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1.1 Generalities

We assume basic knowledge in model theory, concerning formulae, types, theories, and
models. Unless otherwise stated, a type means a complete type. Throughout we will
denote by z,y, 2%, y* tuples of variables, the subscript x;,7; will be used to denote a
coordinate inside a tuple. Also, ¢ will often denote a single variable. Capital letters
A, B, C stand for sets whereas small latin letters a, b, c designate either singletons, finite
or infinite tuples. For any tuple a (of elements or of variables), we denote by |a| the
length of a. For a set, |C] is the cardinality of C. As usual in model theory, we denote by
juxtaposition AB the union of the set A and the set B. We also identify juxtaposition
of tuples ab as the concatenation of a and b. When dealing with independence relations
or closure operators, we do not distinguish between tuples, enumerations, and sets.
Given a complete theory T' in a language .Z, a monster model M of T is a strongly
k-homogeneous and k-saturated model of T', for some big enough k. It is standard that
M is kT-universal, in particular every model .# of cardinality less than x embeds in



M. Furthermore, we will assume that any reduct of M is also a monster model® for its
theory in the reduct language. As usual in that context, a small model of T' (or a small
set) is a model of T' (or a subset of some model of T') of cardinal less than x and, by
r-universality, we consider them as elementary substructures (subsets) of M. A small
cardinal is a cardinal A < k. We will sometimes forget about the "small" adjective and
even about the cardinal k, as it will always be implied that, in every single proof, every
set we consider has cardinality smaller than .

Given a theory T' we use the notations tp?, =7, acly and dcly to precise that we
work in the language of T', and when the language is clear, we just use tp, =, acl, dcl.
By strong k-homogeneity if a Eg b then there is an automorphism o of M over C' (i.e.
fixing C' pointwise) such that o(a) = b (i.e. o(a;) = b; for 0 < i < |a|, |a| may be
infinite). Such an automorphism is also called a C-automorphism. For two sets A, A’, we
denote by A =¢ A" if for all enumeration (aq)a<|a| of A there exists an automorphism
o of the monster over C, and an enumeration (ag,)q<|ar| of A" such that o(aa) = ag,
for all @ < |A] (in particular |A| = |A’|); equivalently, there is a C-automorphism of
the monster such that o(A) = A’ setwise. The restriction of o to the set A is called
a T-elementary bijection (or T-elementary isomorphism) between A and A’. This must
not be confused with the notion of elementary equivalent models over C: .# =¢c A if
C C NN and for all ZL-sentences 6 with parameters in C, then .# = 6 if and only
it/ =0. If # =c ./, in general there is no C-automorphism of the monster sending
M on N

A theory T is model-complete if for all models .# and A4 of T', if .4 is a substructure
of A then .# is an elementary substructure of .4". A model-complete theory need not
be complete, see for instance ACF below. A model-companion of an Z-theory T is an
Z-theory T* such that:

e cvery model of T" has an extension which is a model of T™;
e every model of T* has an extension which is a model of T
e T is model-complete.

The model-companion of a theory need not exists, but if it does, it is unique (see for
instance |[Mar02, Exercise 3.4.13]).

An Z-structure . is existentially closed in some extension .4 if every existential
formula with parameters in .# that holds in .4 holds also in .#. An existentially closed
model of a theory T is a model of T that is existentially closed in every extension which
is a model of T. A theory is inductive if the union of any chain of models is still a
model. Equivalently, it is V3-axiomatisable. Assume that 7 is inductive, then if the
model-companion T* exists, T™ is an axiomatization of the class of existentially closed
models of T (see [Mar02, Exercise 3.4.13]). We say that a theory T has the amalgamation
property if whenever .4, .#1 and .#5 are models of T such that there exists embedding

!By [Hod08, Chapter 10], choose M to be k-big, then it strongly x-homogencous and k-saturated,
and any reduct is also k-big. Note that in general, a reduct of a strongly x-homogeneous structure need
not be strongly k-homogeneous, see [Hod08, 10.1, Exercice 11].



f1: My — A1 and fo : My — Mo then there exists a model .4 of T and embeddings
qg1: M1 — N and go : Mo — A such that the following diagram commutes.

%oLﬂl

b b

%QLJV

If it exists, the model-companion of a theory which has the amalgamation property is
called the model-completion.

Let M be a monster model of 7" and A, B small subsets of M. Let p be a (complete)
type over B. We say that p is finitely satisfiable in A if for all formula ¢(x,b) in p, there
exists a tuple a from A with |a| = |z| and M = ¢(a,b). We say that p is A-invariant
if for all A-automorphism, op = p. If p is finitely satisfiable in A, then it is A-invariant
(see [Sim15, Example 2.17]). A global type is a type over M, a global extension q of p is
a global type such that ¢ [ B = p, where ¢ | B is the type consisting of formulae in ¢
with parameters in B. If a type p over B is finitely satisfiable in A then it has a global
extension which is finitely satisfiable in A (see [Sim15, Example 2.17]). As every type
over a model .# is clearly finitely satisfiable in .#, it follows that every type over a model
A has a global extension which is finitely satisfiable in .#, hence also .#-invariant. If
p is a type over B and ¢ is an extension of p which is finitely satisfiable in B, then ¢ is
called a coheir of p.

Let A be a small cardinal and C' a small set. A sequence (b;);<» is C-indiscernible if
foralln <w and oy < -+ < ay, < A we have by, ,ba, =c b1, ,by. For all a < A,
the sequence (b;)a<i<r is Cb<q-indiscernible.

Given an Z-theory T, we recall the construction of T¢, see for example [TZ12,
Chapter 8]. To each model .Z of T is associated a structure .#°? consisting of the
following: one sort (the home sort) for the structure .# and for each definable equiva-
lence class E(x,y) in .# without parameters (we will also say 0-definable) an associated
imaginary sort Sg in the language of .Z¢, and a projection ng : .#1% — Sk such that
mg(z) = mp(y) if and only if E(z,y). Let T be the theory of .#Z°I. Basic facts about
T°¢? are first that it doesn’t depend on the model .# of T. Every automorphism of .#
extends to an automorphism of .Z°? and every automorphism of .Z°? restricted to .#
is an automorphism of .#. It follows that elements in the home sort .# have the same
type (over 0)) in .# if and only if they have the same type in .Z°1. Also T eliminates
imaginaries, that is, for a monster model 4" of T°? and formula ¢(x, b) with parameters
in .4, there exists a finite tuple d that is fixed (pointwise) by the same automorphisms
which fix ¢(.47,b) setwise. Such a tuple is called a canonical parameter for ¢(x,b). A
theory T has elimination of imaginaries if and only if in T¢? every element of the home
sort is interdefinable with an element of an imaginary sort. A theory T has weak elimi-
nation of imaginaries if in T, for every element e in an imaginary sort, there is a tuple
d from the home sort such that e is definable over d and d is algebraic over e. We denote
by acly and delf? the algebraic closure and definable closure in the sens of the theory
T4,



1.2 Independence relations

Let M be a monster model for a theory T

Definition 1.2.1. For any a,b (finite or infinite) tuples from M and C small set in M
we recall the following various ternary relations (see for instance [CK17]).

(1) Algebraic independence. a [ b if and only if acl(Ca) Nacl(Cb) = acl(C)

(2) Imaginary algebraic independence. a ercq‘ b if and only if acl®(Ca) N acl®(Ch) =
acl®(C'). This relation is defined over subsets of M. We write |*“I] M to specify
the restriction to elements of the sort M.

(3) Kim-dividing independence. a JJKg b if and only if tp(a/Cb) does not Kim-divides
over C' if and only if for all global C-invariant extension p of tp(b/C) and sequences
(bi)i<w such that b; = p | Cbe; for all i < w, there exists a’ such that a’'b; =¢ ab
for all i < w;

(4) Kim-(forking)independence. a J/KC b if and only if ¢p(a/Cb) does not Kim-fork over
C if and only if for any &’ D b there exists a’ =¢p, a such that o’ J/Kg b

(5) Dividing independence. a Jﬁlc b if and only if tp(a/Cb) does not divide over C' if
and only if for any C-indiscernible sequence (b;);<. with by = b there exists a’ such
that a’b; =¢ ab for all i < w;

(6) Forking independence. a ch b if and only if tp(a/Cb) does not fork over C' if and
only if for any o' D b there exists a’ =¢p a such that a’ Lic v,

(7) Coheir independence. a ﬂc b if and only if tp(a/Cb) is finitely satisfiable in C.

As usual, we extend these notions to sets by the following: A | o B if and only if for
all enumeration a of A and b of B, then a | c b. The following is a list of properties for
a ternary relation | defined over small subsets of M, sometimes relatively to another
ternary relation | ', also defined over small subsets of M.

o INVARIANCE. If ABC = A'B'C” then A |, B if and only if A" |, B".
e FINITE CHARACTER. If a \LC B for all finite a C A, then A LC B.
e SYMMETRY. If A |  Bthen B | A

e CLosURE A | B ifandonlyif A | ) acl(BC).

acl(C
e Monotonicity. If A |  BD then A | B.
e Base MoNoToONICITY. If A |  BD then A | ., B.

e TransiTIVITY. If A | ., D and B | D then AB | . D.
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e EXISTENCE. For any C' and A we have A |, C.
e FULL EXISTENCE. For all A, B and C there exists A" =¢ A such that A" | B.
e EXTENSION. If A |, B, then for all D there exists A" =cp A and A" | , BD.

e LLocAL CHARACTER. For all finite tuple a and infinite B there exists By C B with
’Bol S No and Q\LBO B.

e STRONG FINITE CHARACTER over E. Ifa j/E b, then there is a formula A(x, b, e) €
tp(a/Eb) such that for all o', if o’ = A(z,b,€) then a' f b.

° \L/—AMALGAMATION over F. If there exists tuples ¢1,co and sets A, B such that
— ClL=EC2
!
-Al,.B
—alpAdande | B
theg th(je exists CJ/EA,B such that c=4 ¢, c=p cg, A JfEcB’ c JfEAB and
c/® g A
e STATIONNARITY over E. If ¢; =g ¢o and ¢; \J/E A, co \LE A then ¢y =g4 co.

e WITNESSING. Let a,b be tuples, .# a model and assume that a j///{ b. Then there
exists a formula A(z,b) € tp(a/.#b) such that for any global extension ¢(z) of
tp(b/#) finitely satisfiable in .# and for any (b;);<, such that for all i < w we
have b; = q | A b<;, the set {A(z,b;) | i <w} is inconsistent.

If A | B, the set C is called the base set.

Definition 1.2.2. Let | , JE be two ternary relations. We say that | is stronger than
1% (or |° is weaker than | ) if for all a,b, C' we have a Lot = a JBO b. We denote

it by | — ]°.

Assume that | — |°, then if | satisfies FULL EXISTENCE or LOCAL CHARACTER,
so does JB. Similarly, if a relation satisfies f—AMALGAMATION then it also satisfies | -
AMALGAMATION.

Fact 1.2.3. The following are standard facts more or less obvious from the definition.

(1) |* satisfies INVARIANCE, MONOTONICITY, TRANSITIVITY, EXISTENCE, EXTENSION
and FULL EXISTENCE;

(2) ﬂ satisfies INVARIANCE, MONOTONICITY, BASE MONOTONICITY, TRANSITIVITY;

(3) Jf satisfies INVARIANCE, MONOTONICITY, BASE MONOTONICITY, TRANSITIVITY
and EXTENSION;,



(4) [|* satisfies INVARIANCE, MONOTONICITY, BASE MONOTONICITY, TRANSITIVITY,
EXTENSION, EXISTENCE over models, FULL EXISTENCE over models;

(5) [ — [ M;
6 = = 4= "M |

(7)) ) - |Kand |4 — |K4

Proof. (1) is [Adl09a, Proposition 1.5]. (2) and (3) are [Adl09b, Proposition 1.3]. (4)
is [CK12, Remark 2.16], BASE MONOTONICITY is trivial. For (5), it is clear that if
a |?  binM, then a \Elc bin M, and by [Adl09a, Remark 5.4] it follows that acl®(Ca)N
acleq?Cb) = acl®(C) hence a [*% b. (6) follows from [CK12, Example 2.22|, and the
previous results. (7) is by definition. O

Lemma 1.2.4. Let | be a relation satisfying SYMMETRY, MONOTONICITY, EXISTENCE
and STRONG FINITE CHARACTER over C.

Ifa chb thenaJ/Cb.
In particular, as |" satisfies FULL EXISTENCE over models, so does | .

Proof. Indeed, assume a j/c b then by STRONG FINITE CHARACTER there is a formula
¢(x,b) € tp(a/Cb) such that if a’ | ¢(z,b) then a’ [ ,b. As tp(a/Cb) is finitely sat-
isfiable in C' there is ¢ € C such that ¢ = ¢(x,b), so cj/ob, so by SYMMETRY and
MONOTONICITY b f ., C which contradicts EXISTENCE. O

Lemma 1.2.5. If | satisfies INVARIANCE and EXTENSION, then A | B implies
A | jacl(CB). If | satisfies INVARIANCE, EXTENSION and BASE MONOTONICITY,
then | satisfies CLOSURE.

Proof. Assume that A | ,B. By EXTENSION, let A’ be such that A" =gc A and
A" | acl(BC). There is an automorphism o over BC sending A’ to A hence by
INVARIANCE, A4 |, o(acl(BC)). Now, as sets, o(acl(BC)) = acl(BC) so A | acl(BC).
The last assertion is trivial, as acl(C) C acl(BC). O

Remark 1.2.6. If | satisfies INVARIANCE, SYMMETRY, TRANSITIVITY and FULL EXIs-
TENCE, then | satisfies EXTENSION. Also if | satisfies EXISTENCE, MONOTONICITY
and EXTENSION then it satisfies FULL EXISTENCE. Hence for relations | satisfying
INVARIANCE, MONOTONICITY, EXISTENCE, TRANSITIVITY, SYMMETRY, the properties
FuLL EXISTENCE and EXTENSION are equivalent. Unfortunately, when dealing with non-
symmetrical independence relations, we need to differentiate both properties. In Chap-
ter 7, we see an example of a relation which is not symmetric but satisfies INVARIANCE,
MONOTONICITY, EXISTENCE, TRANSITIVITY, FULL EXISTENCE: forking independence
in ACFG. We show that it also satisfies EXTENSION by non-trivial arguments.



Remark 1.2.7. Most of the properties above are familiar to anyone who knows forking in
stable or simple theories.

The property STRONG FINITE CHARACTER is always satisfied by forking indepen-
dence relation: take the formula ¢ to be a forking formula. This property is needed
to use [CR16, Proposition 5.3] and prove that under the right assumptions on 7', any
completion of T'S is NSOP;.

If .# is a model of the ambient theory, our formulation of | ~AMALGAMATION over
A is what is called The algebraically reasonable independence theorem in [KR18|, which
holds for Kim-forking in any NSOP; theory (see |[KR18, Theorem 2.21]). In simple
theories, the forking independence relation also satisfies this property. The conclusion
A JfEc B, ¢ JfEAB and ¢ fEBA is always true in the simple case by SYMMETRY,
BaAse MoNOTONICITY and TRANSITIVITY of the forking independence relation (and
Fact 1.2.3 (5)). In many examples, one can prove the independence theorem under
weaker assumptions, for instance assuming \L/ to be |, or the base set to be acl-closed.
Actually, there is no known example of an NSOP; theory in which |*-AMALGAMATION
is not satisfied.

1.3 Pregeometry

This section introduces basic notions about pregeometries, as can be found in e.g. [TZ12,
Appendix C]. We denote by Z(S) the powerset of a set S.

Definition 1.3.1. A pregeometry (S, cl) is a set S and a closure operator cl : Z(S) —
P(S) satistying the following conditions, for all A C S and a, b elements of S:

(Reflexivity) A C cl(A);

e (Finite Character) cl(A) =Ua,cp. A, finite ¢1(40);
(Transitivity) cl(cl(A)) = cl(A);

o (Exzchange) If a € cl(Ab) \ cl(A) then b € cl(Aa).

A tuple (b;)i<y is independent over A if by ¢ cl(A(bj) ;) for all i < k. Similarly a set B
is independent over A if for all enumeration b of B, b is independent over A. If A C B,
and B = cl(B), a basis of B over A is a subset B’ of B which is independent over A and
such that cl(AB’) = B.

Fact 1.3.2. Let (S,cl) be a pregeometry, A C B C S, and B = cl(B). Then every
independent tuple in B over A can be completed into a basis of B over A, in particular

B admits a basis over A. FEvery basis of B over A have the same cardinality, we call it
the dimension of B over A, denoted by dimq(B/A) (or dimy(B) if A=0).

In any pregeometry, there is a notion of independence.

A |B <= for all basis A of cl(A) over C and By of cl(B) over C,
C

ApBy is a basis of cl(AB) over C



When there is a pregeometry in a wider context, we will say that a tuple a is Jfl—
independent over B to precise that this is relatively to the pregeometry (5, cl).

Fact 1.3.3. The relation Jfl satisfies the following properties.
e FINITE CHARACTER. If for all finite tuple a from A we have a JflCB then
A Y, B
o SYMMETRY. If A |9 B then B [ A.
e CLOSURE A JfICB if and only if A Jflcl(c) cl(BQO).
e Monoronicity. If A [ BD then A | B.
e Base Monotronicrry. If A | BD then A |, B.
o TrANSITIVITY. IfA |9, D and B |, D then AB | D.

e EXISTENCE. For all A,C, A lecC’ )

As there are no theory lying around (yet), properties like INVARIANCE and FULL
EXISTENCE doesn’t make sense here.

Definition 1.3.4. A pregeometry (S,cl) is modular if for all A = cl(A), B = cl(B),
dim(AB) + dim(A N B) = dim(A) + dim(B).

Fact 1.3.5. Let (S,cl) be a pregeometry. The following are equivalent.
(1) (S,cl) is modular.

(2) for all A,B C S if ¢ € cl(AB) then there exists a € cl(A) and b € cl(B) such that
c € cl(a,b).

(8) for all A,B,C: A JflCB if and only if cl(AC) Ncl(BC) = cl(C).

(4) for all A,B,C such that A = cl(A), B = cl(B) and C = cl(C), if C C B then
c(AB)NC =cl(cl(ANC),C).

Throughout, we will refer to any of these properties using “by modularity”.

Example 1.3.6 (Algebraically closed fields). Let K be an algebraically closed field and
cl the closure operator defined for A C K by cl(A) = F(A) where F(A) is the algebraic
closure (in K) of the subfield of K generated by A and the prime field F. Then (K, cl)
defines a pregeometry. The dimension is the transcendence degree, it is not a modular
pregeometry (see [Bou0O6b, A.V.110, §3]).

Example 1.3.7 (Vector spaces). Let V' be a vector space over some field k and defined
the closure operator (A) to be the span of A C V. Then (V,cl) defines a modular
pregeometry. The dimension is the dimension as a k-vector space.

10



In a model theoretical context, a closure operator likely to define a pregeometry in
a model is the model-theoretic algebraic closure, as it always satisfies Reflexivity, Finite
Character and Transitivity.

Definition 1.3.8. A theory T is pregeometric if (.#,acl”(-)) defines a pregeometry, for
all model .#Z of T. We denote by jel the associated independence relation. We say
that T eliminates 3% if for all formula ¢(x,y) there is an integer n € N such that for all
ly|-tuple b in any model .# of T, ¢(.4 ,b) is either infinite or of cardinality less than n.
A pregeometric theory that eliminates 3°° is called geometric.

Note that if a theory is geometric, it does not mean that the algebraic closure defines
a geometry, see [TZ12, Appendix C] for a definition of a geometry.

Fact 1.3.9 ([Gag05]). Let T be a pregeometric theory and M a monster model for T. For
all B small subset of Ml and finite tuple x there exists a partial type pp(x) such that a real-
izes pp if and only if a is fd—mdependent over B. Furthermore for any type q in and ex-
pansion of M , and B C D, if qUpp is consistent, then so is qUpp. The relation fd satis-
fies INVARIANCE, FINITE CHARACTER, SYMMETRY, CLOSURE, MONOTONICITY, BASE
MONOTONICITY, TRANSITIVITY, EXISTENCE, FULL EXISTENCE and EXTENSION.

Proof. The first two assertions are in [Gag05|, the fact that ¢ can be choosen in an
expansion of .# follows easily by inspection of the proof. A consequence of the first
part is that a Jf% b is type-definable for every basis a of acl(Ca) over C' and b basis of
acl(Cb) over C. As any automorphism fixes (setwise) the algebraic closure, it follows
that | satisfies INVARIANCE. We prove that |2 satisfies EXTENSION, the rest follows
from Remark 1.2.6, and Fact 1.3.3. Assume that for some finite a, a ché,B and D is
arbitrary. Let a’ be a basis of acl(CBa) over CB. As d realizes tp(a’/CB) U pop(x),
the type tp(a’/CB) U pcpp is consistent, let a” be a realisation. A CB-automorphism
sending @’ to a” sends a to some a such that a C acl(a"CB). As a” Jj% BD, by

CLOSURE, SYMMETRY and MONOTONICITY of |*%, we have a [ BD. O

Let T be a pregeometric theory with monster M, b a tuple from M and ¢(x,b)
a formula. By dim(¢(x,b)) we mean the maximum dimension of acl(cb) over b, for
realisations ¢ of ¢(x,b).

Fact 1.3.10. Let T be a geometric theory and M a monster model for T. Then for all
formula ¢(x,y) there exists a formula 04(y) such that 04(b) holds if and only if there
exists a realisation a of ¢(x,b) which is an |*-independent tuple over aclp(b).

Proof. From |Gag05, Fact 2.4], for each k < |z| there exists a formula 0 (y) such that
0x(b) if and only if dim(4(M, b)) = k. The formula 6),(y) holds if and only if there is a
realisation a of ¢(z,b) such that dim(acl(ab)/b) = |z|, hence it is _|**Lindependent over
acly(b). O

Note that a reduct of a pregeometric theory is pregeometric, and the reduct of a
geometric theory is also a geometric theory (see [Hil08, Fait 2.15]).
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1.4 Classification Theory

Let 7 be a tree (such as 2<%, w<“, k<}). We denote by < the natural partial order on
T. For v,n € k<" we denote by v the concatenation of the two.

1.4.1 Stable and simple theories

Definition 1.4.1. Let T be a complete theory, M a monster model of T'. Let ¢(z,y) be
a formula.

e We say that ¢(z,y) has the order property (or is unstable) if there are two indis-
cernible sequences (a;)i<. and (b;)i<w in M such that M = ¢(a;, b;) if and only if
i < j. A theory T is stable if no formula in any monster model M is unstable.

e We say that ¢(x,y) has the tree property (TP) if there is a sequences (a,,) ep<e in
M and k € N such that

(1) {o(x,au~;) | i <w} is k-inconsistent, for all p € w<;
(2) {¢(x,asn) | n € N} is consistent, for any s € w®.

A theory T is simple if no formula in any monster model M has the tree property.

Fact 1.4.2 ([She90, Theorem 2.13|). A theory T is stable if and only if all formulas
o(x,y) over () with |x| =1 are stable.

Lemma 1.4.3. Let £ be any language and let T' be an unstable £ -theory with monster
model M. Let £~ C & be such that T | o- is stable. Then there exists an £ -formula
o(x,y) over O with |x| =1 and a tuple b from M such that ¢(z,b) is not £~ -definable
with parameters in M.

