MODEL THEORY OF THE MULTIPLICATIVE GROUPS OF
FIELDS

1. MULTIPLICATIVE GROUP OF AN ALGEBRAICALLY CLOSED FIELD

1.1. Model theoretic description. Let p be a prime number or 0. We will denote
by N, the set of nonzero natural numbers which are not divisible by p. If p = 0 it is
the set of nonzero natural numbers. (N,,-) is a submonoide of (N, -). Furthermore
N, inherits the divisibility relation from N, since if a € N, and b € N is such that
b| a then b € N,.

In the language {',’1 ,1} of groups (denoted multiplicatively, for obvious rea-
sons), let T}, be the theory of abelian group with the following set of axioms if p is
prime

{Vz3™"y y" =z |neN,}U {V:vflzly yP = x}
and if p=10
{Ve3™"y y" =x|neNp}.
We call a model of T}, an M -divisible group of characteristic p.
The following is a standard group theoretic fact, see for instance [Kap54]

Fact 1.1. Let G be an abelian group, then G[tor] the subgroup of torsion is a direct
factor G, hence there exists F torsion-free such that

(1) G = Gltor]- F

(2) Gltor])NF = {1}
We will denote the previous two conditions by G = G[tor] © F.

Definition 1.2. Let G =T, and A C G.

e We denote by AM®% the set {g € G, g" € (A) for some n € N}, with (A)
the subgroup of G spanned by A.
e We denote by p, () the formula 2™ = 1, and u(G) for the set U, oy, Hn(G)-

Remark. If G = T, then for all n € N, we have that p,(G) is a cyclic group of
order n. Indeed we have that k divides n if and only if ug(G) is a subgroup of
tn(G), and by the axioms p, (G) has one and only one subgroup of order & for all k
dividing n, hence by the characterization of cyclic groups by the subgroups, p,(G)
is cyclic. Note that if p is prime and G = T}, then

wG) = U pn(G) = U pn(G)
<w neN,
as fipin(G) = pn(G) for all k,n € N. Remark that the union is a directed as
(tn(G))nen, is a directed family of groups.

Lemma 1.3. Let G and H be two models of T, and A C G and B C H two
subgroups such that there exists an isomorphism f between A and B. Then f
extends to an isomorphism f between AM@V gnd BMdiv,

Proof. Assume the hypothesis. By Fact 1.1, A[tor] is a direct factor of A. Note
that Aftor] = UneN,, tn(A) = p(G)N A and we will denote it p(A). Now there is a
torsion-free subgroup Fj of G such that
A=p(A)© Fr.
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We similarly find p(B) the torsion of B and F; torsion-free such that
B = ,U,(B) ®© FQ.

Let f1 = f | u(A). As f preserves the n-torsion, we have that f; : u(A) — u(B)
is an isomorphisms. We show that f; extends to f; : u(G) — wu(H). It is sufficient
to show that for all n € N, we can extend fi [ pn(4) : pn(4) — pn(B) to
tn(G) = pn(H). But as pn(G), un(H) are cyclic, so are p,(A), un(B) so there
exists a generator of p,(A) and b generator of p,(B) such that fi(a) = b. Now if
g is a generator of u,(G) we can find k € N such that ¢g* = a. We can also find
h € H generator of p,, (H) such that h* = b. Now we can extend f; between i, (G)
and 1, (H) by g — h. By union we have extended f; to fy : u(G) — pu(H). This
means that we may assume p(G) C A and u(H) C B.

We extend f to AMdiv,

Now assume that ¢" = a € A and assume that n is minimal such that ¢g" =
a € ALet b = f(a) and take h € H such that A" = b. We want to show that n
is minimal with the property h™ € B. Assume not, then there is i with 1 <i <n
such that k' € B. If d = ged(i,n) then h? € B. Write n = dn’, set b’ = h% and

o/ = f7H). Tt follows that o/ = a. We also have (¢%)" = a so finally there is
€ € pn (G) C A such that g% = /¢, and this contradicts the minimality of n.

Any element in (Ag) can be uniquely written as ag® for some i such that 0 < i <

n. We extend f by sending ag’ to f(a)h®. It is well defined and is an isomorphism.

