisfies Base Monotonicity;

® For all algebraically closed sets A, B, C, D such that A, B, D
contain C and A LTC BD, the following holds

aclg(A, BD) U AD = aclo(AD, BD).

In particular if acly is trivial or if acly = acly then | satisfies
Base Monotonicity.



Preservation

Under assumption (x), we may draw the following:

Configuration Tgo C T ‘ Generic expansion TS
To=T Preserves stability
ToCT Preserves NSOP;
To=10 Preserves simplicity




Back to the examples

@ Stable examples : pairs of geometric stable structures,
ACFacrF;

® Simple examples : generic predicate;

©® NSOP; examples : ACFG, ACFG™, PsfG algebraically
bounded NSOP; theories of PAC,, fields;

O SOP; and TP, examples : ACVFG, RCFG*.



Thanks

Thanks you !



The theory ACF,G

Axioms

Let (a) denote the F,-vector space spanned by a. The theory
ACF,G is obtained by adding to ACF, the following axiom-schema;
for all Z-formula ¢(x,y), X' Cx, y' Cy:

7y (Bo(y) A {y') NG = {0} — Ix((x,y) A {xy') N G = (X))

Completions. Completions of ACF,,G are given by the
#C-isomorphism type of (F,, G(F,)), i.e. for two models (K1, G)
and (K, Gp) of ACF,G,
(K1, G1) = (K2, G2) <~ (Fp, Gl(ﬁp)) and (FP, Gg(ﬁp)) are
#% _ isomorphic.

Algebraic closure. The algebraic closure in ACF,G is given by the
field theoretic algebraic closure.



The theory ACF,G

Examples

Proposition

For every n € N and Gy subgroup of Fpn there exists Go C G C F,,
such that (F,, G) = ACF,G.

Consider a non principal ultrafilter % on the set of prime numbers,
and a model (Fgq, G4) of ACF,G, for each prime q. What is

[1 %, Go)?

qeEU

Remark (Characteristic 07)

If (K, G) is an existentially closed models of the the class of (K, G)
with char(K) = 0, then Stab(G) = Z. Not axiomatisable.



Classification for ACF,G

Weak and strong independence in ACF,G
We define for A, B, C algebraically closed sets in a model of ACF,G

A "B < A | B and G(AC + BC) = G(AC) + G(BC)
C C

A B + A |A°F B and G(ABC) = G(AC) + G(BC)
C C

Theorem

e |Y satisfies Symmetry, Monotonicity, Existence, Strong
Finite Character, 3-amalgamation so ACF,G is NSOP1. It
also satisfies Witnessing, so | agrees with Kim-forking over
models. |* doesn't satisfy Base Monotonicity, so ACF,G is
not simple, has TP.

e |t satisfies every property except Strong Finite Character
and Witnessing.



Classification for ACF,G

Remark

Remark (More properties for |* and %)

Actually, all properties listed in the last slide are satisfied over
algebraically closed sets. Furthermore both |" and | satisfies
Finite Character, Extension and Transitivity. | satisfies Local
Character and |5 doesn't. | is stationnary over algebraically
closed sets.

Local Character. For all A countable, and B, there exists
countable By C B such that

A\LB.
Bo



Imaginaries in ACF,G

3-amalgamation (over algebraically closed sets)

For (K, G) = ACF,G, consider the quotient map
7K = K/G.

By (K, K/G) we mean the two sorted structure with one sort for
the field K, one sort for the F,-vector space K/G, and the
quotient map 7w : K — K/G. This structure is interdefinable with
(K, G) hence NSOP;, and Kim-forking can be described. It also
satisfies 3-amalgamation over algebraically closed sets.

Theorem
(K, K/G) has weak elimination of imaginaries.



Base Monotonicity and Forking

A |“""B : <= YD C BC A |“B.
CcD

1f/ 19/ JP = forking/dividing/thorn-forking independence
relation.
Proposition
©® """ doesn't satisfy Local Character.
@® ACF,G is not rosy ([P — |"™").
© Let A, B, C, D be algebraically closed, A, B, D containing C,
B CD.

if A"T"B and A [*D then A |*'7°"D.
B

© Lo [f= 1= P