Proof. By Fact 1.4.2 there is an unstable .Z-formula ¢(x,y) over () with |z| = 1. By
Ramsey and compactness (see e.g. [TZ12, Lemma 7.1.1]) we may assume that (a;)icz,
(bi)iez are two indiscernible sequences in M that witness the unstability of ¢(x,y), i.e.,
®(ai, b;) if and only if ¢ < j. Assume towards a contradiction that ¢(z,bp) is definable
by an £~ -formula v (z, ¢p) with parameters ¢y in M. For each k € Z\ {0}, as tp(by/0) =
tp(bo/0) there is an automorphism oy such that op(bg) = br. Let ¢ = ox(co). Then
¢(x,by) is equivalent to 1(x, ci), and hence 9 (a;, ¢;) if and only if ¢ < j, a contradiction
to the stability of T | - O

There is a “geometric” characterization of stable theories, which appears first in [HH84].
We give a modern presentation, see [Casl1, Theorem 12.22].

Fact 1.4.4 (Harnik-Harrington, characterisation of forking and stable theories). Let T
be a complete theory, and M a monster model. The theory T is stable if and only if
there is a ternary relation | defined over small subsets which satisfies: INVARIANCE,
FINITE CHARACTER, SYMMETRY, CLOSURE, MONOTONICITY, BASE MONOTONICITY,
TRANSITIVITY, EXTENSION, LOCAL CHARACTER and STATIONNARITY over models. If
such a relation | exists, | = |/ = |¢.
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Proof. One only needs to check that our set of axioms is equivalent to the set of ax-
ioms in [Casll, Theorem 12.22]. An independence relation in the sense of [Casll] sat-
isfies SYMMETRY (|Casll, Corollary 12.6]). We need to check first that our set of ax-
ioms implies the property Normality: A | o B implies AC L o B, which follows from
INVARIANCE, EXTENSION, MONOTONICITY and SYMMETRY (using Lemma 1.2.5). We
also need to check that the set of axioms in [Casl1| implies our, the only property one
needs to check is that CLOSURE follows from the set of axioms in [Casll|, which is
Lemma 1.2.5. 0

In a stable theory, Jf coincides with the coheir independence |" over models (see
e.g. [TZ12]).

Fact 1.4.5. Let T be a stable theory, M a monster model for T, # < M and a, b tuples
from M. Then a Jf//[b if and only if a |* ///b.

There is also a classical “geometric” characterization of simple theories ([KP97]).

Fact 1.4.6 (Kim-Pillay, characterization of forking and simple theories). Let T be a
complete theory, and M a monster model. The theory T is simple if and only if there

is a ternary relation | defined over small subsets which satisfies: INVARIANCE, FINITE
CHARACTER, SYMMETRY, CLOSURE, MONOTONICITY, BASE MONOTONICITY, TRANSITIVITY,
EXTENSION, LOCAL CHARACTER and | -AMALGAMATION over models. If such a rela-

tion | exists, | = |I = |7

Proof. This follows from [Casll, Theorem 12.21]. Indeed, the first nine axioms in our
statement are equivalent to the ones of an independence relation in the sense of [Casl1],

as we saw in the proof of Fact 1.4.4. | ~AMALGAMATION over models is equivalent to

the Independence Theorem over models, for any relation | satisfying SYMMETRY, BASE
MONOTONICITY, TRANSITIVITY and which is stronger than |*, which is the case for

Jf is a simple theory by Fact 1.2.3. OJ

1.4.2 NSOP; theories and Kim-independence

Definition 1.4.7. Let T be a theory, M a monster for 7" and ¢(x,y) a formula in the
language of T. We say that ¢(x,y) has the 1-strong order property (SOP1) if there exists
a tree of tuple (b;),c2<~ such that

o for all n € 2¥ {¢(x,byo | @ < w} is consistent
e for all n € 2<% if 0 < v then {¢(z,b,), #(x,b,~1} is inconsistent.

If in any monster model M of T', no formula has SOP;, then the theory is called NSOP;.
Recall the definitions of Kim-dividing and Kim-forking for types.

Definition 1.4.8. (1) Kim-dividing independence. a LKgb if and only if tp(a/Cb)
does not Kim-divides over C' if and only if for all global C-invariant extension p of
tp(b/C) and sequences (b;)i<w such that b; = p [ Cbe; for all @ < w, there exists o’
such that a’b; =¢ ab for all i < w;

13



(2) Kim-(forking)independence. a JJKC b if and only if ¢p(a/Cb) does not Kim-fork over
C' if and only if for any b’ D b there exists a’ =¢y a such that o’ LKg v,

(3) A formula ¢(x,b) Kim-divides over C if there is a global C-invariant extension p
of tp(b/C) and a sequence (b;)i<w such that b; E p | Cbe; for all i < w, with
{¢(x,b;) | i <w} inconsistent;

(4) A formula ¢(z,b) Kim-forks over C if it implies a finite disjunction of Kim-dividing
formulae.
Note that a |¥ o bif and only if for all finite a’ C a, no formula in tp(a’/Cb) Kim-forks
over C.

Remark 1.4.9. Given any b and C, a global C-invariant extension of ¢p(b/C') need not
exists. When considering Kim-independence, we will in general assume that the base
set is a model, so that tp(b/.#) has a global extension finitely satisfiable in .# hence
M -invariant. If tp(b/C) has no global C invariant extension, then a |¥ o b for all a.

Fact 1.4.10 (Kim’s Lemma for Kim-dividing [KR17, Theorem 3.16]). Let T' be an
NSOP; theory. Then for all formula ¢(x,b), with b in a monster M of T and C C M,
¢(x,b) Kim-divides over C' if and only if for all global C-invariant extension p of tp(b/C)
and a sequences (b;)i<, such that b; = p | Cbe; for all i < w, the set {p(x,b;) | i <w}
inconsistent. This is actually equivalent to T being NSOP1.

There is also a recent “geometric” characterisation of NSOP; by Kim-independence
(Definition 1.2.1), see [CR16], [KR17], [KR18].

Fact 1.4.11 (Chernikov-Kaplan-Ramsey, characterisation of Kim-independence and NSOP;
theories). Let T' be a complete theory, and M a monster model. The theory T is NSOPq
if and only if there is a ternary relation | which is defined when the base set is a model,
which satisfies: INVARIANCE, SYMMETRY, MONOTONICITY, EXISTENCE, STRONG FI-
NITE CHARACTER over models, | -AMALGAMATION over models and WITNESSING. If

such a relation | exists, | = |[K= |Kd

Proof. Only WITNESSING and | ~AMALGAMATION differs from the properties in the
statement of [KR17, Theorem 9.1]. It is clear that our system of axioms is stronger
than the one in [KR17, Theorem 9.1|, we need to show that they are equivalent. If T is
NSOPy, by [KR18, Theorem 2.21| LK satisfies the Algebraically reasonable independence
theorem, which is exactly | -AMALGAMATION over models. Also, |K = |%4 Assume
that a j/KZ/ b, then there is a formula A(x,b) € tp(a/.#b) and a sequence (b;)i<., in a
global .#-invariant extension of tp(b/.# ) such that {A(x,b;) | i < w} is inconsistent. By
Kim’s Lemma (Fact 1.4.10, this actually holds for all global .#-invariant extension of
tp(b/ ) hence in particular for any global coheir of tp(b/.#) (which exists), hence our
version of WITNESSING holds. O

Finally, NSOP; and simple theories are linked by the following.
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Fact 1.4.12 ([KR17, Propositions 8.4 and 8.8|). Let T be an NSOP; theory and |¥ the
Kim-independence. Then T is simple if and only if J/K: Jf over models, if and only if
|¥ satisfies BASE MONOTONICITY.

1.4.3 dp-rank, dp-minimality

We first review two equivalent definitions of dp-rank. More details about dp-rank can be
found, e.g. in [Sim15]. Let M be a monster model of some complete .Z-theory T'.

Definition 1.4.13. A familly of sequences (I;);es is called mutually indiscernible over
B if for all i € S, the sequence I; is indiscernible over B(I}) ;.

Definition 1.4.14. Let ¢(z,b) be an .Z-formula, with parameters b from M, and let A be
a (finite or infinite) cardinal. We say dp-rank(¢(x,b)) < X if for every family (Z; : i < \)
of mutually indiscernible sequences over b and a = ¢(x,b), there is i < A such that I;
is indiscernible over ab. We say that dp-rank(¢(z,b)) = X if dp-rank(¢(z,b)) < AT but
not dp-rank(¢(z,b)) < A. We say that dp-rank(¢(z,b)) < X if dp-rank(é(x,b)) < A or
dp-rank(¢(x,b)) = X. For a theory T we denote by dp-rank(7") the dp-rank of (z = x)
where |z| = 1. If dp-rank(T") = 1 we say that T is dp-minimal.

Note that if X is a limit cardinal, it may happen that dp-rank(¢(z,b)) < A but
dp-rank(¢(x,b)) > p for all 4 < X (see [Sim15, Section 4.2]).

Definition 1.4.15. Let x be some cardinal. An ict-pattern of length k consists of:
e a collection of formulas (¢ (z;ya) : @ < k), with |z| =1,
e an array (b : i <w, a < k) of tuples; with 5| = |yq|

such that for every 7 : Kk — w there exists an element a, € M such that

F ¢alan; bf) <= n(a) =1
We define k. as the minimal x such that there does not exist an ict-pattern of length .

Fact 1.4.16 (|Sim15, Proposition 4.22|). For any cardinal k, we have dp-rank(T) < k if
and only if kit < K.

Lemma 1.4.17. Let £ = J,.,. Za be a language such that every atomic formula in £
s in L, for some a. Let T be an Z-theory that eliminates quantifiers, and for a < k
let Ty, be its reduction to £y. Let po be cardinals such that dp-rank(Ty) < po. Then
dp-rank(T) < >, Ha, where Y is the cardinal sum.

Proof. Suppose not. Let A := " _; fta. Then there is a family (Z; : ¢ < AT) of mutually
indiscernible sequences over (), Z, = (at; : @ € I;), and a singleton b, such that for all ¢, Z;
is not indiscernible over b. For every t < AT, let ¢(Z) = ¢¢(Z,b) be a formula over b and
let ¢;1 and €2 be two finite tuples of elements of Z; of length |Z| such that ¢:(¢. 1) and
—¢¢(Ct2), 1.e. witnessing the non-indiscernibility of Z; over b. By quantifier elimination
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in T, we may assume that ¢; is quantifier-free. Hence there must be an atomic formula
Yi(Z) = Ye(Z,b) such that ¢ (¢1) and = (¢ 2). By the assumption on .2, there is
an oy < k such that ¢ (z,y) is in .Z,,. Therefore, there must be an o < k such that
{t < AT : oy = a}| > pa, as otherwise we get

AT = U{t<)\+:at:a} SZHt<>\+IC¥t:aH§ZMa:)\,

a<k a<k a<k

a contradiction. But then (Z; : t < A*, oy = «) is a family of more than p, mutually
indiscernible sequences over () with respect to %, and for all ¢ such that oy = o, I is
not indiscernible over b with respect to %, a contradiction to dp-rank(7y) < fq. ]

1.5 Preliminaries on fields

1.5.1 Generalities

We recall some definitions from classical field theory, as can be found e.g. in [FJ05,
Chapter 2]. We assume that all fields considered are subfields of a big algebraically
closed field, and we denote by F the prime field. For a field K we will denote by K% or
K and K°® respectively the algebraic closure and the separable closure of K, i.e. the field
consisting of all elements algebraic (respectively separably algebraic) over K. We denote
by K™ the maximal purely inseparable extension of K, if char(K) = 0 then K = K

if char(K) = p > 0, K™ is the field generated by {a la?P™" € K, ne N}. We denote
by L/K the fact that L is an extension of the field K. Given two fields L and K, we
denote by LK the compositum of L and K. For a tuple a, K(a) is the field generated by

K and a. Given a prime number p and n € N, the field of cardinality p™ will be denoted
by ]Fpn .

Definition 1.5.1. Let K, L be two field extensions of a field E.

(1) We say that K is linearly disjoint from L over E (denoted by K \ﬁdE L) if every
finite tuple from K which is linearly independent over FE is also linearly independent
over L in the compositum K L.

(2) We say that K is algebraically independent from L over E (denoted by K Jfl]% L)
if every finite tuple from K which is algebraically independent over E is also alge-
braically independent over L in the compositum K L.

(3) Anextension L/K is called separable if L de K3 Tt is called reqular if L de K9,

The definitions of \ﬁd and \Blg turn out to be symmetric, and we will sometimes
say that K and L are linearly disjoint (or algebraically independent) over E. These
are notions of independence only defined over fields. An easy way of extending their
definition is by setting for every A, B, E subsets of some big field, A JidE B if and only if

F(AE) ld]F(E) F(BE), and similarly with |?“ With this extended definition, in any field
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F with prime field F, the ternary relations de and Jflg are defined over every subsets of

F. Note that if K is an algebraically closed field, Jflg defined over subsets of K is the
independence relation associated with the pregeometry described in Example 1.3.6.

Fact 1.5.2. |4 and |"satisfy SYMMETRY, FINITE CHARACTER, MONOTONICITY,

TRANSITIVITY and BASE MONOTONICITY. Furthermore leg satisfies CLOSURE: if
al alg T ld al

K L%L then K ¢%L. We have ['**— |*9.

Proof. For de, SYMMETRY is [FJ05, Lemma 2.5.1], MONOTONICITY, BASE MONO-
TONICITY and TRANSITIVITY follow from [FJO05, Lemma 2.5.3]. FINITE CHARACTER
is by definition. For Jflg, it is Fact 1.3.3. The last assertion follows from the simple
fact that a tuple is algebraically dependent over some field if and only if the familly of
monomials of this familly is linearly independent over this field [FJ05, p. 41]. OJ

Remark 1.5.3. Note that A Jich implies F(AC) NF(BC) = F(C) whereas A Jflg,B
implies F(AC) NF(BC) =F(C).

We deduce the following classical fact:

Fact 1.5.4. Let E C K C L be three fields. Assume that L/K is separable (respectively
reqular). Then L/E is separable (resp. regular) if and only if K/E is separable (resp.
reqular).

The relations \Bd and Jflg coincide when one of the extension is regular.

Fact 1.5.5 (|[FJ05, Lemma 2.6.7]). Let E C K N L be three fields. If K/E is regular,
then K leE L if and only if K le%L.

Fact 1.5.6 (|[Cha99, Lemma 3.1 (1)|). Let E C K N L be three fields. If K/E, L/E are
regular and K JidE L then K*® JidEs Ls.

Lemma 1.5.7. Let A, B be two extensions of some field E, such that AB/E is regular
and A 'Y_ B. Then (A* + B )N AB= A+ B.

Proof. First, observe that A*B N B* = E*B. Indeed A/E and B/E are regular so by
Fact 1.5.6, we have that A® jdEs B?® hence A°B \ﬁdEsB B?® and so A°BN B* = E°B.
Symmetrically, we have AB* N A®* = E°A. If v € AB is such that v = a + 8 for a € A®
and 8 € B®, then a = v— 08 € AB° N A® = E°A. Similarly § € E*B. Let L be a
finite extension of E inside E® such that @ € AL and € BL. We can complete {1}
to a basis {1,ug,...,un} of the E-vector space L. As AB JidE L, it is also a basis of
the AB-vector space LAB. As AB JidA LA and AB \|£dB LB, it is also a basis of the
A-vector space LA and of the B-vector space LB. Now the coordinates of v € AB in
the AB-vector space LAB are (v,0,...,0) as v =v + Ouz + - - + Ou,. Let (a1,...,an)
(respectively (b1, ...,by,)) be the coordinates of  with respect to the basis (1, usg, ..., uy,)
of the A-vector space LA (respectively of 8 in this basis of the B-vector space LB). As
v = a + 3, we have, looking at the first coordinate that v =a1 +b;,sov € A+ B. [
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Lemma 1.5.8. Let K be a field and K(X,Y') be a rational function field in two variables
(in other words X Jflg( Y and X,Y ¢ K). Then

XY ¢ K(X)+ K(Y);

X+Y ¢ K(X) K(Y);
where K(X) - K(Y)={w |ue K(X),ve K(Y)}.

Proof. There exists a derivative D : K(X,Y) — K(X,Y) such that D(K(Y)) = {0} and
D extends the canonical derivation on K(X) (namely the partial derivative with respect
to X, see [Mor96, Proposition 23.11]). Let u € K(X) and v € K(Y). If XY = u+wv then
applying D we get Y = Du € K(X) a contradiction. If X +Y = wv then applying D we
get 1 =vDu hence, as Du € K(X),ve K(X)NK(Y)=K. NowY =w — X € K(X)
a contradiction. O

1.5.2 Fields and model theory

We denote by Zing = {+,—,-,0,1} the language of rings. The following is [Cha99,
(1.17)].

Fact 1.5.9. Let T' be any theory of fields in any language £ O Liing. Let F =T and
A CF. Then F/aclp(A) is a reqular extension.

The following gives a behaviour of the Kim-independence in any theory of fields.

Fact 1.5.10 ([KR17, Proposition 9.28|, [Cha99, Theorem 3.5|). Let T be an arbitrary
theory of fields, and E < F = T. Let A, B be aclp-closed subsets of F' containing E,
such that A JJKE B. Then

ld .
(1) A4 B
(2) F/AB is a separable extension;
(8) aclp(AB) N A*B® = AB.

Lemma 1.5.11. Let T be an arbitrary theory of fields, and F = T. Let A,B,C,D be
subsets of F', containing some set k C F, and such that A,B C D. Assume that A and
B are aclp-closed and D [, C, (i.e. tpT (D/C) is finitely satisfiable in k). Then we
have the following results.

(1) (FN(AC)* + FN(BC)*)ND = A+ B;
(2) (FNAC)-(FNBC)|ND=A-B.

Assume now that A, B Ji‘AmBFﬂEOBiC. Then FNACNBC =Fn(AnB)C.
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Proof. We give the idea for (1), the others are proved by a similar argument. Let v; €
FN(AC)®, vo € FN(BC)® and u € D be such that uw = v1 4+ v2. There exist nontrivial
separable polynomials P(X, a,c) and Q(X,b, ) with leading coefficients 1 such that v;
is a root of P(X,a,c) and vy is a root of Q(X,b,¢’), a a tuple in A, b a tuple in B. The
formula ¢(21, 29, 23, ¢, )

E'.I‘ElyI—Fy:Zl/\P(JI,ZQ,C) :OAQ(y7237C/) =0

is in tp” (u,a,b/C), which is finitely satisfiable in k. Hence, there exists d,d’ € k such
that ¢(z1, 22, 23,d,d’) € tp’ (u,a,b/k) and so u € A+ B as A and B are aclp-closed. [

The theory ACF. Let ACF be the theory of algebraically closed fields in .Zi,s. We recall
here some basic facts about this well-known theory, as can be found e.g. in [Bou+98|.
ACF is model-complete, it is the model-companion of the theory of fields in Zing. It
is not complete but its completions are given by specifying the characteristic p of the
field, we denote the completion obtained by ACF,. ACF), is strongly minimal, so in
particular it is stable. Let K = ACF,. A Zariski-closed subset of K" is the set of
solutions of a finite number of polynomial equations in (X3, -, X,). Those are closed
subsets of a topology on all cartesian powers of K called the Zariski topology. An affine
(irreducible) variety is a Zariski-closed set that cannot be written as the union of two
proper Zariski-closed sets. Every Zariski-closed set can be decomposed into the union of
finitely many affine varieties (the topology is Noetherian). A quasi-affine variety is an
open subset of an affine variety, hence a set of solutions of some polynomial equations
and some polynomial inequations. The theory ACF), has quantifier eliminations in the
language of rings, this means that every definable set in an algebraically closed field K
is a finite union of quasi-affine varieties. A generic x of some quasi-affine variety V is a
tuple in an elementary extension of K such that if P(x) = 0 for some polynomial P with
coefficients in K, then V is included in the Zariski-closed set defined by P. Informally, x
satisfies no other equations than the one defining V. Generic points of a variety V" C K"
always exists in elementary extensions of K. We will not need much those notions except
in Section 3.3. For a field K of characteristic p, the Frobenius endomorphism is the field
endomorphism of K defined by Frob : x +— aP.

Fact 1.5.12. Let K |= ACF,,. If{ : K — K is an additive definable endomorphism,
then & is of the form &(x) = a1Frob™ (z) + - - - + apFrob™ (z), with nq,--- ,ny € Z.

Proof. By [Bou+98, Chapter 4, Corollary 1.5|, a definable map is given by a composition
of powers of the Frobenius and rational maps, on a definable partition of K, and by
[Hum98, Lemma A, VII, 20.3], additive polynomials are p-polynomials. It is easy to see
that the fact follows. O

The theory SCF. If K is of characteristic p > 0, we denote by K? the image of K
by the Frobenius endomorphism. If K is separably closed and perfect (i.e. if K is of
characteristic 0 or K is of characteristic p and KP = K), K is an algebraically closed
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field. We assume that the characteristic of K is p > 0. Let A C K, the p-closure of A is
the field KP(A). This defines a pregeometry on K (see for instance [BouO6a, Chapitre 5,
§13]), a basis for this pregeometry is called a p-basis, and an independent set is called a

p-independent set. A set A is p-independent if and only if for all finite tuple a1, -, ap
from A, the set of monomials a{'-- - --a&" are KP-linearly independent, where 0 < ny, < p.

If K/KP? is a finite extension, it has degree p® for some integer e, which we call the Ershov
invariant of K (or imperfection degree). If K/KP is infinite, we write e = co. Let &
be the language of rings extended by n-ary relations @,. Let SCF,. be the theory of
separably closed field of characteristic p and Ershov invariant e in the language £ in
which the relations (),, represent p-independence.

Fact 1.5.13. For all e < 0o, the theory SCF, . is complete, model-complete and stable.
Furthermore, SCFy, . eliminates 3°°.

Proof. The first part is Theorems 1 and 3 of [Woo79]. In [Del88, Proposition 61.] is
proved that SCF, . has the NFCP, which implies elimination of 3°°. O

Note that any model of SCF), . is existentially closed in every separable extension
([Bou+98, Chapter 9, Claim 2.2]). We have the following description of nonforking in
the sense of SCF, . (see the remark after [Cha02, (1.2)]).

Fact 1.5.14. Assume that A, B,C are separably closed subfields of a separably closed

field F such that C € AN B. If A | B and F/AB is separable, then tp>“"»<(A/B)
does not fork over C.

The theories ACFA,,, DCF),. The theory ACFA,, is the model-companion of the theory
of difference fields (i.e. fields with a distinguished endomorphism) of characteristic p, it
was proved to be model-complete in [Mac97]| and unstable but supersimple in [CH99| for
any p prime or zero. DCF,, is the model-companion of differential fields of characteristic
p (for p = 0, see [MMP96] and for p > 0, see [Woo73|) and is proved to be stable in
[Woo76]. The theory ACFA,, eliminates 3°° in all characteristic, this follows easily from
the definability of the o-degree (see [CH99, Section 7]). For all p prime or 0, the theory
DCF), eliminates the quantifier 3°°, this follows from the proof of this result in [MMP96,
Theorem 2.13, p51], although it was proved in the characteristic 0 case, the proof works
in all characteristics.