O

Proposition 1.4. The theory T, has quantifier elimination in the language {~,*1 , 1}.
It is complete. It is strongly minimal and N -categorical. Furthermore for any A in
a model of Ty, the algebraic closure is given by acl,(A) = AMdw - Byery algebraically
closed set is a model of T},.

Proof. We do the classical back and forth. Let G, H = T, sufficiently saturated
and A C G, B C H two small subsets and f a partial isomorphism between A and
B. First it is clear that we can extend f to the subgroup generated by A, so we
may assume that A and B are subgroups of G, H respectively. Now by Lemma 1.3
we can also assume that A = AM@ and B = BM4v_ Now look at some g € G'\ A.
The quantifier-free type p(x, A) = qftp(g/A) is implied by disjunction of formulae

of the form
/\ x # a;.

Now as the group H is infinite, we can easily find a corresponding h € H sat-
isfying f(p(z, A)), by compactness. So the theory T, has quantifier elimination.
By Lemma 1.3, u(G) and p(H) are isomorphic for any two models of T, and
they are models of T}, so the theory is complete. It is clearly strongly minimal,
N;-categorical. The description of algebraic closure follows easily from quantifier
elimination. The last part is just checking the axioms. O

Let G, H be models of T},. We saw that (G) and p(H) are isomorphic, and this
is acly(0). We will denote it u. Now for any model G of T, we have that G/u is
divisible and torsion-free, so this is a Q-vector-space, and we write G = u © G/p.

Lemma 1.5. In a big model of T,,, we have that acl, defines a pregeometry which
is modular and the associated independence relation in T}, is given by

ApcB < acl,(AC) Nacl,(BC) = acl,(C).
Proof. As T, is strongly minimal, acl,(.) defines a pregeometry. The dimension of

some set in the sens of the pregeometry is given by the dimension of the associated
Q-vector space, i.e. dim(A) is the dimension of acl,(A)/p as Q-vector space. Now
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this clearly satisfies the modular law, so the pregeometry is modular, see [TZ12,
C.1.9]. O

1.2. Models of T},. It is clear that given any field K of characteristic p > 0, the
group K* is a model of T},. There is a natural question to ask: is every model
of T}, isomorphic to the multiplicative group of some algebraically closed field of
characteristic p? Let G | T, then if |G| > X;, the mutiplicative group of any
algebraically closed field K of characteristic p and same cardinality as G will be
isomorphic to G by Nj-categoricity.
Now we assume that |G| = Ro. First, in the case of characteristic 0 if the acl,-
dimension of G (in the sense of the pregeometry acly,) is equal to Ny, then G is
isomorphic to @X. Indeed, in Q, the set of prime numbers is multiplicatively
independent, so the acly-dimension of Q@ is R, so G and Q" are isomorphic. Tt
follows that the following are equivalent:

(1) G is a countable model of Tp;

(2) G is isomorphic to the multiplicative group of some model of ACFy;

(3) the aclp-dimension of G is Ng;

(4) G is isomorphic to Q.
As any field of characteristic zero contains @, it follows that if G has finite acly-
dimension there exists no field k of characteristic 0 (algebraically closed or not)
such that G is isomorphic to k*.

Finally we turn to the case |G| = Xy and prime characteristic. It is clear that
IE‘T,X has dimension 0. Note that mx has dimension Ry, since (¢ — a)aeﬂ is
multiplicatively independent. It follows that if G |= T, and |G| = R then G is
isomorphic to the multiplicative subgroup of an algebraically closed field of prime
characteristic if and only if its dimension is either 0 of V.

Let Q<Y€ be the cyclotomic closure of Q, i.e. the field Q(u). Then the multiplica-
tive group of Q¢ is a model of T}, because it satisfies the axioms of Tj. Further,
for every field extension K of Q¢ K> is a model of Ty. Similarly every field
extension of Fp is a model of T},. It follows that the following are equivalent for any
field K of characteristic 0

(1) K* = To;

(2) K is an extension of Q°.
An the corresponding in positive characteristic:

(1) K* =T

(2) K is an extension of F,,.
In particular, by a famous result of Kaplan-Scanlon-Wagner, the multiplicative
group of any NIP field of positive characteristic is a model of T,

Exercise 1. Prove that for all n € N, there exists a “twisted addition” FonQ
such that (QL—T—, -) is a field of transcendence degree n. In particular (Q, +,-) embeds
strictly in (Q,+,-) as a strict subfield.
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