The theory PAC. A pseudo algebraically closed field is a field K which is existentially
closed in every regular extension?. The property for a field to be pseudo algebraically
closed is first order (see [FJ05]), we denote by PAC the corresponding theory. It is
an incomplete theory, even when specifying the characteristic of the field (we denote

2The classical definition of a pseudo algebraically bounded field is the following: K is pseudo alge-
braically closed if every absolutely irreducible variety defined over K has a K-rational point (see [FJ05]
or [TZ12]). We do not use this definition here and prefer the equivalent in term of regular extension
since it is the main property that we will use about these fields. Note that these fields were also called
regularly closed, which would be a better name for our purpose.
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the corresponding theory by PAC,). The theory of a PAC field K is described by the
isomorphism type of the field acl(f)), the imperfection degree of K and the “first-order
theory of the absolute Galois group” (in a suitable w-sorted language, for more details,
see [CDMS8I1]). A PAC field K is bounded if it has finitely many algebraic extensions of
degree n, for all n. It is known that a PAC field has a simple theory if and only if it is
bounded (see [CP9§| for the “if” and [Cha99] for the “only if”). An w-free PAC field is
a PAC field K which has an elementary substructure Ky whose absolute Galois group
is isomorphic to the free profinite group with countably many generators. In [FJ05,
Chapter 27| is presented a language and a theory of fields for which w-free PAC, fields
of imperfection degree 1 (if p > 0) are the existentially closed models: expand Zing
by n-ary predicates R, (z1,--- ,%,) expressing that 3z 2" + 212" 1+ .-+ 2, =0. In
this expanded laguage, K is a substructure of L if and only if K is algebraically closed
in L. Then the theory of w-free PAC fields of imperfection degree 1 (if p > 0) is the
model-companion of the theory of fields in this expanded language.

Fact 1.5.15 (|[Cha02], [CR16|). Every w-free PAC field has an NSOP; theory.

A recent result from Nick Ramsey states that a PAC field is NSOP; provided its
Galois group has an NSOP; theory.

A theory of fields T in an expansion of the language of rings is algebraically bounded
if for all formula ¢(z,y) with |x| = 1 there are polynomials P;(X,Y),- -, P,(X,Y) in
Z[X,Y] with |X| =1 and |Y| = |y| such that for all K =T, and b a |y|-tuple from K,
if (K, b) is finite then there exists 4 such that P;(X,b) is finite and ¢(K,b) is contained
in the set of roots of P;(X,b). In particular, an algebraically bounded field eliminates
the quantifier 3°°. This notion was introduced in [Dri89], it leads to the existence of a
well-behaved notion of dimension on the definable sets, in particular, any algebraically
bounded field must be perfect.

Fact 1.5.16 (|[CHO4]|). Ewvery perfect PAC field is algebraically bounded.

The theory Psf. It is the theory of pseudo-finite fields (see [Ax68] or [TZ12]), fields
which are PAC, perfect and 1-free (i.e. has only one extension of degree n for all n). In
particular, from Fact 1.5.16 it eliminates the quantifier 3°°. From [TZ12, Proposition
B.4.13|, an extension L of a pseudo-finite field K is regular if and only if K is relatively
algebraically closed in L (i.e. LN K = K), hence a Psf field K is existentially closed in
every extension L in which it is relatively algebraically closed. Any non-principal ultra-
product of finite fields is a pseudo-finite field. Let .Z be the language of rings expanded by
constants symbols (¢; j)i<w j<i, and let Psf. be the expansion of Psf expressing that the
polynomial X" + ¢, ,—1X + -+ + ¢, is irreducible. The theory Psf. is model-complete,
see [Cha97, Section 3|.

1.6 The Chabauty topology on Sg(F,)

Recall some standard facts about the topology on the Cantor space 2%, which can be
found for instance in [Mos09] or [Kec95]. The Cantor space 2* is endowed with the
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product topology coming from the discrete topology on 2. This topology turns 2% into a
Polish space; i.e. the topology admits a countable basis (second-countable) and admits
a complete metric (complete metrizable). By Tychonoff’s theorem, it is also compact,
and it is perfect, i.e. without isolated points. It is also totally disconnected i.e. has no
nontrivial connected subsets. Finally, a theorem of Brouwer states that 2 is the unique
(up to homeomorphism) non-empty, totally disconnected, perfect, compact, metrizable
set. Such a set is henceforth referred to as a Cantor space.

We fix a bijection : e : w — F, and an enumeration E = {¢; := e(i) | i < w}. This
enumeration induces a homeomorphism between the Cantor space 2¢ and 2Fr, hence
turns the powerset W(IET,) into a Cantor space. We give a description of the topology
obtained on Z(F,) based one the notion of Cantor scheme, i.e. a topology on the branchs
of an infinite binary tree, as can be seen in [Kec95, Subsection 1.6.A].

For each A C F,, let 14 be the function 14 : E — 2 := {0,1} defined by

1a(b) =1 < be A.
For k < w we adopt the following notation:
A [ k.= (1,4(60), s 71A(€k71)) S 2k.

Let k < wand s € 2%, we define By = {A CF, | A | k= s} and for A C F,, let B(A, k) be
{BCF,|BIlk=Alk}=DBapg. The family (B),cor . forms a basis of the topology
on & (IBTP) A convenient way of getting a picture of this topology is by representing the
subsets of #(F,) by branchs of a binary tree in which each level of nodes represent an
element of the enumeration E of F,. A branch representing A € #(F,) takes the value
1 at the node of level e; if and only if e; € A. Hence, in Figure 1.1, the set A contains
ep, €1, e2 but not es. For s € 2% the ball B, contains all the sets that are represented by
branchs that start with the sequence s. It is easy to see that each ball is clopen (closed
and open).

The set of all subgroups of some countable group can be endowed with a topology
that is compact, it is called the Chabauty topology. In the case of the group (FTD, +), this
topology has a very explicit description, in particular, it is the topology of a Cantor set.
More generally the Chabauty topology of any countable group is the one of a Cantor
space provided that the group is not minimaz, see [CGP10, Proposition A].

Lemma 1.6.1. Let Sg(F,) C P (F,) be the set of all subgroups of (Fp,+). Then Sg(F,)
s a compact subset of ﬁ(ﬁp) Furthermore, it is a Cantor space, the topology is generated
by clopens sets of the form B(Ho,Fpn) = {H € Sg(Fp,) | H NFyn = Hy}, for some finite
group Hy € Sg(F,).

Proof. First, we show that Sg(F,) is compact. As 2 (F,) is compact, it is enough to
show that Sg(IF,) is closed. We show that its complement is open. A set A € Z(F,) is
a not a group if and only if at least one of the following three conditions is satisfied:

e 0¢ A
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Figure 1.1: Topology on 2Fr,

eacAand —a ¢ A;
eabecAanda+b¢ A

The first condition is clearly open since in a metric space every singleton is closed, let 0y
be 2(F,) \ {0}. Let a,b € F,, let i, j,k < w be such that e; = a,e; = b and e, = a + b.
Let S(a,b) be the set of all finite sequence s € 2m#*(:3k) such that s; = sj = 1 and
sk = 0 (see Figure 1.2). Then 0) = Ua,beE Uses(ap) Bs s the set of all subsets A of F,

such that for some a,b € F,, we have a,b € A and a+b ¢ A. This is clearly an open set.
Similarly there is an open set &5 which is the set of all A € Z(F,) such that there exists
a € F, witha € Aand —a ¢ A. Then Z(F,)\ Sg(F,) = 0y U 01 U O, is open.

It is clear that Sg(F,) is again metrizable and totally disconnected. Assume that it
is not perfect, and let H be an isolated point in Sg(F,), and B(H, k) a clopen containing
H, for some k. Then consider the finite subgroup Hy generated by {e¢; € H | 0 <1i < k}.
It is clear that Hy € B(H, k) since Hy | k = H | k. As Hy is finite, there exists n > k
such that for all m > n we have 1p,(m) = 0. If 1 (e,) = 0, then e, ¢ H and consider G
the group generated by Hy and e,. If 15(e,) =1 consider G = Hp. In any case we have
G # H and G, H € B(H, k) hence H is not isolated. It follows that Sg(F,) is perfect. As
it is clearly nonempty it follows that Sg([F,) is a Cantor space. The topology on Sg(F,) is
generated by B(H, k), as for 2(F,). By the same agument as above, if Hy is the subgroup
generated by {e; € H |0 <14 <k}, then Hy € B(H, k) hence for some k' > k, we have
B(Hy, k') C B(H, k). Similarly, there is some n € N such that B(Ho,Fyn) C B(Hp, k'),
hence the topology is spanned by balls of the form B(Hg,Fyn). O
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CHAPTER 2

Generic expansions by a reduct

Let T be an .Z-theory. Let %y C £ and let Ty be a reduct of T to the language 4.
Let S be a new unary predicate symbol and set Zs = £ U {S}. We denote by Ts
the Zs-theory of Ls-structures (A, #y) where A (=T and S( M) = #y = Tp is a
substructure of .Z | 4. The main result of this chapter is an answer to the following
question:

Under which conditions on T and Ty does the model-companion of the theory Ts exist?
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2.1 The main result

We denote by acly the algebraic closure in the sense of Ty. Assume that Ty is pregeometric.
By Section 1.3, there is an associated independence relation |°. It is defined over every
subset of any model of Ty and satisfies the properties FINITE CHARACTER, SYMMETRY,
CLOSURE, MONOTONICITY, BASE MONOTONICITY, TRANSITIVITY. In particular, JB is
defined over every subset of any model of T', and we will only use it over small subsets of
a monster model M of T'. The property SYMMETRY of | will be tacitly used throughout
this chapter.

Definition 2.1.1. Let t be a single variable and x, y two tuples of variables. We say that
a formula ) (t,y) is n-algebraic in t (or just algebraic in t) if for all tuple b the number
of realisations of 1(¢,b) is at most n. In that context we say that a formula (¢, z,y)
is strict in y if whenever b is an Jf—independent tuple over a, the set of realisations of

W(t,a,b) is in aclp(a,b) \ aclp(a).

If ¥(t,b) is an Zp-algebraic formula, there exists an Zp-formula Y(t, x) algebraic in
t such that ¢(#,b) C (M, b).

Example 2.1.2. In the language of vector spaces, the formula ¢ = Az + py is strict in
y if and only if u # 0.

Lemma 2.1.3. Assume that Ty is pregeometric. Then for u a singleton and tuples a and
b, if u € acly(a,b) \ aclg(a), there exists an Ly-formula 7(t, z,y) algebraic in t and strict
in y such that u = 7(t, a,b).

Proof. Assume that b = by, ...,b,. By hypothesis and using Exchange, we may assume
that by € acly(u, a,ba,...,by). Let 71 (¢, a,b) be an Z-formula algebraic in ¢ isolating the
type tp’0(u/ab) and 12 (y1, u, a, by, . . ., by,) algebraic in y; isolating tp®(by /u, a, ba, . .., by).
Then 7(t,z,y) = 11(t, z,y) A T2(y1,t,2,y2,...,yn) is strict in y. Indeed assume that for
some independent tuple b’ over a/, and singleton v’ we have = 7(v/,a’,V'). It follows that
u' € aclp(a'b') and b € aclp(u’,d’, by ... b)) If v € acly(a’) then b € aclp(a’, b, ... b))
contradicting that b’ is |%-independent over a’, so u’ ¢ acly(a’). O
Definition 2.1.4. An expansion (.4, .#y) C (N, M) is strong if A5 |° A M.
Theorem 2.1.5. Assume that the following holds:

(H1) T is model complete;

(H2) Ty is model complete and for all infinite A, acly(A) | To;

(Hs) Ty is pregeometric;
(Hy)

Hy) for all Z-formula ¢(x,y) there exists an £ -formula 04(y) such that for b € A |=
T,

M =04(b) < there exists N = M and a € N such that
¢(a,b) and a is an f -independent tuple over M .
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Then there exists a theory T'S containing Tg such that
o cvery model of Ts has a strong extension which is a model of T'S;

o if (M, M) = TS and (N, M) = Ts is a strong extension of (M, Hy) then
(M, M) is existentially closed in (N, NG).

An aziomatization of T'S is given by adding to Ts the following axiom scheme: for each
tuple of variables x = 22", for £-formula ¢(x,y), and Ly-formulae (7;(t, z,y))i<r which

are algebraic in t and strict in ',

Vy(0s(y) = Grd(z,y) Az’ €S A AVE (1t z,y) = t ¢ 5))).
i<k

Proof. We prove the first assertion. Let (4, .#) be a model of Ty, ¢(z,y) an Z-formula
and a partition z = 2%2z!. Assume that for some tuple b from .# we have 0,(b). We
show that the conclusion of the axiom can be satisfied in a strong extension (A", .40)
with A = .#. Then the result will follow by taking the union of a chain of models of
Ts, which is again a model of Ts because it is an elementary chain of models of T" with a
predicate for models of Ty which is inductive, by model-completeness. The fact that the
union of a chain of strong extensions is again strong follows from FINITE CHARACTER
and TRANSITIVITY of \LO, and the model-completeness of Tj.

By (H,) there exists an extension A4 > .#, and a tuple a € A4 satisfying ¢(x,b)
and such that a is Jf—independent over . Set ) = aclo(//loao). Then using

MONOTONICITY, BASE MONOTONICITY and CLOSURE of Jf,aoﬂzjjfﬁ%dﬁﬂ This
means that the extension (,.#y) C (AN, A) is strong. Now clearly a® C S. Us-
ing BASE MoNOTONICITY and CLOSURE, it follows that ab \Ba% Moya®. Take any Zp-
formula 7(t, z,y) algebraic in ¢ and strict in z*, and assume that u € .4 satisfies 7(t, a, b).
As 7 is strict in 2! and a! is |° -independent over ba®, we have u € acly(ab) \ acly(a’b).
If u € Ap then it belongs to acly(ab) N acly(.#ya®) C acly(a’h), a contradiction, hence
u ¢ S. It follows that (A, A5) = ¢(a,b) Aa® C S AN, VE (i(t,a,b) =t ¢ 9))).

We now prove the second assertion.

Let (A, M) =TS and (N, ) = Ts, a strong extension of (&, #). Take finite
tuples a € A and b € .#. To understand the quantifier-free Ls-type of a over b, it is
sufficient to deal with formulae of the form

Q/J(x,b)/\/\x1'65/\/\mj¢5
icl jeJ

with ¥(z,y) an £-formula. The reduction to formulae of this form is done by increasing
the length of = (replacing Z-terms by variables), which may be greater than |a|. We
assume that a satisfies the formula above.

Claim. There exists an |°-independent tuple a’ = a%a! such that acly(.#a) = acly(.#a’)
with

(1) o [°4;
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(2) aclp(a’) N A = acly(a®);
(3) Ao Nacly(A,d") = acly(My,a");

Proof of the claim. Take a tuple a” in Ag N acly(.#,a) maximal \B-independent over
My. We have a¥ |° 4, and as the extension is strong we also have a" |°.# by
TRANSITIVITY. Now take a tuple a!’ in acly(.#a) maximal |°-independent over acly(.#Za”).
We have a'’ | .#a" and so a”a'’ |° 4. Set ' = a”a'’ and the claim holds. O

Now as a C acly(.#, a’) there exists a finite tuple m! from .# |°-independent over
Moa' such that a C acly(.#ym'a’). Similarly there exists a finite tuple m° from .4 with
m® |9 mla’ such that a C aclo(m®mta’).

If i € I, using (3), we have a; € aclo(.#pa") N aclo(m®m'a’) = aclo(m®a’’). Hence
there is an %-formula 7;(¢,a”, m®) algebraic in ¢ such that a; = 7;(¢, a%, mY).

Let J; be the set of indices j € J such that a; € aclp(a”,m®, m!). As a; ¢ S, by
Lemma 2.1.3 there is an Zp-formula 7 (¢, 20, y, z) algebraic in ¢ and strict in z such that
aj = 1;(t,a%,m% mb).

Let Jo = J\ Ji. Then for j € Ja, we have a; ¢ acly(a”,m° m!) so there is an %-
formula 7;(t, 2%, 1, y, 2) algebraic in ¢ and strict in 2! such that a; = 7;(¢,a%, a’, m®,m?').

We now set b’ = bm"m! and set ¢(a’, ) to be the following formula

Fup(v,0) A\ 7i(vi,a”,m°)
el
A /\ 75 (vj,a®,m° m')
NS
A /\ 7i(vj,a”, a'’,m% mt)

JjEJ2

Step (x). By model-completeness we have that .4 = .#. As ' is | independent
over ./ it follows that .# |= 0,4('). Using one instance of the axiom scheme, there exists
d' € ./ such that d' = ¢(z,b) with d” C #, and for all j € Jp, all the realizations
of 75(t,d’,m) are not in .#y. Let d be the tuple whose existence is stated in ¢(d’, V'),
in particular .# = v(d,b). For i € I, we have d; € aclo(d”m®) C .#y. For j € Jo we
already saw that d; ¢ .#y. For j € Ji, as 7j(t,d”,m° m?) is strict in the variable of
m! and m! is |°-independent over .#, we have that d; ¢ acly(d”,m"). Recall that
mt Y 4, som! JBdO',mO My hence acly(d”, m®, m') N4y = acly(d”, m"), so d; cannot
belong to .#y. We conclude that

(M, M) = W(d, )N \di€e SN\ d; ¢S

icl jeJ
which proves that (Z, .#5) is existentially closed in (A7, 47). O

Remark 2.1.6. Notice that if we consider .2 = {=}, the previous Theorem gives nothing
more than the generic predicate (see[CP98]). The hypothesis (H,) becomes equivalent to
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elimination of 3°° in that case. Note also that if Tj is strongly minimal and has quantifier
elimination in %, the conditions (Hs) and (Hg3) are satisfied.

We can forget hypothesis (H1) to get this adapted version of Theorem 2.1.5.
Proposition 2.1.7. Assume that the following holds.
(Hz) Tp is model complete and for all A infinite, aclp(A) = To;
(Hs) Ty is pregeometric;
(Hy) for all Z-formula ¢(x,y) there exists an L -formula 04(y) such that forb e A =T

M = 04(b) << there exists N = M and a € N such that
¢(a,b) and a is an l? -independent tuple over M

Then there exists a theory T'S containing Ts such that

o every model (M , My) of Ts has a strong extension (M', M) which is a model of
TS, such that # < H';

o assume that (M, Hy) =TS and (N, M) is a model of Ts which is a strong exten-
sion of (M, My). If A is existentially closed in N then (M, M) is existentially
closed in (N, N).

An aziomatization of T'S is given by adding to Ts the following axioms, for each tuple
of variables x = 2%z, for L-formula ¢(z,y), and Lo-formulae (7;(t, z,y))i<k which are
algebraic in t and strict in z!,

Vy(0y(y) = (Fzd(x,y) A 22 C SA /\ Vit (ri(t, z,y) =t € 5))).
i<k

Proof. The same proof as for Theorem 2.1.5 works. In the proof of Theorem 2.1.5, the
model-completeness of T" was used to ensure that given any model .4 of T extending
M, then A is existentially closed in 4", which is now part of the second bullet. In
the first bullet, the model .#’ of T extending .# is the union of an elementary chain
of extensions hence is an elementary extension of ., this condition does not use the
model-completeness of T O

Remark 2.1.8. Assume that T, Ty satisfies (H;), (H2) and (Hg). Assume that there is a
class € of #-formula such that for all .# |= T, for all Z-formula ¢(x,b) with parameters
in ., there exists a tuple ¢ from .# and formulae ¥;(x, 2),- - ,9,(z, 2) € € such that

(M) = 01 (M) U U (M C).

Assume that condition (H4) holds only for formulae ¥(z,z) € ¢. Then the conclusion
of Theorem 2.1.5 applies, with the axiom-scheme restricted to formulae in €. It is clear
that the proof of the first assertion works similarly, considering only formulae in . For
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the second assertion, the proof changes at Step (%), we need to show that there exists a
realisation of ¢(z,b’) that satisfies the right properties using the axioms. By assumption
(MY = (M) U - Uy (A, c) for some V1 (z,2), - ,0,(x,2) € € and tuple ¢
from .#. This decomposition holds also in .4" by model-completeness of T. Now as
a' = ¢(x,V'), there is some ¢ < n such that o’ = ¥;(z,¢) hence A |= 0y,(c). Using one
instance of the axiom, there exists d’ in .# satisfying 9;(z, c), hence also ¢(z,b’), and
that satisfies the right properties, and the end of the proof is similar. The main example
for the class % is the class of quasi-affine varieties in the theory ACF, see Theorem 3.3.5.

2.2 A weak converse

In this subsection, Lemmas 2.2.2 and 2.2.3 give some insight on the condition (Hy), and
Proposition 2.2.4 gives a weak converse statement for the existence of T'S.
In this section, we assume that T and Tj satisfies the following conditions:

(H1) T is model-complete;
(Hy ) Tp is model-complete;
(Hs3) Tp is pregeometric;

Given two tuples of variables z and y, the condition “x is Jf—independent over
aclp(y)” is type-definable, it is given by the set of formulae of the form

||

n
th?"' 7tn /\dh(tuy) — /\ _‘Tk(xk7t17"' 7tn7x17"' y Ll—1, LTht1," " " 7x|x\)
=1 k=1

for all n € N, 1;(t,y) L-formula algebraic in ¢ and 7;(t,t1,- - ,t,, 2) Zy-formula alge-
braic in ¢ with |z| = |z| — 1. As algebraic formulae are closed under finite disjunction
and conjunction, it is clear that the previous type is equivalent to the set of all formulae
of the form

tha"' 7tn /\w(tzay) — /\ _'T(xkatla"' )tnal‘la"' s Lh—1, Th+1, """ 7I|;1:\)
i=1 k=1

for all n € N, ¢(t,y) L-formula algebraic in ¢ and 7(t,t1,- - - , tp, 2) ZLo-formula algebraic
in t with |z| = || — 1. We call this type X(z,y).
We work in a monster model M of T

Lemma 2.2.1. For all A, B,C aclp-closed small sets in a monster model, then there
exists A' =L, A such that A" |° B

Proof. The lemma follows from Fact 1.3.9, take ¢ to be the type of an JB basis of A over
C'. Note that we only use hypothesis (H3) here. O
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Lemma 2.2.2. Let ¢(z,y) be an L -formula, A an Ng-saturated small model of T and
b a |y|-tuple from M. The following are equivalent:

(1) there exists N = M and some realisation a of ¢(x,b) in A such that a is an
JB -independent tuple over # ;

(2) there exists some realisation a of ¢(z,b) in A such that a is |° -independent over
aclp(b).

Proof. (1) implies (2). Let ¥X(z,b) be the partial type over b expressing that “z is an
|°-independent tuple over acly(b)”. By (1), £(z,b) is finitely satisfiable in .# hence by
saturation it is realised in ..

(2) implies (1). Using Lemma 2.2.1, there exists a’ =] a such that o’ JgadT(b) A . Using

TRANSITIVITY a' is |°-independent over .#. For any .4 containing a’, the condition
(2) holds. O

Lemma 2.2.3. Let ¢(x,y) be some Z-formula. The following are equivalent.

(1) There exists a formula 84(y) such that 0,(b) holds if and only if there exists some
realisation a of ¢(x,b) such that a is |°-independent over acly(b).

(2) There exists n € N, an L-formula ¥(t,y) algebraic in t and an Ly-formula
T(t, t1, ..., tn, 2) algebraic in t with |z| = |x| — 1 such that for all b, if some re-
alisation a of ¢(z,b) is not an |° -independent tuple over acly(b) then there exist
n realizations c1,...,cy of Y(t,b) such that for some 1 < k < |z|, we have that ay

satisfies T(t,c1,+ ,Cny @1, 5 A1, Qhg 1, 5 Alg))-

Proof. Recall that ¥(x,y) is the set of all formula of the form

||

n
¢($>y) /\tha 7tn /\w(tluy) — /\ _'T(xlﬁtly"' >tn7$17"' sy Lh—1,Th41," " 7x|x\)
=1 k=1

for all n € N, ¢(t,y) L-formula algebraic in ¢t and 7(¢,t1, - , tp, 2) ZLo-formula algebraic
in t with |z| = |z|—1. Let X(y) be the (consistent) partial type {32'(z,y) | T'(x,y) € X}.
By compactness, if 64(y) exists, it is equivalent to a finite fragment of ¥(y), hence to a
single formula in ¥(y). The existence of 64(y) is equivalent to the existence of a bound
n € N, an Z-formula ¢(t,y) algebraic in ¢ and an Zp-formula 7(¢,¢1,- - ,t,,2) for

|z| = |&| — 1 such that for all b if a realizes ¢(x,b), a is not |°-independent over acly(b)
(if and) only if there are n realisations c1, ..., ¢, € aclp(b) of ¥(t,b) such that for some
1<k <|z], ap is in aclg(cr, - -+ ,eny 01,7+, A1, Ahg1,7+ , Aly|), Witnessed by 7. O

Proposition 2.2.4. Assume that there exists a theory T'S such that
e cvery model of Ts has a strong extension which is a model of T'S;
o if (M, M) E TS and (N, M) = Ts is a strong extension of (M, My) then
(M, My) is existentially closed in (N, N).
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Then the following holds:

for all L-formula ¢(x,y) and all 1 < k < |x|, there exists an £ -formula Hi(y) such
that for all tuple b in an Rg-saturated model A of T,

M= Gg(b) <= there exists some realisation a of ¢(x,b) in A such that

ag ¢ a‘CIO(a‘ClT(b)yalv sy Qk—1, Q41,7 7a|$|)‘

Proof. Given a single variable ¢ and some tuple of variables y, we denote by @Z»(t,y) the
set of all .Z-formulae without parameters that are algebraic in ¢ with free variables (other
than t) in y. Assume that the conclusion doesn’t hold. Similarly to Lemma 2.2.3 there
is some formula ¢(x,y), some 1 < k < |z| and an Ryp-saturated model .# of T such that
for all n € N, for all Y(t,y) € H»(t,y) and 7(t,t1,- - ,tn,2) € Ay (t,t1,- - ,tn, 2z) (with
|z| = |x| — 1) there is some b = b(n, v, 7) and a realisation a = a(n, ¥, 7) of ¢(x,b) in A
such that a € aclp(aclr(b), a1, ..., ak—1,a541,---,a)) and for all realisations ci, ..., cp
of ¥(t,b) and all k

M l: —\T(ak,cl,--' 3 Cny A1, Af—1, k41, " aa\x|)'

For convenience, we assume that £ = 1. We may assume that for all n, ¢ and 7, all
realisations of ¢(z1,as1,b) in .4 are in acly(aclp(b), as1). Otherwise, for some n, 1, T as
above, the formula

Hx(b(x,y) /\thv" . 7t7’L (/\ ¢(tl7y) — _'T(xlvtlv‘ te 7t’nax>1)>
i=1

would isolate the type Jzd(z,y) A “z1 ¢ aclg(acly(y), x>1)” which contradicts the hy-
potheses. By Ng-saturation, as ¢(.#, a~1,b) C acly(aclp(b), a~1), we have that ¢(.#, a~1,b)
is finite, for all (n, v, 7).

We define the following subset of N x &Z»(t,y) x (UneN A (ttr,. .. T, z))

I={(n,7) | neN e dy(ty), € dg(tti, - tn,2)}

By assumptions, .# contains {a=1b | (n,1,7) € I'}. We expand .# to a model of Tg
by setting S(.#) = .#. By hypothesis, there exists a model (A", 45) of T'S which is
a strong extension of (., .#). As T is model-complete, each realisation a} in A" of
d(x1,a-1b) is still in aclg(aclr(b), a>1), hence ¢(A,as1,b) C S. Furthermore, for all
(n,v, 1) € I, the following holds in (A", A)

EI:E1¢($1) a>1b) A thv s 7tn </\ w(tza b) — _'T(xla tlv o 7tn7$>1)> :

i=1

Let % be a nonprincipal ultrafilter on I and consider the ultrapower (A, 40)% of

(A4, 4), which is also a model of T'S. For a1b the class of (a>1b(n, ¥, 7))y r)er) in
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(N, )%, every realisation of ¢(z1,as1b) in (A, A45)% isin S. On the other hand, the
partial type consisting of all formulae of the form

n
3$1¢($1, (l>1b) A th? s 7tn </\ ¢(t175) - _'T(xlath o 7tn,(l>1)>
i=1

for (n,v,7) € I, is consistent. Hence there exists a realisation @; of ¢(z1,a>1b) in A%

which is not in aclp(aclp(b)as1). By Lemma 2.2.1, there exists singleton @} in some

: 4 ~ T ~ ~/ |0 4
elementary extension % of A4 such that aj =y (Bas U and aj \LaclT (E)TM‘/V .

Now @), ¢ acly(acly(b)as1) implies that @) | acly(b)as1, so by TRANSITIVITY & ¢
A% . Finally observe that (Z, S(.4# %)) is a strong extension of (A%, S(.4 %)), hence
(N, S(N?)) is existentially closed in (£, S(A %)), but

(Ji/, S(:/V%)) ): E|J?1d)(l‘1,(1>1b) N X1 ¢ S
a contradiction. O

Remark 2.2.5. A consequence of Proposition 2.2.4 is that if T'S exists, then T eliminates
3°°. A question one might ask is wether it is a sufficient condition for the existence
of the theory T'S. The answer is no, the theory ACFq eliminates 3°° but the model
companion of the theory of algebraically closed fields of characteristic 0 with a predicate
for an additive subgroup is not first order axiomatisable, see Proposition 3.2.7. On the
other hand, the existence of T'S under the reduction of the hypothesis (Hy) to formulae
¢(x,y) with x| = 2 would be a good improvement, as it would be much easier to check.

2.3 Suitable triple

In Sections 2.1 and 2.2, we have listed minimal hypotheses in order to have (weakly) nec-
essary and sufficient conditions for the existence of a generic theory T'S. We now consider
a stronger assumption on Ty which encompass the conditions of Sections 2.1 and 2.2: the
modularity of the pregeometry in Ty. This hypothesis make obsolete the notion of strong
extension. As a consequence, the theory T'S becomes the model-companion of the theory
Ts.

Definition 2.3.1. We say that a triple (T, Ty, %) is suitable if it satisfies the following

(Hy) T is model complete;

(Hz) Tp is model complete and for all infinite A, acly(A) = To;

(H3) acly defines a modular pregeometry;

(Hy) for all Z-formula ¢(x,y) there exists an .Z-formula 64(y) such that forb € .4 =T

M = 04(b) <= there exists A > .4 and a € .4 such that
#(a,b) and a is |°-independent over ..
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Remark 2.3.2. Let (T,Ty, %) be a suitable triple. By Fact 1.2.3, in T, the relation
1% defined by A Ll B if and only if aclp(AC) Nacly(BC) = acly(C) satisfies FULL

EXISTENCE, so for all A, B, C subsets of M there exists A’ =L A such that acly(A'C) N
aclp(BC) = aclp(C). As acly is modular, it follows that acly( A’ JB () acly(BC),

this gives another proof of Lemma 2.2.1 in that context.

From Section 2.1, we immediately get the following.

Proposition 2.3.3. Let (T,Ty,. %) be a suitable triple. Then TS exists and is the
model-companion of the theory Tg.

Lemma 2.3.4. Let (M, #p) and (N, Ng) are two models of Ts, such that .4 JB% N
and N J? M . Then, there exists a model (A, o) of TS extending both (M , #y)

and (N, Ji{)) If furthermore (M , My) and (N, N)) are models of T'S, then (K, %)
is an elementary extension of both (M, My) and (N, Np).

Proof. Let " be a model of T extending .# and 4. Now set %] = aclo(//lo,J%)
Clearly (£, %) is a model of Ts. By hypothesis we have .7 JB /// and ¢ JB

Using Theorem 2.1.5, there is a model (¢, %) of T'S extendmg (A, 6, (/// ///0)
and (A, Ap). We conclude by model-completeness. O

Proposition 2.3.5. Let (T, Ty, %) be an adapted triple.

(1) Let (A, Mo) and (N, Np) be two models of T'S and A be a common subset of A
and A . Then we have

(M, M) =15 (N, M) < there exists f : aclp(A) — aclp(A)
T-elementary bijection over A,
such that f(Ay Naclp(A)) = A5 Naclp(A).

(2) For any a,b, A in a monster model of T'S

a=%%b <= there exists f : acly(Aa) — acly(Ab)

a T-elementary bijection over A with f(a) = b,
such that f(S(acly(Aa))) = S(acly(Ab))..

We call such a function a T-elementary Zs-isomorphism between

(aclp(Aa), S(acly(Aa)) and (aclp(Ab), S(acly(Ab)).

(8) The completions of T'S are given by the T-elementary Ls-isomorphism types of
(aclp(0), S(acly(0))).
(4) For all A, aclpg(A) = aclp(A).
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Proof. (1) The left to right implication is standard. From right to left. Note that, under
hypotheses, we may assume that A = aclp(A) is a subset of both .# and .4 and that
MyNA = NNA. By Lemma 2.2.1, there exists .4’ =%, .4 such that .4’ JE N . There
is an .Z-isomorphism g between .#’ and .4 that fixes A so we may define ///0 = g ()
and turn (.#', /() into a model of T'S. By MONOTONICITY and BASE MONOTONICITY
we have . JB JV Similarly we have 4} JB , " hence by Lemma 2.3.4 there exists

a model (7, ,%/0) of T'S that is an elementary extension of both (A, AG) and (N, ),
hence (', .#}) =1 (A, Ho) =45 (N, ).

(2) This is sumlar to (1).

(3) This is an obvious application of (1).

(4) We only need to show that aclpg(A) C aclp(A). Assume that b ¢ aclp(A).
Let (A, #p) be a model of T'S containing b. There exists a model .4 of T and a T-
isomorphism f : A4 — .# over A such that 4 JE ,/// Consider A = f~1 (),

then (A, A9) and (A, #y) are Ls-isomorphic. Now set v = f~1(b), we have b’ =5 b
and b # V' because b \B elr(4) b and b ¢ aclp(A). Since A JBaCIT(A) A, we may do as

in (1) and find a model of T'S extending both .# and .4 in which the condition (3) is
satisfied. Similarly we can produce as many conjugates of b over A as we want inside
some bigger model so b ¢ aclps(A). O

Proposition 2.3.6. Let M be a monster model of T. Let # < M and #y C A
such that (M, My) is a model of TS. Let B C A, and X a small subset of M. Let
Sxp C aclp(XB) C M be some acly-closed set containing S(aclp(B)) and such that:

(1) Sxp N .# = S(aclp(B))

(2) aclp(XB) N A = aclp(B).
Then the type (over B) associated to the T-elementary Ls-isomorphism type of (acly (X B), SxB)
is consistent in Th(.# , 4y).

Proof. Let M, = acly(.#, Sxp). We have that (M, M) is a model of Ts and an extension
of (M , Mp). Indeed, MyNA = acly(#y, Sxp)NAM = acly(My, SxpN.A) by modularity.
By hypothesis (1), SxpN.# = S(aclp(B) C .4, hence M{N.# = 4. By Theorem 2.1.5
there exists a model (A7, .A5) of T'S extending (M, M) which is an elementary extension
of (M, Mp). Now

aclp (X B) N Ay = aclp (X B) N M
= aclp(X B) Nacly(#y, SxB)

= acly(Sxp,aclp(XB) N .4)) by modularity
= acly(Sx g, aclp(B) N ) by (2)
= aclo(Sxp, S(acly(B)))

= SxB.

It follows that in (A, .4g), tpT*(X/B) is given by the T-elementary Zs-isomorphism
type of (aclp(XB), Sxp). O
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2.4 TIterating the construction

Let T be an Z-theory, .4, - ,.%, be sublanguages of £ and let T; = T [ .%;. Let
Si,-++, Sy be new unary predicate and let Zs, s, be the language £ U{Sy, - ,S,}. Let
Ts,..s, be the Zs, g, -theory which models are models .# of T in which #; := S;(.#)
is an Zj-substructure of .# and a model of T;. The following give a condition for the
existence of a model companion for Ts, . g, .

Proposition 2.4.1. Assume inductively that (T'Sy...S;, Ti+1,-Zi+1) s a suitable triple
fori=0,--- ,n—1, and let TSy ...S;+1 be the model companion of the theory T'Sy, ..., SZ-SZ,+1
of models of T'S1,...,S; with a predicate S;11 for an Z;+1 submodel of Tix1. Then
TSy -85y is the model-companion of the theory Ts, g, .

Proof. We show the following:

(1) every model (A, 4, ... #,) of Ts, s, can be extended to a model (A", A1, -+, A7)
of TSy ...Sy;

(2) every model (A", M,..., N,) of T'S;...S, is existentially closed in an extension
(M, M, ..., M) model of Ts, g, .

(1) Start by extending (.#,.#) to a model (A1, A1) of T'S;. Then (A1, ML, a5)
is a model of T'S1g, so can be extended to a model (JVQ, J1/12, J1/22) of T'S1.55. The struc-
ture (A2, A;2, A432) is also an extension of (., .41, .#3). We iterate this process to end
with a model (A, A", -+ , ) of TSy --- S, extending (A, M, - , My).

(2) Let (A, M, -+ ,Np) be a model of TSy --- S, and (A, M\, - , M) be a model
of Ts, s, extending it. By (1) there exists a model (Z', 41, -, #]) of TS;---S,
extending (A, M\, , Mp). As (N, M, -+, Ny) is amodel of T'S; - - - S, it is existen-
tially closed in any model of T'Sy - - - Sj,—1¢, extending it, in particular, it is existentially

closed in (A", 4], -, #]) and hence also in (A, M\, ..., My). O

In a model of T'Sy - - - S,,, the relations between the S; are very generic. For example,
it is not possible that .S; C S; for some ¢, j, since one can always extend the predicate S;
by a new element which is not in S;. In a sense, those generic predicates are invisible from
one another. A way to impose relations between the S;, is by considering, for instance, a
slightly stronger version of the generic expansion by a reduct —analogously to the generic
predicate in [CP98|. Consider a suitable triple (T, Ty, %) and P a 0-definable predicate
in T such that in any model .# of T, P is a model of Ty which is a substructure of
A . One may do the construction of the generic expansion by a substructure S inside
P. In that case, assume that T; = T} for all 7, j < n. One may construct T7'S; then add
a generic substructure Ss inside S7 and iterate. This would be the model companion of
the theory Tg, g, U{S1 2 S2 2 --- 2 S,}. One may also consider the case in which T;
is not the theory of a substructure but of a structure 0-definable in 7T'.
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CHAPTER 3

Examples of generic expansion by a reduct

In this chapter, we apply the results of Chapter 2 to construct new examples of generic
expansions.

Contents
3.1 Generic vector subspaces over a finite field . . . . ... .. .. 58
3.2 Fields with generic additive subgroups . .. ... ....... 61
3.3 Algebraically closed fields with a generic multiplicative sub-
220 D o 63
3.4 Pairs of geometric structures . . ... ... ... . 00000 66
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3.1 Generic vector subspaces over a finite field

Let Fy be a finite field. In this section, we let %y = {(Aa)aer,, +,0}, and £ a language
containing Zp. We let T be a complete Z-theory which contains the Zp-theory Ty of
infinite-dimensional Fy-vector spaces. For A a subset of a model of T', the set aclp(A) is
the vector space spanned by A, and we denote it by (A). Let & = L U{V}, with V a
unary predicate and Ty the £ -theory whose models are the models of T" in which V is
an infinite vector subspace.

Definability and notations. For o = a1, ..., a;, € IF, and any n-tuple x of variables
let Aq(z) be the term

Aay (1) 4+ + Ay, (@)

Let z be a tuple of variables of length s = ¢ —1 and 2’ = 29z a tuple of length s+1 = ¢™.
Let (t) be any .Z-formula, ¢ a single variable. We fix an enumeration o', ..., a° of
(Fg)™\ (0,...,0). We denote by

z={(x)o the formula /\ 2i = Agi ()
i=1,...,s

2 = (z) the formula 20=0Az1,,2s = (x)o

t e (x) the formula V2! (z/ = (z) — \/ t= zl-)
i=0

t e (xy)\ (y) the formula t € (xy) Nt € (y)
() Ny = (y) the formula Vi (t e (x) ANY(t) <>t e (y)).
The formulae above have the obvious meaning, for instance, for any a, b in a model of T,

if # |=b= (a)o then b is an enumeration of all non-trivial Fy-linear combinations of a.
The following is [CP98, Lemma 2.3]:

Fact 3.1.1. Assume that T is a theory that eliminates the quantifier 3°°. Then for any
formula ¢(x,y) there is a formula 04(y) such that in any No-saturated model A of T the
set 0y( M) consists of tuples b from M such that there exists a realisation a of ¢(x,b)
with a; ¢ aclp(b) for all i.

Theorem 3.1.2. IfT is model complete and eliminates the quantifier 3°°, then (T, Ty, %)
is a suitable triple. It follows that the theory Ty admits a model companion, which we
denote by TV .

Proof. We have to show that the triple (7,7p,-%p) is suitable, the existence of the
model-companion then follows from Proposition 2.3.3. We check the conditions of Defi-
nition 2.3.1:

(Hy) T is model complete;
(Hs) Ty model complete and for all infinite A, (A) = Tp;

(Hy) () defines a modular pregeometry;
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(Hy) for all Z-formula ¢(x,y) there exists an .Z-formula 64(y) such that forb € A4 =T

M = 04(b) <= there exists a saturated .4 > .# and a € .4 such that
¢(a,b) and a is Jf—independent over A .

Condition (H;) holds by hypothesis. Conditions (H) and (H3) are also clear, these are
basic properties of the theory of infinite dimensional vector spaces. As A is infinite, (A)
is an infinite dimensional Fg-vector space.

We prove condition (Hy). Let ¢(z,y) be an Z-formula. For some tuple of variables

z of suitable length, let ¢(z,y) be the following formula

dr 2z = (x)o A P, y).

Now apply Fact 3.1.1 with ¢(z,y). We get a formula Qé(y) such that for any Ng-
saturated model .4#” of T" and b € .#" we have that 4" |= 63(b) if and only if there
exist tuples a and ¢ in A4 such that ¢(a,bd) holds, ¢ = (a)¢ and for all i, ¢; ¢ aclp(b).
Equivalently .4 = 6;(b) if and only if there exists a tuple a from .4 such that a is
F,-linearly independent over acly(b) and A" |= ¢(a,b). By Lemma 2.2.2, this condition
is equivalent to (Hy), hence the triple (7', Ty, %) is suitable. O]

Lemma 3.1.3. Let ¢(x,y) be an Ly -formula. Assume that in a saturated model (M, V)
of Ty the following holds for some tuple b from A, for all £ -formula ¢(zx,y):

04(b) = Fxp(x,b) Ap(x,b).

Then for all ¢(z,y), if # = 04(b) then there exists a realisation a of ¢(x,b) A (x,b)
such that a is linearly independent over acly(b).

Proof. Let ¥(z,y) be the partial type expressing “x is linearly independent over acly(y)”
(see Section 2.2). We claim that {¢(z,b) A(x,b)} UX(x,b) is consistent. Indeed, let
A(z,b) be a finite conjunction of formulae in ¥(z,b). As 04(b) holds, by Lemma 2.2.2
there exists a realisation a of ¢(x,b) which is Fy-linearly independent over acly(b), hence
in particular a satisfies ¢(x, b) AA(z,b), hence 4 |= Oyan(b). By hypothesis, the formula
d(x,b) N A(x,b) Ap(x,b) is consistent, hence we conclude by compactness. O

Proposition 3.1.4 (Axioms for TV). The theory TV is axiomatised by adding to Ty
the following £y -sentences, for all tuples of variable yy C y, xy C x and £L-formula

o(z,y)
Yy((y) NV = (yv) As(y)) = Fro(z,y) A (zy) NV = (zvyv)). (A1)

Equivalently, the theory TV is axiomatised by adding to Ty the following 2 -sentences,
for all tuples of variable y* C y, xv C x and £ -formula ¢(x,y)

Yy((y") NV = {0} A Os()) = (Frg(a,y) Alay') NV = (av)). (Az2)

41



Proof. Tt is clear that the system of axioms (A;) is equivalent to the one given in The-
orem 2.1.5. It is also clear that the system of axioms (A;) implies the system of axioms
(A3). We show that the two systems are equivalent. Assume that the system (Asg) is
satisfied in an Yo saturated model (.#,V) of Ty,. Let ¢(x,y) be given, and subtuples
yy of y and zy of x. We show that (.#,V) satisfies the axiom of the form (A;) given
by yv C y, zyv C x and ¢(z,y). Assume that for some tuple b from .#, the formula
(b) NV = (by) A 0s(b) holds. Let b' be a subtuple of b which is a basis of (b) over
(by). We have (b') NV = {0} hence using an instance of an axiom (Az), there exists a
realisation a of ¢(x,b) such that (ab') NV = (ay). Since by C V, it follows from BASE
MONOTONICITY that (ab) NV = (ayby). O

Lemma 3.1.5. Assume that T is model complete and eliminates the quantifier 3°°. Then
TV eliminates the quantifier 3°, so (TV, Ty, %) is also a suitable triple.

Proof. Assume that |z| = 1. From the description of types (see Proposition 2.3.5), types
in T'S are obtained by adding to the types in 7' the description of V on the algebraic
closure. By compactness, every £y -formula ¢(z,y) is equivalent to a disjunction of
formulae of the form

zp(x, z,y) A {z2) NV = (zy)

where 9(z, z,y) is an .Z-formula (not necessarily quantifier-free) and zy a subtuple of
variables of z!. In order to prove elimination of 3, by the pigeonhole principle , we
may assume that ¢(z,y) is equivalent to such a formula. Now let u,v be two tuples of
variables such that |u| + |v| < |z] + 1, and let uy C u, vy C v be two subtuples. Let
[y (u, yv) be the following £-formula

Jrz(x, z,y) A (xz) = (uv) A (2y) = (uyvy) Az € (uv) \ (v).

Let A(y) be the formula

\/ Fo((0) NV = {oy) Abras - (yv)).

|uv|<|z|+1,uy Cuvy Co,|u|>1

Claim: For all tuple b from a saturated model (#Z,V) of TV, (.#,V) = A(b) if and
only if there exists a € .# such that (#Z,V) = ¢(a,b) and a ¢ aclp(b).

From left to right. If A(b) holds for some b, there exists a formula I' = T'%?,, = and
some tuple e from .# and a subtuple ey of e such that V N {e) = (ey) and .# = Or(be).
Using one instance of the axioms (A1) (Proposition 3.1.4) and Lemma 3.1.3, there exists
a realisation d of I'(u, be) such that (dbe) NV = (dybyey), for dy the subtuple associated
to the variables uy and such that d is linearly independent over acly(be). Using that d is
linearly independent over (de), we obtain that (de) NV = (dyey). As (A4 ,V) =T(d, be),
there exists a and a tuple ¢ from .# such that

! Actually we might assume that every realisation of z in 1 is algebraic over the realisations of x,y in
1, but we don’t need this fact here. Also, we may replace the condition (xz)NV = (zv) by (2)NV = (zv),
but we assume that the formula gives a description of V on (xz) in order to simplify the proof.
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o M E(a,c,b)
o (ac) = (de)

e (cv) = (dvey)
o a€(de)\ (e).

Now as (de) NV = (dyey) we have (ac) NV = (cy) so (A ,V) = ¢(a,b). Now as d is
linearly independent over acly(be) and a € (de) \ (e) we have a ¢ acly(be) so a ¢ acly(b).

From right to left. Assume that (#Z,V) = ¢(a,b) and a ¢ aclp(b). Let ¢ be such
that ¢ = 9(a, z,b) and (ac) NV = (cy). Let ey be a basis of aclyp(b) NV N (ac), and
complete it in a basis e of acly(b) N (ac). Let dy be a basis of a complement of (ey)
inside (ac) NV and complete it in a basis d of a complement of (edy) inside (ac). As

a € (de) \ acly(b) we have a € (de) \ (e). It is clear that (.#Z,V) =T, (d,be) for the

Uy vy
appropriate choice of subtuple of variables uy C u and vy C v. Furthermore, as d is

linearly independent over acly(b) = acly(be), we have fr(be), and so A(b) holds. O

— =

Corollary 3.1.6. Assume that T is model-complete and eliminates 3°°. Let Ty, v, be
the theory whose models are models of T in which V; is a predicate for a vector subspace
over Fq. Then Ty, ..y, admits a model companion TV ... V,.

Proof. This is an immediate consequence of Lemma 3.1.5 and Proposition 2.4.1. O

Example 3.1.7 (Generic vector subspace of a vector space). Consider the theory T of
infinite IF;-vector spaces in the language .2 = {(/\a)aelpq, +, 0}. Applying Corollary 3.1.6
the theory Ty, .y, admits a model companion TV;...V,. It is easy to check that TV}
is the theory of belles paires (see [Poi83]) of the theory T', hence as T is NFCP, T'V] is
stable. One can easily show that T'V; has U-rank 2, and one expects that TV; ...V, has
U-rank n + 1. This is a particular case of Proposition 3.4.1.

3.2 Fields with generic additive subgroups

Let p > 0 be a prime number. Let ¥ = {+,—,-,0,1,...} and T an .Z-theory of an
infinite field of characteristic p. Let gy ,--- g, be finite subfields in any model of
T. Consider the theory T” obtained by adding to the language a constant symbol for
each element of Fy, U---UF,, . Then T and 7" have the same models. It follows that
for each ¢ we may consider that the theory of infinite F,,-vector space in the language

L= {4—, 0, (/\a)aequi} is a reduct of T.

Proposition 3.2.1. Let £ O Lying and T' an L -theory of an infinite field of character-
istic p. Let Fy,,--- ,Fy, be finite subfields in any model of T. Assume that

(1) T is model-complete;

(2) T eliminates 3°°.
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Let Ty, .. v, be the theory whose models are models of T' in which each V; is a predicate for
an [y, -vector subspace. By Corollary 3.1.6 the theory Ty, v, admits a model-companion.

An additive subgroup of a field of characteristic p is an [Fj-vector space, hence Propo-
sition 3.2.1 translates as follows.

Proposition 3.2.2. Let £ O Zing and T an L -theory of an infinite field of character-
istic p. Assume that

(1) T is model-complete;
(2) T eliminates 3°°.

LetTg,..q, be the theory whose models are models of T' in which each G, is a predicate for
an additive subgroup. By Corollary 3.1.6 the theory Tq, .. .q, admilts a model-companion,
which we denote by TGy ...G,.

Example 3.2.3. The hypotheses of Propositions 3.2.1 and 3.2.2 are satisfied by the
following theories by Subsection 1.5.2:

e ACF,, SCF, for e finite or infinite, Psf.,
o ACFA,, DCF,,.

Example 3.2.4 (ACFV; ---V,, and ACFG). Let Fg,,--- ,F,, be any finite fields of char-
acteristic p. We denote by ACFV; ---V,, and ACFG respectively the theories ACF,V;---V,,
and ACF,G. Chapters 5, 6 and 7 are dedicated to a detailed study of the theory ACFG,
which is NSOP; and not simple (see also Example 4.4.3).

Recall from Subsection 1.5.2 that a pseudo-algebraically closed field is a field K
which is existentially closed in every regular extension. The theory PAC is incomplete
but eliminates 3°° if the field is perfect (Fact 1.5.16).

Proposition 3.2.5. Let PAC,q be the theory whose models are perfect PAC,-fields in
ZLring with a predicate G for an additive subgroup. Then there exists a theory PAC,G
such that

(1) every model (F,G") of PAC,¢ extends to a model (K,G) of PAC,G such that K is
a reqular extension of F';

(2) every model (K,G) of PAC,G is existentially closed in every extension (F,G') such
that F is a reqular extension of K.

Let T be a theory of perfect PAC,-fields in a language containing ZLiing such that T is
model-complete, and T, ..., be the theory whose models are models of T" with predicates
G, for additive subgroups. Then Tg,..q, admits a model-companion, TGy - -- Gy,

Proof. Perfect PAC)-fields in Zine satisfies (Hy), the proof of this in Theorem 3.1.2
does not use the model-completeness of the theory T, so the first statement follows from
Proposition 2.1.7. The second statement is Corollary 3.1.6. O
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Remark 3.2.6. Note that the perfect assumption is only here to ensure that the fields
eliminate the quantifier 3°°. It should be true that all PAC fields eliminate the quantifier
3% although we did not find any reference in the literature.

However, in the characteristic 0 case the model-companion does not exist.

Proposition 3.2.7. Let T be the theory of a field of characteristic 0 in a language £
containing Zing, such that T is inductive. Let L = £ U{G} and let T be the Zq-
theory of models of T in which G is a predicate for an additive subgroup of the field. Let
(K, Q) be an existentially closed model of Tez. Then

Sk(G):={a€e K|aG C G} =7Z.
In particular, the theory Tg does not admit a model-companion.

Proof. The right to left inclusion is trivial. Assume that a € K \ Z, let L be a proper
clementary extension of K and ¢t € L\ K. Then (L,G + Z1) is an Zg-extension of
(K,G). Furthermore, as a ¢ Z, we have t ¢ G+Z%. Then L € G+Z% and al ¢ G+7ZL.
As (K, G) is existentially closed in (L, G + Z%), we have that

(K,G) Edx(x e GAhax ¢ G)

hence a ¢ Sk (G). The class of existentially closed models of Tz is not axiomatisable
as the definable infinite set S;(G) is of fixed cardinality. As Tg is inductive, this is
equivalent to saying that T does not admit a model-companion. O

Remark 3.2.8. Let T be the theory of a field of characteristic 0 in a language .Z containing
Zring, such that T is inductive. Let Zp = £ U {D} and let Tp be the Zp-theory of
models of T" in which D is a predicate for a divisible additive subgroup of the field.
Let (K, D) be an existentially closed model of Tp. A similar argument yields that
{a € K |aD =D} =Q, so Tp does not admits a model-companion either.

Remark 3.2.9. Let K = C (or R). Using Remark 3.2.8 and Lemmas 2.2.2 and 2.2.3, one
deduces that there exist k,! € N and a constructible set if K = C (or a semialgebraic set
if K =R) V C K* x K! such that for all polynomials P(X,Y) € K[X,Y] with |X| =1,
Y| =1 and for all » € N and all q1,...qn, 51,-..,5: € Q there exists b € K! such that
for all a € K, if (a,b) € V then

(1) a is not Q-linearly independent over Q(b) N K;

(2) Ele sia; € iR+ -+ 4 o R for R the set of roots of P(X,b) in K.

3.3 Algebraically closed fields with a generic multiplicative
subgroup

We are now interested in using Theorem 2.1.5 to prove that the theory of algebraically
closed fields of fixed arbitrary characteristic with a predicate for a multiplicative subgroup
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admits a model companion. Consider Zeq = {+, -7 1o, 1} and % = {-,’1 , 1} C
Leld-

The pure multiplicative group of any field is an X;-categorical abelian group, its model
theory is described in [MacT71], see also [Che76, Chapter VI].

Fix p a prime or 0. Consider the theory ACF,. The theory ACF), | %) is complete
and we will identify it with the theory of the multiplicative group of an algebraically
closed field of characteristic p, denoted by T},. The theory 7}, is axiomatised by adding
to the theory of abelian groups the following sets of axiom:

o Ifp>0: {Vz Iy y" =z |neN\pN}U{VaI=ly y? =z}
o Ifp=0: {Vx I™y y" =2 |neN\{0}}.

Proposition 3.3.1. The theory T, has quantifier elimination in the language £5. It is
strongly minimal hence Nq-categorical. Furthermore for any subset A of a model M of
T,, the algebraic closure is given by

acly,(A) := {u € M,u" € (A) for somen € N\ {0}}

where (A) is the group spanned by A. FEvery algebraically closed set is a model of T).
Furthermore acly, defines a pregeometry which s modular and the assoctated independence
relation in T}, is given by

A P B: <= acl,(AC) Nacl,(BC) = acl,(C).
C

See Subsection 1.5.2 for basics about affine varieties and generics of a variety.

Lemma 3.3.2. Let K = ACF, V. C K" an affine (irreducible) variety, O C K" a
Zariski open set. The following are equivalent:

(1) for allky,... . kn €N, ¢ € K the quasi affine variety V 0 O is not included in the
zero set Ofarll Ifln —c

(2) for all kq,....k, € N, ¢ € K the variety V is not included in the zero set of
xkl.....xkn:c
1 n
(3) there exist L = K and a tuple a which is multiplicatively independent over K and
with a € (VN O)(L)

Proof. (1) implies (2) is trivial. We show that (2) implies (8). Assume that (3) does not
hold. Take a generic a over K of the variety V in some L = K. We have a € O. Then
there exists k1, ..., k, € N such that a’fl ----- af{l = ¢ for some ¢ € K. By genericity of
a, it follows that V is included in the zero set of x]fl -+---zkn = ¢ hence (2) does not
hold. (8) implies (1) follows easily from the fact that V and O are definable over K. [J

The following fact was first observed in the proof of Theorem 1.2 in [BGH13|, it is
also Corollary 3.12 in [Tral7].
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Fact 3.3.3. Let p be a prime number or 0. Let ¢(x,y) an Lgea-formula such that for
all tuple b in a model of ACF,, ¢(x,b) defines an affine variety. Then there exists an
Lhiela-formula 04(y) such that for any model K of ACF, and tuple b from K, we have
K = 04(b) if and only if for all ky,...,k, €N, c € K, the set ¢(K,b) is not included in
the zero set of xlfl ----- zkn = c.

By Subsection 1.5.2, every definable set in ACF), can be written as a finite union of
quasi-affine varieties. Furthermore, it is standard that given any .Zing-formula 9(z, 2),
the set of ¢ such that ¥(x,c) is a quasi-affine variety is a definable set (|Tral7, Lemma
3.10]). Let € be the class of formulae ¥(x, z) such that for all K = ACF, and c tuple
from K, the set ¢(K, c) is a quasi-affine variety.

Lemma 3.3.4. Let p be a prime number or 0. For any 9(x,z) € € there exists an
Lrela-formula 0y(z) such that for any model K of ACF, and tuple ¢ from K, we have
K = 8y(c) if and only if there exists a such that = 9(a,c) and a is |P -independent over
K.

Proof. Let K = ACF) and ¥(z,2) € €. Using [Johl6, Theorem 10.2.1], there exists a
formula ¥(z, z) such that for all tuple ¢ from K, the set ¥(K,c) is the Zariski closure of
YK, c). Now by Fact 3.3.3, there exists a formula 6(z) such that K = 6(c) if and only if

J(K, ¢) is not included in the zero set of x'fl ----- xkn =d foralld e K, ky,--- ,k, € N.
By Lemma 3.3.2, K |= 0(c) if and only if there exist L > K and a tuple a which is
multiplicatively independent over K and with a | ¥(z, ¢). O

If G* is a symbol for a unary predicate, we denote by ACFgx the theory in the
language Zing U {G*} whose models are algebraically closed fields of characteristic p in
which the predicate G* consists of a multiplicative subgroup.

Theorem 3.3.5. The theory ACFgx admits a model companion, which we denote by
ACFG*.

Proof. We check the conditions of Definition 2.3.1

(H1) ACF, is model complete;

(H2) T, is model-complete and for all infinite A, acl,(A) = T);

(Hy) acl, defines a modular pregeometry;
)

(Hy) for all Zheig-formula ¢(z,y) there exists an Fgeq-formula 04 (y) such that for b €
K = ACF,
M = 04(b) <= there exists L > K and a € L such that
#(a,b) and a is |P-independent over K.

ACF), is model complete by quantifier elimination. Conditions (Hz) and (Hs) follow
from Proposition 3.3.1. We don’t have condition (Hy) for all formulae, but only for the
formulae in ¢ (Lemma 3.3.4), which is sufficient for the existence of the model-companion
by Remark 2.1.8. OJ

47



3.4 Pairs of geometric structures

Let T be an Z-theory. Let .Zs be the expansion of .Z by a unary predicate S. A
pair of models of T' is an Zg-structure (A, #y), where # =T and S(A) = A is a
substructure of .# model of T. We call Tg the theory of the pairs of models of T. This
is consistent with the notations in Chapter 2.

Proposition 3.4.1. Let T be a model-complete geometric theory (see Section 1.3) in a
language £. Assume that every aclp-closed set is a model of T. Then there exists an
Ls-theory T'S containing Tg such that:

(1) every model (N, M) of Ts has a strong extension which is a model of T'S;
(2) every model of T'S is existentially closed in every strong extension model of Ts.
Furthermore, T'S satisfies the conclusions of Proposition 2.3.5.

Proof. We check that T, Ty, % satisfies the hypotheses of Theorem 2.1.5. (Hi), (Hs)
and (Hs) are clear, and (Hy) is Fact 1.3.10. O

We call this theory the weak model companion of the pairs of models of T. If the
pregeometry is modular, it is the model-companion.

Example 3.4.2. The theory of pairs of any strongly minimal theory with quantifier
elimination admits a weak model companion. For instance, the weak model companion
of the theory of pairs of algebraically closed fields is the theory of proper pairs of alge-
braically closed fields and coincides with the theory of belle paires of algebraically closed
fields (see [Dell2|, [Poi83]). The theory RCF also satisfies the hypotheses of Proposi-
tion 3.4.1, hence the theory of pairs of real closed fields admits a weak model-companion.
Connections with lovely pairs of geometric structures ([BV10]) could be made, although
we did not investigate.
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CHAPTER 4

Preservation of NSOP;

The aim of this chapter is to establish when the construction presented in Chapter 2
preserves NSOP;. More precisely, given some suitable triple (T, Ty, %) such that T is
NSOP;, we establish a condition on the triple (T, T, %) so that T'S is NSOP;. This
condition (see (A) in Theorem 4.2.1) expresses how the pregeometry given by acly is
controled by the Kim-independence in T, and how the latter interacts with JB.

Contents
4.1 Independence relationsin Tand TS ............... 68
4.2 Preservation of NSOP; . ... .. ... ... ... ..., 75
4.3 Mock stability and stability . ... ................ 7T
4.4 NSOP; expansionsof fields . . . ... ... ... ... ...... 79
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4.1 Independence relations in 7" and TS

We set up the context for this section, Section 4.2 and Section 4.3. Let (T, Ty, %) be a
suitable triple (see Definition 2.3.1 and Corollary 2.3.3). We work in a monster model
(M, M) of T'S such that M is a monster model of T'. In particular we fix some completion
of T'S. Also, M is a monster model for T' (see Section 1.1). All small sets A, B,C, ...
or models .#, /4 of T, or models (A, #y), (N, N) of T'S are seen as subsets of M,
respectively elementary substructures of M or elementary substructures of (M, Mj). For
instance we have S(.#) = # NSM) = # "My = #y. We will start with a ternary
relation (|7) defined over subsets of Ml and construct from it a ternary relation ( |*)
taking into account the predicate S(M) = M.
We denote by A the set acly(A) which, as we saw, equals aclyg(A).

Assumption. There exists a ternary relation f defined over subsets of M, such that
T— |*, where A | B <= ACNBC=C.

In particular, if A |7 o B then aclp(AC) J° acly(BC'), by modularity.

aclr(C)

Definition 4.1.1. We call weak independence the relation | defined by

A B <= A |TB and S(acly(AC, BO)) = acly(S(AC), S(BC)).
C (&

We call strong independence the relation th defined by

A "B < A |TB and S(ABC) = acly(S(AC), S(BCO)).
C C

Obviously [ — |

We will show that if f satisfies most of the properties listed in Section 1.2 relatively
to the theory T, then so does |" relatively to the theory T'S. The property SYMMETRY

of JE, f and |" will be tacitly used throughout this chapter.

Lemma 4.1.2. If f satisfies INVARIANCE, CLOSURE, SYMMETRY, EXISTENCE and
MONOTONICITY, then so does |*.

Proof. INVARIANCE is clear because S(acly(AC, BC)) = acly(S(AC), S(BC)) is an Ls-
invariant condition. CLOSURE, SYMMETRY and EXISTENCE are trivial.

For MONOTONICITY, let A, B,C, D such that A JLJJC BD. By hypothese, A EC B.
Now

S(aclo(AC, BC)) = S(acly(AC, BCD)) Nacly(AC, BO)
= acly(S(AC), S(BCD)) Nacly(AC, BO).
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Since S(AC) C acly(AC, BC), we have by modularity
aclp(S(AC), S(BCD)) Nacly(AC, BC) = acly(S(AC), S(BCD) Nacly(AC, BC)).

Using that f — ], it follows from the hypotheses that AC JE@BCD hence by BASE
MonoToNICITY of |° we have BC'D N acly(AB, BC) = BC hence

S(BCD) Nacly(AC, BC) = S(BC).
It follows that S(aclo(AC, BCD)) = acly(S(AC), S(BC)) and so A JﬁUC B. O

Lemma 4.1.3. If |7 satisfies FULL EXISTENCE, then |*' and |¥ satisfy FULL EXIs-
TENCE.

Proof. We show that ft satisfies FULL EXISTENCE. Let A, B,C be contained in some
model (#,.#y) of TS. By FuLL EXISTENCE for |7, there exists A’ =L A with
A J/TC A, in particular A/CNBC = C. Using FULL EXISTENCE of |* we may assume
that A/BC N.# = BC. Let f: A/C — AC be a T-elementary isomorphism over C' and
Sac = fYS(AC)). Let Sapc = acly(Sac, S(BC)). 1t is easy to see that

o SA/BCH%:SA/BCH?C:S(W)
e SapcNAC=Suc

Using A/BC N .# = BC and the first item, the type over BC defined by the pair
(A’BC, S 4/pc) is consistent (see Proposition 2.3.6). We may assume that A’ C M realizes
this type. From the second item, we have that A’ Egs A, and it is clear that S(A’BC)
is equal to aclg(S(A’C), S(BC)) so A’ thc B. We conclude that FULL EXISTENCE is
satisfied by . As [ — |“, FULL EXISTENCE is also satisfied by |“. O

Lemma 4.1.4. If f satisfies STRONG FINITE CHARACTER over algebraically closed
sets, then the relation |* satisfies STRONG FINITE CHARACTER over algebraically closed
sets.

Proof. Assume that a j/wcb and C = C. Ifa j/TC b, we have a formula witnessing
STRONG FINITE CHARACTER over C by hypothesis. Otherwise, assume that a fc b,
set A= Ca, B = Cb and assume that there exists s € S(acly(A, B)) \ acly(S(A), S(B)).
Let u € A\ S(A) and v € B\ S(B) be such that s € acly(u,v). There exists Zs-formulae
Yu(y, a,c) and 1, (z, b, ¢) isolating respectively tp” (u/Ca) and tp”*(v/Cb) for some tu-
ple ¢ in C. There is also an Zy-formula ¢(t,y, z) algebraic in ¢, strict in y and strict in
z, such that s = ¢(t, u,v).

Claim. v ¢ acly(S(B),C).
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Proof of the claim. Assuming otherwise, by modularity there exists singletons s, € S(B)
and ¢ € C such that v € aclg(sp, ¢) and so s € aclg(sp, ¢, u). As cu C A, by modularity
there exists a singleton v’ € A such that s € acly(sp, v') and by Exchange v € acly(sp, $)N
A C S(A), this contradicts the hypothesis on s. O

In particular for any other realisation v’ of v¥,(z,b,¢) we have v' ¢ acly(S(B),C).
Now let A(x,b,c) be the following formula

yAz3tpu(y, @, ¢) A o(2,0,¢) Aot y,z) At €S,

We have that A(x,b,c) € tp7%(a/bC). Assume that o’ | A(z,b,c). If o iTCb
then we are done, so we may assume that a’ f o b, in particular Ca’ N B = C as C is
algebraically closed. There exists v’ € Ca’ and v' € B\ acly(S(B),C) such that there is

s’ € aclp(v/,v") N S. In particular v € aclo(s',u') as ¢(t,y, z) is strict in 2. Now assume
that s’ € acly(S(B), S(Cd’)), then v’ € acly(Cd’, S(B)) and also v' € B. By modularity,

aclp(S(B),Cd’) N B = acly(S(B),Cd’ N B) = acly(S(B), O)
so v' € acly(S(B),C), a contradiction. We conclude that
s € S(acly(Cd/, B)) \ acly(S(Cd’), S(B))
so a' j/wc B. 0

Theorem 4.1.5. Assume that f satisfies the hypotheses of Lemmas 4.1.2. Assume
that for some subset & of M, the following two properties hold:

(A1) | '-AMALGAMATION over E for some | ' — %, | satisfying MONOTONICITY,
SYMMETRY and CLOSURE;

(A3) For all A, B,C algebraically closed containing E, if C fE A, B and A \J/’E B then

(AC,BC) |° AB.
A,B

Then | satisfies | '-AMALGAMATION over E.

Proof. Let ¢1,c2, A, B be in a (A, #y) < (M, My) such that
o ¢ =L ¢
e A|B
° ] J-f“EA and ¢y Ji“EB
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As | satisfies SYMMETRY, CLOSURE and MONOTONICITY, we have that A J/’E B «—
AE \ngﬁ) hence we may assume that A, B are algebraically closed and contain F. By
hypothesis there is a T-elementary #s-isomorphism h : Ec; — Ecy over E sending c;
to co. Let C be an enumeration of Ec; and let Cy be the enumeration h(C7). We have
Cl =E CQ.

We have Cy JTE A, Cy EEB and C; =L Cy. By (A;), there exists C' such that
ngic =T Cy with C ' AB, A [*, B, C [*, Aand C |* | B. We may assume
that ABC N .# = AB using FULL EXISTENCE of |*. There exists two T-elementary
bijections f : AC — AC] over A and g : BC — BC3 over B such that g | C = ho(f | C).

We define Sac = f~H(S(ACT)) € AC and Spc = g }(S(BCs)) C BC, and set
Sapc = aclo(Sap, Sac,Spc), with Sap = S(AB). The following is easy to check, it
uses that A \Bch C JfBA and C \BAB:

e SapNSac=8SapNA=S4scNA=S5(A)=:Sy4;
e SupNSpc=SapNB=SpcNB=S(B)=: Sg;
e SpcNSpc=8SacNC=8SpcnNC = f_l(S(Cl)) :g—1(5(02)) =: Sc.

Furthermore, with Sz = Sap Nacly(A, B), S, = Sac Nacly(A,C) and Sg, =
Spco Nacly(B,C), it follows from ¢; Jf’E A and co Jﬁ”E B that

(1) Sy = aclo(Sa, Sc);

(2) Sge = acly(SB, Sc).
Claim. We have the following
e Supc NAB = Sap;

o SapcNAC = Sacs;
e Supc N BC = Spc.

Proof of the claim. As A JfCB, C JfBA and C JfAB, we have that AC JBCBiC,
BC JBBE and AC JBAE. By hypothesis (A2) and TRANSITIVITY of |° we have
the following:

e (AC,BO) |, AB:
« (AB,BC) |, AC:
. (AC,4B) |°,, . BC.

In order to prove the first item of the claim, by modularity, it suffices to show that
acly(Sac, Spc) N AB C Sap. We will in fact show that

aCIO(SAc, SBC’) NAB = SZB'
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We have that (AB, BC) JEACTC. Since S~ = Sac Nacly(A,C) and Spc € BC we

deduce Sy \BS, AB, Sgc. Now since e = aclg(Sa, Sc) we can use BASE MoONO-
AC

TONICITY of JB and the fact that Sc C Spc to get

Sie |0 AB.
Sa,5B,SBC
On the other hand, BC N AB = B so Sgc fsB AB. Using BASE MONOTONICITY
of JB we also have that Spco JBSA,SB AB so using TRANSITIVITY of JE it follows that
(Sac, Spe) \BSA,SB AB.
For the second item, it is sufficient to prove that acly(Sap, Spc) NAC C Sac. We do

similarly as before paying attention to the fact that S4p and Sa¢ do not play a symmetric
role. We get first that Sgo \BS, (AC, Sap) using (AC, AB) \BB 0370. Now Sz =
BC )

acly(Sp, Sc), so we deduce Spe J'(/)SC S (AC, S4p) and by BAse MoNOTONICITY of |
and the fact that Sg, 54 C Sap we deduce

Spe |0 AC.
Sc,Sa,5aB
Now by BAsE MoNoToNICITY of |°, we have Sap |° 150 AC. We conclude using
TRANSITIVITY of JB that (Sap,Spc) \BSA Se AC. The proof of the last assertion is

similar. Ol

We know that ABC'N.# = AB. Moreover, it follows from the first point of the claim
that Sapc N A4 = Sapc N AB = Sup. Consequently, by Proposition 2.3.6, the type in
the sense of the theory T'S defined by the pair (ABC, Sapc) is consistent, so we may
consider that it is realised in (M, M), by say C. It follows that C' = Ec with ¢ such that
c EES c1 and ¢ EES ¢co. What remains to show is that C' fE A, B. We already have

that C EE A, B so we will prove that
S(acly(C, AB)) = acly(S(C), S(AB)).

By modularity, it suffices to show that aclg(Sac, Spo)Nacly(C, AB) C acly(Sc, Sag). We
in fact prove that (Sac, Spc) JESA Sp.5c (AB,C). As before, using (AB, BC) JBA CE

we have that Sac JES, (AB,BCQ), so as S, = acly(Sa, Sc) we have
AC

SAC JB (E7 SBCac)'
Sa,Sc

Using BASE MoNOTONICITY of |?, we have

S [ (B0
Sa,5B,Sc,SBC
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On the other hand, from (AC,AB) JEBCBiC and MoNOTONICITY of |%, we have
that BC JBBC(E’ C). Tt follows that Spc N acly(AB,C) C Spe = aclp(Sp, Sc) so
Spc JBSB S (AB,C). Using BASE MoONOTONICITY of |9 we have

Sge Y (AB,C).
SB,Sa,Sc

Now using TRANSITIVITY of |, we get (Sac, Spc) JESA Sp.Sc (AB,C). O

Lemma 4.1.6. Assume that a j/wc b and a f b with C = C. Then there is a formula
A(z,b,¢) € tp(a/Cb) such that for all sequence ?bi)i<w such that

(1) b =L% b for alli < w,
(2) b; ch b; and S(acly(Cb;, Cb;)) = aclo(S(Cb;), S(Cb;)) for alli,j < w,
the partial type {A(z,b;,c) | i < w} is inconsistent.

Proof. Let A= Ca, B=Cb. Asa L' bthereexists s € S(aclo(A, B))\aclo(S(A), S(B)).
As we saw in the proof of Lemma 4.1.4, there exist u € A\S(A), v € B\S(B) and Z5(C)-
formulae 1y, (y, a) algebraic in y and 1, (z, b) algebraic in z, satisfied respectively by u and
v. There is also an Zp-formula ¢(¢, y, z) algebraic in ¢, strict in y and strict in z, such that
s = é(t,u,v). Again, as v ¢ acly(S(B),C) and ,(2,b) isolates the type tp?(v/Cb),
every v’ satisfying 1, (z, b) will satisfy v’ ¢ acly(S(B), C). Let A(z,b,¢) € tp™5(a/Cb) be
the following formula, for a tuple ¢ from C

FyIzTthy (y, x) Ay(2,0) A p(t,y,z) ANt € S.

As we saw in the proof of Lemma 4.1.4, it witnesses STRONG FINITE CHARACTER over
C. Note that if & =L° b, then no realization of 1, (y, ') is in aclo(S(CV), C).
Now let (b;)i<w be as in the hypothesis. By contradiction, assume that {A(z, b;,¢) | i < w}
is consistent, and realised by some a’. Assume that 1, (¢, a’) does not have more than k
distinct realisations. As
/\ A(d', b;, c)

1<k+1

is consistent, there is v/ € Ca/ and i < j < k + 1 such that v, v; are two realisations of
Yy(z,b;) and 1y, (2, b;) respectively —we assume ¢ = 1,5 = 2 for convenience- and such
that there exist s1 € aclp(u/,v1) NS and sy € aclp(u/,v2) N'S. As vy ¢ acly(S(Chs), )
it follows that ve ¢ aclp(u’), hence v’ € acly(s2,v2) so s1 € acly(sz,vi,v2). By mod-
ularity, it means that there is some w € aclp(vy,v2) such that s; € acly(s2,w). We
have that w € aclg(s1,s2), so w € aclp(vy,v2) N'S. As S(aclg(Chy),acly(Chs)) =
aclo(S(aclg(Chy), S(acly(Chs))) there is some s§ € S(Cby) and s4 € S(Chy) such that
w € acly(s?, s4). Now, as vy ¢ C, it follows that v1 ¢ aclg(ve) hence vy € acly(w,v7), and

so v1 € aclp(s?, s5,v2). So there is v € acly(sh,v2) € Chy such that vy € aclg(s},v}).

It follows that v} € acly(s},v1) so vh € Cby N Chy = C, hence v) € C. Now vy €
aclp(S(Cby),C) and this is a contradiction. O
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Lemma 4.1.7. Assume that |7 satisfies the hypothesis of Lemma 4.1.2 and 4.1.4. If
|7 satisfies WITNESSING, then so does |Y.

Proof. Assume that a j/w/// b, and let A(xz,b,m) be as in Lemma 4.1.6 and set p(z) =
tpT¥(a) Mb), py =p | L = tp” (a)#Db). Let q(x) be a global extension of tp™(b/.#)
finitely satisfiable in .#Z, q» = q | £. It is clear that q¢ is finitely satisfiable in
A . Let (b;)i<w be a sequence in M such that b; = g | #be; for all i < w. Observe
that for j < i we have tp?°(b;/.#b;) is finitely satisfiable in .#. By hypothesis, |*
satisfies in particular SYMMETRY, MONOTONICITY, EXISTENCE, and STRONG FINITE
CHARACTER over models, hence by Lemma 1.2.4, b; ﬁ”% b;. In particular b; Jf/// b; and
S(acly(Ab;, Mb;)) = aclo(S(AY;), S(Abj)) for all i,j < w. If {A(z,bj,m)|i<w}is
inconsistent, we conclude. If {A(z,b;,m) | i <w} is consistent, by Lemma 4.1.6 we have
a J//T/// b. Now also b; |= qg | b, hence as | satisfies WITNESSING, we conclude. [

Lemma 4.1.8. Assume that f satisfies BASE MONOTONICITY. The following are
equivalent.

(1) ¥ satisfies BASE MONOTONICITY;

(2) For all algebraically closed sets A, B,C, D such that A, B, D contain C and A fc BD,
the following holds

aclp(A, BD) U AD = acly(AD, BD).

In particular if acly is trivial or if acly = acly then |* satisfies BASE MONOTONICITY.

Proof. Assume that there exist A, B, C, D that does not satisfy (2). Let w € acly(AD, BD)\
(aclo(A, BD) U AD), and Sy := S(acly(#). We define Sapp = acly(Sp,w). The type
(over () defined by the pair (ABD, Sapp) is consistent. As Sapp N acly(A4, BD) =
Sapp VA = Sagp N BD = Sy and A fCBD we have that A Jl“CBD. Now w €

Sapp Nacly(AD, BD) whereas Sapp N AD = Sypp N BD = Sy, hence

So = aclo(SABD ﬂ@, SABD ﬂﬁ) C Sapp N aclg(m,ﬁ).

It follows that A iwD B, so |* doesn’t satisfies BASE MONOTONICITY.
Conversely if | doesn’t satisfies BASE MONOTONICITY, it means that there ex-
ist A, B,C, D such that A Jj”c BD and A J/U)CD B. We may assume that A, B, D are

algebraically closed and contains C. As |T satisfies BASE MONOTONICITY we have that
S(aclo(AD, BD)) 2 acly(S(AD), S(BD)).

Let w be in S(acly(AD, BD)) \ acly(S(AD),S(BD)). As w € S we have that w ¢
AD and w ¢ BD. It remains to show that w ¢ aclg(4, BD). Assume that w €
aclg(A, BD). Asw € S we have that w € S(aclo(A4, BD)). From A Jj”c BD we have that
S(acly(A, BD)) = acly(S(A), S(BD)) so w € acly(S(A), S(BD)) which contradicts that
w ¢ acly(S(AD), S(BD)). So it follows that w € acly(AD, BD)\(acly(A, BD)UAD). [
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4.2 Preservation of NSOP;

In this section, we use the results of the previous section to prove that if T"is NSOP; and
T satisfies an additional hypothesis then T'S is also NSOP;. This additional hypothesis
(namely (A) below) translates how | in the reduct Tp is controlled by |7 in T. We
work in the same context as the previous section, with small sets and small models in a
monster model for T'S, when (T, £, Ty) is a suitable triple.

Theorem 4.2.1. Assume that (T, %y, Tv) is a suitable triple. Assume that T' is NSOP
and that |T is the Kim-independence relation in T. If

(A) all # =T and A, B,C algebraically closed containing A, if C f/{A,B and
pa .
A ¢/{B then - -
(AC,BC) |° AB.
A,B

Then T'S is NSOP; and the Kim-independence relation in T'S is given by |, i.e. the
relation

A |T' B and S(aclo(Atl ,BM)) = aclo(S(AM),S(BA)).
M

Proof. From [KR17], if T is NSOP; the Kim-independence |? satisfies INVARIANCE,
SYMMETRY, MONOTONICITY, EXISTENCE and STRONG FINITE CHARACTER all over
models. Furthermore, by [KR18, Theorem 2.21], it also satisfies |T-AMALGAMATION
over models. By Lemmas 4.1.2, 4.1.4 and Theorem 4.1.5, all these properties are also
satisfied over models by | (relatively to the theory 7'S). By Proposition 5.3 in [CR16],
TS is NSOP;. As |7 satisfies WITNESSING, so does _|“ by Lemma 4.1.7. Using [KR17,
Theorem 9.1] (and [KR17, Remark 9.2]), it follows that | and Kim-independence in
TS coincide over models. O

The results of the previous section give more than the previous Theorem. Indeed,
most of the nice features that may happen in T for |7 are preserved when expanding
T to T'S. For instance, if f is defined over every small base set, so is |*. If the
independence theorem in T is satisfied by f not only over models but over a wider class
of small sets then the same holds in 7S for |. We summarize these features in the next
result.

Theorem 4.2.2. Assume that (T, %, To) is a suitable triple. Assume that there is a
ternary relation f over small sets of a monster model of T that satisfies

INVARIANCE;

SYMMETRY;

CLOSURE;

e MONOTONICITY;
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e EXISTENCE;
e FULL EXISTENCE;
e STRONG FINITE CHARACTER over E for E = E;

e | '-AMALGAMATION over E for E = E, where | ' is such that |7 — | — |
and J/’ satisfies MONOTONICITY, SYMMETRY and CLOSURE;

(A) For E = E and A,B,C algebraically closed containing E, if C fE A, B and
T a0 10 /O
A J-/EB then AC J-/CBC and

(AC,BC) |° AB;
AB

e WITNESSING.

(In particular T is NSOPy, and f coincide with Kim-independence over models of T,
by [CR16, Proposition 5.3] and [KR17, Theorem 9.1]).

Then any completion of T'S is NSOPy and | and the Kim-forking independence
relation in T'S coincide over models. Furthermore |“ satisfies all these properties, rela-
tively to the theory T'S.

Finally, using [KR17, Proposition 8.8] we give a condition on (T, Ty, %) that charac-
terizes the simplicity of T'S, assuming that T satisfies the hypotheses of Theorem 4.2.2.

Corollary 4.2.3. Let (T, %, To) be a suitable triple satisfying all the assumptions of
Theorem 4.2.2. The following are equivalent.

(1) Any completion of T'S is not simple

(2) T is not simple or there exist algebraically closed sets A, B,C, D such that A, B, D
contain C and A fc BD, and such that

aclo(A, BD) U AD # acly(AD, BD).

In particular if acly is trivial or if acly = acly the theory T'S is simple if and only if T is
simple. If T'S is simple, | is forking independence over models.

Proof. From Theorem 4.2.2, we know that the relation [|* is Kim-independence over
models. By [KR17, Proposition 8.8|, T'S is simple if and only if |* satisfies BASE MONO-
TONICITY. The equivalence follows from Lemma 4.1.8. The fact that Kim-independence
and forking independence coincide is [KR17, Proposition 8.4]. ]

Corollary 4.2.4. Assume that T is a complete £ -theory and 4, ..., %, are sublan-
guages of L. LetTh =T [ A,..., T, =T | £, such that (TSy...5;,Tiy1,Li41) is a
suitable triple for each i =0,--- ,n—1. By Proposition 2.4.1, let T'Sy ... S, be the model
companion of the theory of models of T with a predicate S; for an %5 substructure.
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(1) Assume that T is NSOPy, with Kim-independence |T in T and that for all i we
have (for A, B,C algebraically closed containing M = T)

if C J/T///A,B and A \LT//[Bthe (AC,BC) J/AB

Then T'S: ... Sy, is NSOP; and Kim-independence in T'S is given by

A T B and for all i <n Si(acly(Ad,BM)) = acl;(Si(AM),S;(BA))
M

(for acl;, |* the algebraic closure and independence in the sense of the pregeometric
theory T;).

(2) If there exists |T that satisfies the hypotheses of Theorem 4.2.2 (relatively to each
theory T; ), then T'S1 ... S, is NSOPy and the relation

A |T B and for all i <n S;(acl;(AC, BC)) = acl;(S;(AC), S;(BC))
C

agrees with Kim-independence over models. Furthermore this relation satisfies all
the properties listed in Theorem 4.2.2.

4.3 Mock stability and stability

We keep the same hypotheses on T and f as in the previous section. Mock stability is
a notion introduced in [Adl08a] by Adler.

Definition 4.3.1. A theory T is mock stable if there is a relation satisfying INVARIANCE,
FINITE CHARACTER, CLOSURE, SYMMETRY, MONOTONICITY, BASE MONOTONICITY,
TRANSITIVITY, FULL EXISTENCE, STATIONNARITY over models.

Remark 4.3.2. In the original definition of mock stability (|Adl08a]), Adler asks for
slightly different properties but as in the proof of Fact 1.4.4, it is easy to see that our set
of properties is equivalent to the one in [Adl08a).

Lemma 4.3.3. Assume that f satisfies INVARIANCE, FINITE CHARACTER, SYMMETRY,
CLOSURE, MONOTONICITY, BASE MONOTONICITY, TRANSITIVITY, FULL EXISTENCE
then so does |%'. Furthermore, for any E = E, if |1 satisfies STATIONNARITY over

E =E, so does th. In particular if T is mock stable, so is T'S.
Proof. INVARIANCE, FINITE CHARACTER, SYMMETRY, CLOSURE are trivial. FULL EX-

ISTENCE is Lemma 4.1.3. It remains to show MONOTONICITY, BASE MONOTONICITY,
TRANSITIVITY and STATIONNARITY over algebraically closed sets.
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MONOTONICITY. Assume that A |*, BD. We only need to check that S(ABC) =
aclg(S(AC), S(BC). We have

S(ABC) = acly(S(AC),S(BCD)) N ABC
= acly(S(AC),S(BCD) N ABC by modularity)
= acly(S(AC), S(BC)) as BCDNABC = BC ([T — |%).

BAase MoNoToNICITY. If A jtc BD then by Base MonotonicITY of |7 we
have A fCD B. As S(ABCD) = acly(S(CA),S(CBD), in particular S(ABCD) C
aclo(S(ACD),S(BCD) € S(ABCD), so A [, B.

TRANSITIVITY. Assume that A | D and B [*' D. By CLOSURE, we may as-
sume that A = ABC,B = BC,D = CD. By MONOTONICITY, it is sufficient to show
that A |, D. We have A |" D by Traxsitivity of [T We show that S(AD) =
aclo(S(A),S(D). By A [, D we have S(AD) = aclo(S(A), S(BD)). By B L. D,
S(BD) = acly(S(B), S(D)) hence S(AD) = aclo(S(A), S(B),S(D)) = acly(S(A), S(D).

STATIONNARITY. Assume that ¢; thEA and ¢y thEA and ¢; =59 co. We may
assume that A is algebraically closed and contains E. There is a T-elementary S-
preserving map f : Ec; — Ecy over E. By STATIONNARITY over E, we can extend
fto f: Ac; — Acy T-elementary over A. But as S(Acp)) = acly(S(Ec1), S(A)) and
S(Acy) = acly(S(Ecy), S(A)), f preserves S, so ¢y =5° ca. O

Proposition 4.3.4. If T is stable and acly = acly, then the theory T'S is stable.

Proof. By Corollary 4.2.3, T'S is simple and | is the forking independence, in particular
it satisfies LOocAL CHARACTER. As acly = aclp it follows that ¢ = | hence as |T
is stationnary over models, so is | by Lemma 4.3.3. Hence T'S is stable by Fact 1.4.4.
Note that the fact that forking independence is stationnary over models gives directly
the stability. O

Remark 4.3.5. Assume that T is stable and that aclg is trivial, then TS is not necessary
stable. From Corollary 4.2.3, T'S is simple and |* is forking independence. As acly is
trivial, we have |* = |7, (with |” forking independence in T') which is not likely to be
stationnary. The easiest example of a reduct T for which acly is trivial is the particular
case of £y = {=}. Then T'S is the theory of the generic predicate on T (see Remark 2.1.6
and [CP98]), which does not preserve stability. Indeed [CP98, (2.10) Proposition, Errata]
gives a sufficient condition on 7" so that T'S have the independence property (hence is
unstable): there exists a model .Z of T' and two elements a and b such that b L“//l a and
Mab # Ma U Ab. Tt follows that adding a generic predicate to an algebraically closed
field result in a simple unstable theory (take a and b two generics independent over .Z).

Example 4.3.6. We saw in Example 3.1.7 that the generic theory TV; - - -V}, of infinite
[F,-vector spaces with predicates for F,-vector subspaces Vi,---,V, is stable for n = 1
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as it is the theory of a belle paire of infinite IF4-vector space. Proposition 4.3.4 gives us
inductively that T'V; ---V,, is stable for all n € N.

Example 4.3.7. Assume that T is a model-complete geometric theory such that every
aclp-closed set is a model of T' (Proposition 3.4.1). If T is stable, then the weak model-
companion of the pairs of models of T is stable.

4.4 NSOP; expansions of fields

4.4.1 Fields with generic additive subgroups

In this section, we give some condition under which the theory obtained in Proposi-
tion 3.2.1 is NSOP;. In this section, for A in some field, we denote by acly the model-
theoretic algebraic closure, A® the separable closure and A the field theoretic algebraic
closure.

Theorem 4.4.1. Let T be a model-complete theory of an NSOP1 field that eliminates
3% and let Fy,,--- ,Fy, be subfields. Assume that T satisfies the following assumption
for all aclp-closed A, B and E =T contained in A and B:

if A \LTE B then aclp(AB) C AB.
Then TV; ...V, is NSOP; and Kim-independence in TV7 ...V, is given by

A |*B < A |"B and for alli <n V;(A+ B) = V;(A) + V;(B)
E E

(for A, B,C aclp-closed, A, B containing E, E = T).

Proof. We prove that |7 satisfies the conditions of Corollary 4.2.4. Let |* the indepen-
dence in the sense of Fg,-vector space, we want to show that for all i =1,...,n,

(A) for all model F of T and A, B, C algebraically closed containing F, if C EE A B
and A fE B then

(aclp(AC),acly(BC)) | acly(AB).
A,B

Let F =T, let E < F and A, B,C in F containing F, with C J/TE A, B and A EE B.
For all i = 1,--- ,n, the condition (acly(AC),acly(BC)) JiAB aclp(AB) is equivalent
to 7

(aclp(AC) + aclp(BC)) Naclp(AB) = A+ B.

From Fact 1.5.10 (2), F/AB, F/BC and F/AC are separable extension. By our assump-
tions on T and A, B and C we have that aclp(AB) C (AB)?®, aclp(AC) C (AC)® and
aclp(BC) C (BC)?®, so

(aclp(AC) + acly (BC)) Naclp(AB) C ((AC)® + (BC)*) N (AB).
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Claim. ((AC)* + (BC)®*)N(AB)* = A®* + B*

Proof of the claim. First, observe that as fields, E° is an elementary substructure
of F*. Indeed, by model completeness of Th(E?®) (which is SCF), . for some e < oo, see
Subsection 1.5.2) we have to check that they have the same imperfection degree (which
is clear as F' > E) and that F'*/E® is separable (the later follows from the fact that F/E
is a regular extension). Now by Fact 1.5.10 (1) we have C' \EdE AB. As F is a model,
C/E and AB/E are regular extensions!, by Fact 1.5.6 we have that

C* [4(ABY. ()
ES

Moreover F*/ABC is separable, (as so are F'*/F and F//ABC), the latter using Fact 1.5.10
(2)) and so is C*(AB)®*/ABC. Tt follows that the following extension is separable

F$/C5(AB)®. (%)

From (%) and (*x), using Fact 1.5.14 we have that tpgcr(C*®/(AB)®) does not fork over
E?. By stability, as £ is an elementary submodel of the ambiant model F** of SCF),.,
tpscr(C?/(AB)?) is a coheir of tpscr (C*®/E®) (Fact 1.4.5). From Lemma 1.5.11, it follows
that ((AC)®* 4+ (BC)®) N (AB)® = A® 4+ B*.

By the claim (aclp(AC) + aclp(BC)) Naclp(AB) C (A® + B®) Naclyp(AB). Now
by Fact 1.5.10 (3), we have that A*B*® Nacly(AB) = AB so (A® + B®) Naclyp(AB) C
(A® 4+ B®) N AB. Finally, by Lemma 1.5.7, as AB/FE is regular and A \|£dE B, we have
(A*+B°)NAB= A+ B. O

Proposition 4.4.2. Let T be a theory of fields satisfying the same hypotheses as Theo-
rem 4.4.1. Then TV} ---V, is not simple.

Proof. To prove that T'V;---V,, is not simple, it is sufficient to prove that TV is not
simple. Let E < F be models of T and a, b, d elements of F' be such that a fE b,d and

b EE d. We show that
ad + b € [aclp(Fad) + aclp(Ebd)] \ [(aclp(Ea) + aclp(Ebd)) U acly(Ead)] ,

then T'V is not simple, byy Corollary 4.2.3. Since b ¢ acly(Fad), it is clear that ad+ b ¢
aclp(Fad). Assume that ad+b € aclp(Ea)+acly(Ebd). Then ad € aclp(Fa)+acly(Ebd),
let u € aclp(Fa) and v € aclp(Ebd) be such that ad = u + v. From Fact 1.5.10, we

have that aclp(Fa) \|£dE acly(Ebd), hence aclr(Ea)(d) ldE(d) acly (Ebd) so acly(FEa)(d)N

acly(Ebd) = E(d). Similarly, aclp(Ebd)(a) Nacly(Fa) = E(a). It follows that

u=ad —v € aclp(Ebd)(a) Naclp(Ea) = E(a)
v =ad — u € aclp(Fa)(d) Naclp(Ebd) = E(d)

hence ad € F(a) + E(b), which contradicts Lemma 1.5.8. O

In fact here we only use that E = acly(E), and Fact 1.5.9.
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Example 4.4.3 (The theories ACFV; ...V, and ACFG). Let ACFV; ...V, and ACFG
be the theories as in Example 3.2.4. By Theorem 4.4.1 and Proposition 4.4.2 those
theories are NSOP; not simple. In ACFV;...V,,, Kim-independence agrees with the
relation

A B < A |A°"B and for all i < n, Vi(AC + BC) = V;(AC) + V;(BO).
C C

Furthermore, [|* satisfies

e STRONG FINITE CHARACTER OVER ALGEBRAICALLY CLOSED SETS. For alge-
braically closed E, if a [, b, then there is a formula ¢(z, b, €) € tpACFVI-Va (g /DE)
such that for all ¢, if ' = ¢(x,b,e) then o jj"E b.

e |“-AMALGAMATION OVER ALGEBRAICALLY CLOSED SETS. For algebraically closed
set F if there exists tuples ¢, co and sets A, B such that

~ g EgCFvl...Vn o
—~ AENBE =F

—a Y Aand e |V B

then there exists ¢ Ji”E A, B such that ¢ EﬁCFvl‘“V" c1, ¢ E‘éCFVl“‘V” co, A JfEC B,
a a
CLEABanch/EBA.

This is Theorem 4.2.2, knowing that fCF is stationary over algebraically closed sets
hence satisfies the independence theorem over algebraically closed sets without any as-
sumption on the parameters.

Example 4.4.4. Perfect w-free PAC,, fields are NSOP; (see Subsection 1.5.2), further-
more, as they are algebraically bounded, the condition on the algebraic closure in Theo-
rem 4.4.1 is satisfied. If T" is a theory of a perfect w-free PAC,-field in an expansion of
the language Zing such that 7' is model-complete, then T'G - - - G}, (Proposition 3.2.5)
is NSOP;. This holds of course for any NSOP; perfect PAC,, field.

4.4.2 Algebraically closed fields with a generic multiplicative subgroup

Let ACFG™ be the theory obtained in Theorem 3.3.5. We denote by A - B the product
set {a-b|a€c A, be B}.

Theorem 4.4.5. Any completion of ACFG* is NSOP; and not simple. Furthermore,
Kim-independence coincide over models with the relation

A B < A |A°"B and G*(AC - BC) = G*(AC) - G*(BC).
C C
Furthermore, |* satisfies
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e STRONG FINITE CHARACTER OVER ALGEBRAICALLY CLOSED SETS. For alge-
braically closed E, if a l}”E b, then there is a formula ¢(x,b,e) € tp*°FG™ (a/bE)
such that for all «, if a’ = ¢(x,b,e) then j/wE b.

e |*“-AMALGAMATION OVER ALGEBRAICALLY CLOSED SETS. For algebraically closed
set E if there exists tuples c1,co and sets A, B such that

—ACFG*
—CleCG (6]

—~ AENBE=F
- Ji”EA and cg Ji”EB

then there exists c Jj”E A, B such that ¢ EQCFGX €1, ¢ E%,CFGX ca, A JfECB,
a a
c\LEAB andc\LEBA.

Proof. Using Theorem 4.2.1, it is enough to show that for E algebraically closed and
A, B, C algebraically closed containing F, if C LA]CEFA, Band A J/Ag,FB then

AC-BCNAB=A-B.

This easily follows from the fact that tpACF(C/AB)) is finitely satisfiable in E, as in the
proof of Theorem 4.4.1. The rest is Theorem 4.2.2, knowing that ﬁCF is stationnary
over algebraically closed sets, similarly to Example 4.4.3. To prove that ACFG* is not
simple, we use Corollary 4.2.3, as in the proof of Proposition 4.4.2. Let E be a model
of ACF,, and a,b,d in an extension be such that a J:A‘EF b,d and b Jng d. We claim
that

(a+ d)b € [Bad - 5] \ [(Ea - Bbd) U Fad] .

Since b ¢ Fad, it is clear that (a + d)b ¢ Ead. Assume that (a + d)b € Fa - Ebd.
Then a + d € ?aibd, let w € Ea and EEbd be such that a +d = uwv. We
have that Fa JidE Ebd, hence Fa(d) JidE(d) Ebd so Ea(d) N Ebd = E(d). Similarly,

Ebd(a) N Ea = E(a). It follows that

u = (a+d)v~' € Ebd(a) N Ea = E(a) and

v=(a+du"" € Ea(d) N Ebd = E(d)

hence a +d € E(a) - E(d), which contradicts Lemma 1.5.8. O
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CHAPTER D

A study of ACFG

Let p > 0 be a fixed prime number. Unless stated otherwise, every field we consider
has characteristic p. Let Zing be the language of rings and Zg = Zing U {G} for G
a unary predicate. Let ACFg be the Zg-theory whose models are algebraically closed
fields of characteristic p in which G is a predicate for an additive subgroup. Let ACFG
be the model companion of ACF¢, see Examples 3.2.4 and 4.4.3. In this chapter, we
give a basic study of the theory ACFG. First, we give a precise description of the Kim-
independence. Then we investigate some algebraic properties of any models. Finally, we
construct inductively a model inside F, and prove that such models are numerous in F,,.
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5.1 Preliminaries, axioms and types
The following is Proposition 3.1.4.

Proposition 5.1.1 (Axiomatisation of ACFG). The theory ACFG is aziomatised by
adding to ACFq the following £g-sentences, for all tuples of variables ' C x, vy C y
and Lring-formula ¢(x,y)

Vy((y') NG ={0} Nbs(y) = (Fd(x,y) A (zy') NG = (2)),

where 04(y) such that K |= 04(b) if and only if in an elementary extension of K, there
exists a tuple of realisations of ¢(x,b) which is Fy-linearly independent over K (see The-
orem 8.1.2).

By Proposition 2.3.5 we have the following, for (K, G) = ACFG sufficiently saturated,
and a,b,C in K

(1) aclacra(C) = aclacr(C) =: C;

(2) a =¢ b if and only if there exists an Z5-isomorphism o : Ca — Cb over C such
that o(a) = b;

(3) the completions of ACFG are given by the Z5-isomorphism type of (F,, G(F))).

Let x be a tuple from a field extension of K and H be an additive subgroup of the
field Cz. If

CrNnK=Cand HNC = G(C)

then, by Proposition 2.3.6, the type associated to the Z;-isomorphism class of the pair
(Cx, H) is consistent in (K, G), i.e. there exists a tuple a from K such that there is a
Za-isomorphism over C

f:(Ca,G(Ca)) = (Cx,H)
with f(a) = =.

Example 5.1.2 (Empty types). Let (K,G) be a k-saturated model of ACFG, C C K
such that |C| < k and x a finite tuple algebraically independent over K. By previously,
the type associated to the pair (Cx, G(C)) is consistent. Hence there is some tuple a from
K, algebraically independent over C' such that G(Ca) = G(C). This type is unique if
G(C) C C: let a and a' realise this type, meaning that G(Ca) = G(Cda’) = G(C). Then
a =¢ a'. Indeed if o is a field isomorphism over C' between Ca and Cd/, then it fixes
G(O) so it is an Zg-isomorphism. The type is unique in particular if C' is algebraically
closed. This uniqueness is a special case of the stationarity of the strong independence
(cf. Lemma 4.3.3).
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5.2 Independence relations in (K, G)

We work in a monster model (K, G) of ACFG.

Definition 5.2.1 (Weak and strong independence). Let A, B,C be subsets of K. Let
JfCF be the forking independence in the sense of ACF. Recall the weak independence
relation:

A |YB if and only if A |A°Y B and G(AC + BCO) = G(AC) + G(BC),
C C

and the strong independence relation:

A |**Bif and only if A |A*°¥B and G(ABC) = G(AC) + G(BC).
C C

Theorem 5.2.2. The relation |* satisfies INVARIANCE, CLOSURE, SYMMETRY, FULL
EXISTENCE, MONOTONICITY, EXISTENCE, LOCAL CHARACTER, TRANSITIVITY, STRONG
FINITE CHARACTER over algebraically closed sets, |*-AMALGAMATION over algebraically
closed sets.

Proof. Apart from TRANSITIVITY and LOCAL CHARACTER, all properties has been
proven in Theorem 4.2.2 and Example 4.4.3.

TRANSITIVITY. Assume that A Ji”CB D and B JﬁUC D. We may assume that A =
ABC,B =CBand D =CD. By MONOTONICITY, it is sufficient to show that A Jj”c D.
We clearly have A \LAgF D by TRANSITIVITY of [ACF. We show that G(A + D) =
G(A) + G(D). By A [V, D we have G(A + BD) = G(A) + G(BD). It follows that
G(A+ D) is included in (A + D) N (G(A) + G(BD)), which, by modularity, is equal to

G(A)+ (A+D)NG(BD) = G(A) + G(ANBD + D).
As A |2S¥ D, AnBD = B. By B |“., D, G(B+ D) = G(B) + G(D) hence
G(A+ D) = G(A) + G(B) + G(D) = G(A) + G(D).

LocAL CHARACTER. We start with a claim.

Claim. Let A, B be subsets of (K, G) with B subgroup of (K, +), then there exists C' C B
with |C| < |A| such that

G(A+ B) = G(A+C) + G(B).

Proof of the claim. For each a € A define C(a) to be the set of those b € B such that
a+be G. Take ¢(a) € C(a) for each a such that C'(a) is nonempty, and set

C ={c(a)]| a€ Aand C(a) # 0}.
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Now if g € G(A+ B) then g = a+ b with a € A, b € B. We have C(a) nonempty so we
can write for ¢ = ¢(a)
g=(a+c)+(b—c).

It follows that b — ¢ € G(B) hence g € G(A + C) + G(B). The reverse inclusion is
trivial. O

Let a be a finite tuple and B an algebraically closed set. We construct two sequences
(Ai)icw and (D;)i<y, such that the following holds for all n < w:

(1) Ap € Apy C Ba and D, C A,

(2) G(An + B) c G(An-‘rl) + G(B)
ACF

(3) 4y P B

(4) [An] <o

Using LocAaL CHARACTER for LACF there exists a countable set Dy C B such that

a JfCF Do, B. We define Ay = aDg. Assume that D,, and A,, has been constructed and
that |A,| < Rg. By the claim there exists C' C B with |C] < g such that G(4,, + B) =
G(A, + C) + G(B). Using LocaL CHARACTER! of |AF on the set A,C there exists
Dyy1 € B with | D, 11| < Rg such that A4,C LACF B. We set A1 = A,CDpyq.
Note that A, + C C A,4+1 so G(A, + B) C G(A n+1) + G(B).

Now set A, = J;,, Ai and D, = J;,, Di- We have |A,| < R and |D,| < Rg. We
claim that

Ay yB

If w is a finite tuple from A, then u C A, for some n, so as A, JJACF B we have
U ﬁCF B. Now as D, C B, we use BASE MONOTONICITY of JfCF to conclude that
U J/ACF B. As this holds for every finite tuple v from A, we conclude that

A, |A°FB.
D,

It remains to show that G(A, + B) = G(A,) + G(B). If g € G(A, + B) then there is
some n such that g € A,, + B and so

g€ G(An + B) - G(AnJrl) + G(B) c G<Aw) + G(B)

The reverse inclusion being trivial, we conclude that G(A, + B) = G(Ay) + G(B), so
A, Jﬁ“D B. As a C A,, we conclude by MONOTONICITY of |*. O

"Here we use a stronger version of LocAL CHARACTER which holds in any simple (countable) theory
(see [Casll, Proposition 5.5]): for all countable set A and arbitrary set B there exists By C B with
‘B()| S No with A \J"BO B.
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Proposition 5.2.3. Assume that C = C. If a Jj”c b, then for all C-indiscernible se-
quence (b;)i<w in tp(b/C) such that b; ch(bj)jg there exists a’ such that a'b; =¢ ab
for all i < w. In particular, the following are equivalent, for C' algebraically closed and
a fCF b

o b

(1) a [*b;

(2) for all C-indiscernible sequence (b;)i<,, in tp(b/C) such that, b; ch(bj)jg and
G(Cb; + Cby) = G(Cb;) + G(Cby,) there exists a’ such that a’b; =¢ ab for all i;

(3) forimegndiscemible sequence (bi)icw in tp(b/C) such that, b [ (bj)j<i and
G(Cb; + Cby) = G(Cb;) + G(Chby,) there exists a’ such that a’b; =¢ ab for all i.

Proof. The first assertion holds because | satisfies |?-AMALGAMATION over alge-
braically closed sets (Theorem 5.2.2). The proof is a classical induction similar to the
proof of Lemma 7.1.9 or [CK17, Proposition 4.11].

(1) implies (2) is a particular case of the first assertion. (2) implies (3) follows from
the fact that such sequence exists, which follows from FULL EXISTENCE of |*. We show
that (3) implies (1). Assume that a f*, b and let A(z,b,c) be as in Lemma 4.1.6. If
(3) holds, then in particular {A(z,b;,¢) | i < w} is consistent, for some (b;);<. such that
b; =c b and b; ch b;. This contradicts Lemma 4.1.6. ]

In particular, we have the following combinatorial characterization of |* over alge-
braically closed sets.

Corollary 5.2.4. The following are equivalent, for C' algebraically closed

(1) a [, b;

(2) for all C-indiscernible sequence (b;)i<w in tp(b/C) such that, by [ (bj)j<i there
exists a’ such that a’b; =c ab for all i;

(3) for some C-indiscernible sequence (b;)i<w in tp(b/C) such that, b; [ (b;);<i there
exists a’ such that a’b; =¢ ab for all i.

Proof. (1) implies (2) follows from Proposition 5.2.3, and (2) implies (%) holds since |*
satisfies FULL EXISTENCE. Assume that (3) holds for some a’ and indiscernible sequence
(b;)i<w such that b; fc(bj)j<ifor all i < w. In particular, (b;);<, is a Morley sequence
in the sense of ACF,, and a’b; EéCF ab for all i < w. As ﬁCF is forking independence
in the sense of ACF,,, we have a Jng b. By Proposition 5.2.3 we have a Ji”c b. O

The Kim-Pillay theorem (see Fact 1.4.6) states that if a relation | satisfies INVARIANCE,
SYMMETRY, MONOTONICITY, BASE MONOTONICITY, TRANSITIVITY, FULL EXISTENCE,
LocAL CHARACTER, | -AMALGAMATION over models and FINITE CHARACTER?, then
the theory is simple and this relation is forking independence. From Theorem 5.2.2 and

>This property is trivial for |* and |*"
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Proposition 4.4.2, the weak independence | satisfies all the previous properties except
BAse MonoToNICITY. This is similar to the case of K, n,-free bipartite graph [CK17,
Remark 4.17].

The property | -AMALGAMATION over models is a special case of STATIONNARITY over
algebraically closed sets, hence from Lemma 4.3.3, the strong independence |* satisfies
every property of the Kim-Pillay characterization except LOCAL CHARACTER otherwise,
ACFG would be simple. Example 7.1.4 shows directly that LOCAL CHARACTER is not
satisfied by th, nor by any relation stronger than |* which satisfies BASE MONOTONIC-
ITY. As we saw in Lemma 4.3.3, ACFG is mock stable in the sense of Adler.

5.3 Some structural features of (K, G)

Let P(X) be a polynomial in variables X = X;,..., X,, with coefficients in K. We say
that P is IF,,-flat over K if whenever u is a zero of P in some field extension of K, there
exists a non trivial Fp-linear combination of u that falls in K.

Lemma 5.3.1. Let (K,G) be an Rg-saturated model of ACFG, and P(Xy,...,X,) a
polynomial non-Fy-flat over K. Then for every I C {1,...,n} there exists a zero a of P
m K such that a; € G <— i€ l.

Proof. Let I C {1,...,n}. As P is non-F)-flat, there exists a zero t of P in an extension
of K such that no non nontrivial Fp-combination of ¢ falls in K. It follows that (K (t), G+
(ti | i € I))is an Zg-extension of (K, G). Indeed (G+(t; | i € I))NK = G. Furthermore
t; € (G+(t; |i€I))ifand only if j € I. As (K, G) is existentially closed in (K(t),G +
(t; | 1 € I)), we have that

(K,G) [ 3a(P(z) =0A Nzi e GA N\ ¢ G).
el j¢I

O

Lemma 5.3.2. A polynomial P in K[X] is Fp-flat over K if and only if all its irreducible
factors in K[X] are of the form c(M X1+ -+ A\ Xy, —b) for some A, ..., A\, in Fp\ {0}
and b,c € K.

Proof. Assume that P is Fp-flat over K. If |X| = 1, then P satisfies the conclusion.
Assume that |X| > 1. Let to,...,t, be algebraically independent over K, and consider
P(Xi,t2,...,ty). This polynomial has zeros in K(t2,...,t,) hence by F,-flatness each
root w satisfies \ju + Asto + -+ + A\yt,, = b for some non-zero tuple Aq1,..., A, from
F, and b € K. By hypothesis on to,...,t, we have that \; # 0. It follows that
X1 (Nata+- -+ At —b) divides P(X1, ta, . . ., t,) hence A\; X1 +- - -4+, X, —b divides
P, as K[Xy,ta,...,t,) = K[X]. If A\; = 0 for some i, then the tuple (0,...,t,...,0) with
t transcendental over K at the i-th coordinate, is a zero of P that contradicts the F-
flatness. It follows that P is of the desired form. The other direction is trivial. O
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Example 5.3.3 (F,-flatness might depends on p). Consider the polynomial P = X 21y?,
with b € K. Then P is F,-flat over any algebraically closed field if and only if —1 is a
square in Fp,. From [Fre01, Exercice 1.9.24], when p > 2 this is equivalent to p € 4Z + 1.
Using Lemmas 5.3.1 and 5.3.2 it follows that whenever (K, G) = ACFG, p > 2,

e if p ¢ 47 + 1 there exists g € G and u € K \ G such that g? + u? = 0;

e if p € 4Z+1 such couple (u, g) does not exists in (K, G), as every couple of solution
to X2 +Y?2 =0 are Fp-linearly dependent.

Proposition 5.3.4. Let (K,G) be a model of ACFG. The following holds:
(1) K=G-G=G-(K\G)=(K\G) - (K\G);
(2) G is stably embedded in K ;

(3) Fora ¢ F, and P € K[X]\ (K +TF,-X), we have K = G+aG = (K \G) +aG =
G+ P(G).

Proof. (1) For all b € K the polynomial XY — b is not F,-flat by Lemma 5.3.2, so we
conclude using Lemma 5.3.1.

(2) From (1), every element in K is product of two elements in G, so any .Z-formula
¢(x,a1,...,ay) is equivalent to ¢(z, gi1h1,...,gnhy) with g;, h; € G.

(3) For all P € K[X]\ (K +F,-X),be K, the polynomial Y + P(X) — b is not F,-flat,
similarly to (1). O

Proposition 5.3.5. Let (i,...,(, be Ling-definable endomorphisms of (K,+), F,-
linearly independent. Then

K/(GTHG) N -GN E) 2 K/GTHG) x - x K[ HE).

Proof. Using the first isomorphism theorem, it is sufficient to prove that the function
(: K = K/GH(G) x -+ x K/¢;Y(G) defined by ((u) = (u+¢ (@), ..., u+(H(G))
is onto. Let ci1,...,¢c, € K, we want to show that there exists ¢ € K such that for all 4
Gi(c—ci) € G. Let t be a transcendental element over K, by model completeness of ACF,,,
(1. ., ¢y are Fy-linearly independent definable endomorphisms of (K¢, +). Consider the
ZLa-structure

(Kt,G+ (Gt — i) | i < n)).

We have (G+ (it —¢) | i <n))NK =G+ (Gt —¢) | i <n)NK. For \i,..., A\, € Fp,
if 37, MiGi(t — ¢;) € K then Y, \i(;(t) € K. By Fact 1.5.12, there is some k such that
t— (>, )\iCi(t))pk is polynomial, hence as ¢ is transcendental over K, (3, )\iQ)pk =0,
so > ;NG = 0. As (i,...,¢, are Fy-linearly independent, Ay = --- = A\, = 0. It
follows that (G + (Gi(t —¢;) | i <n)) N K = G, so (Kt,G + (i(t — ¢;) | i <n)) extends
(K,G). As (K,G) is existentially closed in (Kt,G + (¢i(t —¢) | ¢ <n)) we have that
(K,G) =3z A, Gi(zr — ¢;) € G, hence ( is onto. O
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If ¢i,..., ¢, are Fp-linearly independent .Zing-definable isomorphisms of (K, +), the
previous result can be used to find canonical parameters for the quotient K/(¢;(G) N
---N ¢, (@) provided one have canonical parameters for the quotient K/G, see Exam-
ple 6.0.1.

5.4 Models of ACFG in E

From Theorem 3.1.2, for any quantifier free .Zing-formula ¢(z,y), there exists an Zing-
formula 64(y) such that for K = ACF, sufficiently saturated and b tuple in K such
that K = 60,(b) if and only if there exists a realisation a of ¢(x,b) which is Fp-linearly
independent over IF,(b). By quantifier elimination in ACF),, the formula 4 can be choosen
quantifier-free.

Lemma 5.4.1. If Fpn |= 04(b) then for all m > n there exists k > m such that
Foe = 3wg(x,b) A x is Fy-linearly independent over Fym.

Proof. Assume that Fpn = 04(b). Then as 0, is quantifier free, F, = 0,(b). It follows that
for some elementary extension K of I}, there is some realisation a of ¢(z,b) which is -
linearly independent over IF,,. In particular for every non trivial polynomial P(Z,Y) €
F,[Z,Y] (where Z is a single variable and Y a tuple of variables with |Y| = |y|), no
nontrivial Fp-linear combination of a is a root of P(Z,b). As F, =A“F K the following
sentence holds in F:
Vy(0s(y) = (3xd(x,y)A"no nontrivial F-linear combination of x is a root of P(Z,y)")).
In particular, for the polynomial X?™ — X for some m we have
F, = Jx¢(z,b) A no non-trivial Fy-linear combination of z falls in Fym.

Hence for some k > m,n there exists a tuple a from F . such that

F, & ¢(a,b) A a is Fy-linearly independent over Fpym.
As ¢(z,y) is quantifier-free, we also have that

For = ¢(a,b) Aa is Fp-linearly independent over Fm.

O

Proposition 5.4.2. For any n € N and any GLadditive subgroup of Fpn there exists a
subgroup G of F), such that G NFpn = Gy and (F,, G) = ACFG.

Proof. Start with the following claim.
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Claim. Let n € N, let s € N, let k1,...,ks € N and let ¢1(x1,y1),...,¢5(:ps,ys) be

quantifier free formulae in Zing. For i < s, let B; = {b € ]Fl,?ﬁl | b= 0, (y)} Then there
exists m > n such that for all i < s and b € B; there exists some |x!|-tuples a®!, ... ,abki
(depending on b) from Fpm such that

(1) (aﬁg’j )i<s,j<ks k<|oi| 15 a Fp-linearly independent tuple over Fyn

) By 60, By b 61(a, ).

Proof of the Claim. We do it step by step, as there are only a finite number of tuples to
add. Start with ¢1(z!,y'). Take a first b € By. As Fpn |= 04, (b), we use Lemma 5.4.1

with m = n to get a first my > n such that there exists a' € F”1| such that = ¢1(al,b)
p

Tl
and a! is Fp-linearly independent over Fyn. Using again Lemma 5.4.1 with m = m; there

exists ma > m; and a second a® € ]Flff; such that Fym: = ¢1(a?,b) and a? is Fp-linearly
independent over F,m;. In particular a? is F)-linearly independent from a' over Fpn. So
we can construct as many (finitely) solution to ¢y (x!,b) as we want which are F)-linearly
independent over Fj». Once we have enough F-linearly independent solutions of ¢1(z,b),
we can do the same trick with another € By, and add as many (finitely) solution as
we want, [F,-linearly independent from one another and from the ones corresponding
to b, in a finite extension of Fy». Once we have done it for all elements of By, we do
the same with every element b € By, continuing to use Lemma 5.4.1 to get solutions of
Ba(22,b) Fp-linearly independent from one another and from the previous ones. As every
B; is finite and they are in finite number, we can finish to add Fp-linearly independent
solutions of ¢; in a finite number of steps and the claim is proven. O

From Proposition 5.1.1, the axioms for ACFG are given by the following scheme: for
all quantifier free Zing-formula ¢(z,y), for all 0 < k < |z and 0 < k' < |y|

Yy (0s(y) A (Y, s i) NG ={0}) = Gz, y) Az, y1,- o) NG = (21, 7))

with the following convention: ai,...,ap = ). We will denote the previous sentence by
I'(¢,k, k). Now we construct by induction a model of ACFG starting from (Fpn, G).
Let (¢(2%,y*))i<w be an enumeration of all quantifier-free formula in -%ing. We construct
an increasing sequence (n;)j<. starting with ng = n and additive subgroups G; of Fpn;
such that for all s < w, for ¢1(z',y'),..., ¢s(x®, y®), forall 1 <1 < s, forall 0 < k < |2}|
and 0 < k' < 3| the following holds for all |y!|-tuples b from Fpn.

If Fyro = 0, (b) A (b1, ..., by) NG5 = {0} then there exists a"* an |2!|-tuple from F .11
such that Fyr.1 = ¢(ab®, b) A (ab¥, by, . ) N Gapr = (abF, .. k). (%)

Assume that for some s < w we have ng,...,ns and Gg C Fpno,...,Gs C Fpns con-
structed as above. For every i < s, we define as above B; = {b € ]Flfgsl | b= O, (y)},
and we apply the claim with k; = |2?| + 1, to get some nsy1 > ns. Foreach 1 <i < s
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and b € B; we have |2'| + 1 many |2¢|-tuples a®'(b),...,a"" (b) from Fprsir all Fp-
independents over Fpns and such that for all j, we have Fynop1 = ¢3(a™ (b),b). Now
define G441 to be

G @ Pla®®) @ (a7®(b),a>®)) @ - @ (af™ (b), ..., Day (b)).
1<i<s beB;

We extend Gy by the low triangle of the (|a;| + 1) x |z;| matrix (G%j(b))g]‘gki,lgkgxq
for each i < s and b € B;:

i1 i1 il
ay’ayoap

02 02 0,2
ai” agsoap

i3 i3 0,2
ai” agt o oap
ay ay e

Now we have for each 1 < i < s and any 0 < k < [2'| and 0 < k' < |y/|, if
b € B;, then there exists a*(b) € F}‘ﬁsﬂ such that Fynet1 = ¢5(a™*(b),b). By construc-
tion if (by,...,br) NG5 = {0}, and by F,-linear independence of all the a’*, we have
(a¥* by, .. b)Y N Gspr = (a’l’k, . ,a2k>. By induction we construct a familly (Fpn:, G;)
satisfying (x). Now let

G=|JGiCF,
i<w
By construction, we have that (F,, @) is a model of ACFG. O

Recall from Section 1.6 that Sg(F,) endowed with the Chabauty topology is a Cantor
space. Let

¢ = {G € 34(F,) | (Fy, G) - ACFG}.
Recall that a set is Gy if it is a countable intersection of open sets.
Proposition 5.4.3. C is a dense G5 of Sg(F)).

Proof. We first show that it is dense. By Lemma 1.6.1, the topology on Sg(F,) is gen-
erated by balls of the form B(Go,Fyn) = {H € Sg(F,) | HNFpn = Go} where Gg is a
subgroup of F,». By Proposition 5.4.2, evey such ball contains an element of C, hence C
is dense. We show that it is a G5. First, from Proposition 5.1.1, ACFG is axiomatised by
adding to the theory ACF¢ the following .#-sentences, for all tuples of variable 2’ C x,
Y Cy and Zing-formula ¢(z,y)

Vy((y') N G = {0} N Oy(y)) = Fze(,y) A (zy) NG = (a'))

which is equivalent to
Vy3w [=0(y)) V (') NG # {0} V (¢(z,y) A (zy) NG = (2))].
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Let ¢(z,y), 2’ C x and ' C y be given. Let b be a |y|-tuple, and consider the set

Oy = U {H|®)YNH#{0}}U{H | (aV)nH=(d)}.

a€F," FyEd(ab)

The set {f | (t') N H # {0}} is equal to U,y oy {H | u € H} which is clearly open.
From Lemma 1.6.1, {H | (ab’) N H = (a)} is also open, so O}, is open. Now it is an easy

checking that
¢(w,y),w’gw,y'gy beE‘y‘ 7E'ZG¢(b)

Hence C is Gs. O

Remark 5.4.4 (Ultraproduct model of ACFG). From the proof of Proposition 5.4.2, start-
ing from Gy C Fpno, there exists a strictly increasing sequence (n;)i<,, of integers and
an increasing sequence of groups G; C Fyn; satisfying (x). Let % be a nonprincipal ul-
trafilter on w, it does not take long to see that the ultraproduct [T, (F,, G;)) is a model
of ACFG, in which the group is pseudo-finite. The construction of the G%s in the proof
of Proposition 5.4.2 is rather artificial. Is there more "natural" generic subgroups of F,?
Given an arbitrary set {G; | i < w} of subgroups of F,, and a non principal ultrafilter %
on w, how likely is it that [],, (Fp, G;)) is a model of ACFG?

Remark 5.4.5 (Characteristic 0). Let &7 be the set of prime numbers and % a non-
principal ultrafilter on 9. For each ¢ € £ let G, be a subgroup of F, such that (F,, G,)
is a model of ACFG (here we mean ACFqG). Recall that C = [] F,/% . Consider
the ultraproduct
€)= [[ FGo)/.
qe€P

It is clear that V is a subgroup of C. For each q € &2,
Stabg(Gy) = {a €F,|aG, C Gy} =Ty,

this follows from Proposition 5.3.4 (8). Hence F = Stabc (V) is a pseudo-finite subfield
of C, and V is an F-vector space. It follows from Proposition 3.2.7 that (C,V) is not
existentially closed in the class of Zg-structures consisting of a field of characteristic 0
in which G is an additive subgroup. Nonetheless, some properties such as the ones in
Proposition 5.3.4 will be satisfied by (C, V) (replacing F,, by F').

Remark 5.4.6. Observe that the proof of Lemma 5.4.1 gives the following: if F' is an
infinite locally finite field®, and that for some universal Zing-formula ¢(x,y) there exists
an existential formula 64(y) such that for all tuple b, we have F' = 604(b) if and only
if there exists a realisation a of ¢(x,b) in an elementary extension of F' such that a is
[F,-linearly independent over F'; then for all finite subfields Fy C Fy of F, if Fyy = 04(b)

3A locally finite field is a field such that every finitely generated subfield is finite. Equivalently it is
embeddable in F,,.
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there exists a finite subfield Fy of F' and a tuple a from Fj realizing ¢(x,b) which is
F)-linearly independent over Fy. By the same method as in the proof of Theorem 5.4.2,
we may construct an increasing sequence of finite fields (F;);<, and finite subgroups
G; C F; such that for an enumeration of universal formula ¢(z, y) and existential formula
04(y), if (Fi, G;) satisfies the premise of the axiom, then the conclusion is satisfied in
(Fi+1,Git1). Now consider the theory Psf, (see Subsection 1.5.2), it is model-complete,
hence every formula is equivalent to an existential formula and a universal formula,
with some constants. It is then possible to choose constants ¢(i) in F; such that X" +
cn_lyn(i)X”_1 + -+ con(i) is irreducible over Fj, for all n. Then one can check that
a non principal ultraproduct of (F;, ¢())i<w 18 a model of Psf,, hence the ultraproduct
[1o (Fi,ci, G;) is a model of Psf.G (see Example 3.2.3).
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CHAPTER O

Imaginaries in ACFG

Let (K,G) be a saturated model of ACFG. It is easy to see that for all « € K \ G,
there exists b € K \ G algebraically independent from a over [}, such that a —b € G (see
Lemma 6.1.1). Let a = a/G = b/G € (K,G)“. If it exists, a canonical parameter for «
in K would be definable over both a and b, hence it would be definable over an element
of Fp. This would give an embedding of K/G into the countable set dcl®(()) which is
absurd in a saturated model (K, G) for cardinality reasons.

Let (K, G) be a model of ACFG, there is a canonical projection

m: K — K/G.

Consider the 2-sorted structure, (K, K/G) with the Z,g-structure on K, the group
structure on K/G (in the language of abelian groups) and the group epimorphism 7 :
K — K/G. We forget about the predicate G as it is 0O-definable in (K, K/G). The
structure (K, K/G) is bi-interpretable with (K, G). We fix (K, G) and (K, K/G) for the
rest of this chapter.

In this chapter we show that (K, K/G) has weak elimination of imaginaries, hence imag-
inaries of (K, G) can be weakly eliminated up to the quotient K/G.

Some definable imaginaries in (K, G) can be easily eliminated in the structure (K, K/G).

Example 6.0.1. Let ¢ : K — K be a Ziyg-definable group endomorphism. Then
in (K,K/G)%, every element in K/(~!(G) is interdefinable with an element in K/G.
Indeed, for any element a € K and any automorphism o of (K, K/G), o(a)—a € (71(G)
if and only if o fixes 7({(a)), hence w({(a)) is a canonical parameter for the class of a
modulo (~HG).

Let (1,---,(y be Fp-linearly independent (-.Zine-definable group endomorphisms
K — K. Let i : K — K/THG)N---N ¢ (G) and consider an element o of the
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sort K/¢7HG)N---N ¢ (G) in (K, K/G)®. From Proposition 5.3.5 the natural map
K/GHG) NN GHG) = K/GTHG) x - x K/GHG)

is an isomorphism. Let a be such that 7¢(a) = a. Foreach 1 <i < nlet a; = 7((; ' (a)) €
K/G. Then the tuple oy, - , oy, is a canonical parameter for a.

If quotients of the form K/¢~'(G) can be fully eliminated, what about quotients of
the form K/((G)? In that case the kernel of ( is a finite vector space, hence a canonical
parameter for a € K/((G) is a finite set of the form 7(a+ker(¢)) which is not necessarily
eliminable in (K, K/G) as shows Example 6.3.5. We even show in Example 6.3.6 that
adding canonical parameters for the sort K/G is not sufficient to eliminate all finite
imaginaries of the structure (K, K/G).

In this chapter, greek letters ', & denote subsets or tuples (which might be infinite)
from K/G. Any tuple in the structure (K, K/G) will be denoted by ay, with a a tuple
from K, v a tuple from K/G. We also extend 7 for (finite or infinite) tuples by m(a) :=

(m(ai))s-
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6.1 First steps with imaginaries

Let o be a field automorphism of K. It is clear that the following are equivalent:
e 0 is an .Z%-automorphism of K;

e there exists 6 : K/G — K/G such that Too =g o .

(K,G) —— (K,Q)

iy iy

K/G —%— K/G

An automorphism of the structure (K, K/G) is a pair (o,5) as above. It follows that for
a,b,C from K, we have

a E(CK’G) b <— a E(CK’K/G) b.

In this chapter, the relation = means having the same type in the structure (K, K/G).

Lemma 6.1.1. Let a,b be two tuples of the same length from K. Let C,D C K and
assume that

e 7(a) is an Fp-independent tuple over w(C')
e 7(b) is an Fy-independent tuple over m(C')
Then there exists ' =¢ a such that o’ Jng D and w(a’) = = (b).

Proof. Let x JJAgF K such that x EéCF a, and f : Cx — Ca a field isomorphism over

C sending x to a. Let Go, = f~1(G(Ca)). Consider now the subgroup of C'Dbz defined
by
H = Gcy +G(COD) + (x; — b; | i < |x]).

We show that the type in the sense of ACFG defined by the pair (C'Dbx, H) is consistent.
As x J/AgF K we have CDbx N K = CDb. In order to prove that H N CDb = G(CDb),
it suffices to show that

CDbN (Geg + (i — b; | i < |2])) € G(O).

Assume that go, + >, Ai(z; — b;) € CDb, where gor € Gey. It follows that go, +
>, Aizi € CDb. On the other hand go, + >, \iz; € Cx. As J/AgF bD we have
Cz N CDb = C hence gez + Y; Mizi € C. Apply 7o f to get that >, A\iw(a;) € n(CO)
hence by hypothesis \; = 0 for all i < |z|. It follows that gc, € C and so go, € G(C).

We have showed that CDbN(Gey+(x; — b; | i < |z|)) € G(C). The type is consistent by
Proposition 2.3.6, so realised by say a/. As x Jng D we have a’ JJAgF D. In order to

show that @’ =¢ a we have to check that H N Cx = G¢,, this is similar to the argument

above, using this time that 7(b) is Fp-independent over 7(C'). We have a, —b; € G hence
m(a}) = 7 (b;), for all i < |z|. -

79



Lemma 6.1.2 (Minimal representative). Let a, C be in K such that m(a) is an Fp-
independent tuple over w(C). Then there exists a’ of same length as a, algebraically
independent over Cb such that

e 7(a) =7(d)
o 7(Cd’) = (n(C)r(a))
o d ng b.

Proof. Tt is again a type to realize. Consider x of same length as a and alg;abraically
independent over Cba. Let V be a [F)-vector space complement to C'@ (x) in C'z and set

H = G(Cab) + (x —a) + V.

We check that the pair (Cabx, H) defines a consistent type over Cab. First H N Cab =
G(Cab)+ ({(x —a)+V)NCab. For v € V,if Y, Ni(x; —a;) +v € Cab then Y, \iz; +v €
Cab. As CabN Czx = C, YNz +v € C hence v = 0 and, as z is F,-independent
over C, \; = 0 for all i < |z|. The type is consistent by Proposition 2.3.6. We show
that HNCz = G(C) + V. First HNCx = V + Cz N (G(Cab) + (x —a)). Let g +

S dilw — a;) € (G(Cab) + (x —a)) N Cz, then g + Y, Nia; € CabN Cz = C and
so applying 7 gives >, A\;w(a;) € m(C) hence \; = 0 for all i < |z|. It follows that
Cx N (G(Cab) + {x — a)) = G(C) hence HN Cx = G(C) + V. Assume that a' realises
this type, it is clear that w(a) = 7w(a’) and o Jf‘gF b. By construction there exists
V! C Cd such that Ca/ = C @ (a) @ V' and G(Cd’) = G(C) @ V', so it follows that
7(Cd') = m(C) & (n(a')). O

In particular if « is an Fp-independent tuple over 7(C) then there exists some alge-
braically independent tuple a over C such that 7(a) = a and 7(Ca) = (7(C)a). We call
such a tuple a minimal representative of a over C. Lemma 6.1.2 states that minimal
representatives always exists and that they can be taken independent in the sense of
fields from any parameters.

Corollary 6.1.3. Let a and (3 be tuples in K/G of the same length, v tuple from K/G

and C C K. If a and 3 are Fy-independent tuples over (m(C)7) then a =¢, .

Proof. We may assume that 7 is linearly independent over 7(C) and let 7 be a minimal
representative of v over C'. Let a and b be representatives of o and S over Cir,y Using
Lemma 6.1.1, there exists a’ =¢;., a such that 7(a’) = n(b) = 8. Let o be an automor-
phism of (K, K/G) over Cr, sending a on &'. It is clear that o fixes v and sends « to
hence a =¢, . L]

Remark 6.1.4. A consequence of Corollary 6.1.3 is that the induced structure on K/G is
the one of a pure F)-vector space.

We will describe the algebraic closure acl in the structure (K, K/G). It is classical
that every formula in the language of (K, K/G) (or of (K, G)®?) without parameters and
with free variables in the home sort K is equivalent to an #Z%-formula. In particular
acl(C)NK =C forall C C K.
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Corollary 6.1.5. Let C C K and v C K/G, then
e acl(Cy)NK =C
e acl(Cy) N K/G = (n(C)y).

Proof. For the first assertion, we may assume that vy is an Fp-independent tuple over

7w(C). Let u be in acl(C+) N K witnessed by an algebraic formula ¢(z,c,v) with ¢ € C.
Using twice Lemma 6.1.2, let 7, be a minimal representative of v over C, and Tfy a
minimal representative of v over C' such that Ify Jng ry. As u satisfies ¢(x, ¢, m(ry))
and ¢(x,c,m(r})), u belongs to Cr, N Crl, = C (note that we don’t use the minimality
here). The reverse inclusion being trivial, it follows that acl(Cy)N K = C.

For the second assertion, assume that « ¢ (7(C)~). By Corollary 6.1.3, any element
in K/G \ (r(C)y) has the same type as a over Cy hence a ¢ acl(Cy). The reverse
inclusion being trivial, it follows that acl(Cy) N K/G = (7(C)7y). O

6.2 Independence in (K, K/G)
Recall the weak independence in (K, G):

a [“b <= a |A°Y band G(Ca + Cb) = G(Ca) + G(Cb)
(& C

It is an easy checking that under the assumption that Ca N Cb = C the following two
assertions are equivalent:

e G(Ca+ Cb) = G(Ca)+ G(Cb)

e 7(Ca)N7(Ch) == (C)
We define the following relation in (K, K/G):

aa [“b < a JAF b and (x(Ca)ay) N (x(CB)BY) = (x(C))
Cry C

It is the right candidate for Kim-independence in (K, K/G). We study only the restric-
tion of this relation to sets ac, b3, Cy with afy C w(Ca) N 7(Cbh). This restriction can
be described only in terms of the structure (K, G) as we will see now.

An infinite tuple X of elements of F, is almost trivial if A\; = 0 for cofinitely many
i’s. If  is an infinite tuple, an element u € (7y) is an almost trivial linear combination of
7i’s, i.e. there exists X almost trivial such that u = ), A;y;. Given two tuples a and b,
the tuple consisting of the coordinates a; — b; is denoted by a — b.

Lemma 6.2.1. Let a,b be tuples such that v is a (finite or infinite) tuple from m(@)Nm(b).
Assume that aNb = C, then the following are equivalent:
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(1) m(@ na(b) = (7(C)7y)

(2) G(@+b) = G(a) + G(b) + (r* — ) for some (all) representatives r®, r® of v in a
and b respectively.

Proof. (1) implies (2). Let u, € @ and u, € b such that u, —uy € G. Then 7(u,) =
m(up) € w(C) + (7) so there exists u. € C and A € IF]‘J‘ such that for some (any)
representatives r® and 7 of v in @ and b respectively, there exists g, € G(a), g, € G(b)

and an almost trivial sequence A € Fpl with

Ug = Ja +UC+Z/\,'7’§Z
Up = gp + Ue + Z)\irf.
i
It follows that u, — up € G(@) + G(b) + (r* —r?).
(2) implies (1). If u, € @ and uy, € b are such that 7(u,) = 7(up), then u, —up € G(@+b)
hence u, — up = ga + go + Y; Ni(r¢ — r?) (for an almost trivial sequence A € IFpl). It
follows that ug — go — >_; ird € anN b=¢, so m(uq) € 7(C) + (7). 0

Lemma 6.2.2 (Maximal representative). Let v be a tuple Fp-independent over w(C') and
d a tuple from K such that w(d) = ~. Then there exists (K',G") = (K,G) and a tuple r,
of length || in K', algebraically independent over K such that

G(Ery) = G(K) + (ry — d).

Furthermore the following hold for all tuples a,b from K containing C such that v €

m(a) Nm(b):
(1) if C = C then a =c+ b if and only if a =cr b;
(2) a Jf’cvb if and only if a Jf’cm b.

Proof. Let = be an algebraically independent tuple over K of size |d|, and define H on
K(z) tobe G(K )+ (z — d). It is easy to see that (K (x), H) defines a consistent type over
K so let ry be a realization of this type in an elementary extension (K’,G’) of (K, G).
We may assume that (K, G’) is k-saturated and x-homogeneous for some big enough &.
Claim. if C = C and 1/, =¢ 7 with 7/, J/AgF band G(Cbrl) = G(b)+(r}, — rb) for some

rb e 71y N EM, then any .Z%-isomorphism over C'y that sends an enumeration R’7 of

Crl, to an enumeration R, of Cr, (and sends 7/, to r,) extends to an & &_isomorphism
between R’b and R,b which fixes b.

Proof of the Claim. . Let o be an automorphism of (K', K'/G") over Cy sending 77, to 7.
Then it sends any enumeration R’7 of Crl to an enumeration R, of Cr,. We may assume
that b = b. By stationarity of the type tp“C¥(b/C), the field isomorphism o | CR
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extends to 7 : @ — bR, with & fixing b. We show that & is an % G_isomorphism. First
observe that since G(Kr,) = G(K)+(ry — r®) then G(br,) = G(b)+ (r, — ). As & fixes
b and sends 77, to r, it is clear that & send G(W) to G(br) so & is an .#“-isomorphism.
Now this isomorphism extends to an automorphism of (K, G’) and an automorphism of
(K', K'/G") that fixes y as it send 7/, to r,. O

(1). Assume that a =c4 b and let o be an automorphism of (K', K'/G") over Cy
sending @ on b. As before, we have that G(ary) = G(@) + (ry, —r®) and G(br,) =
G(b) + (ry — "), for some (any) representatives 7,7 of v in @, b respectively. Let
R, be an enumeration of C7r,, and R, = o(R,), vl = o(ry). Asr, ﬁgF a, &have
Tl J/AgF b. Furthermore G(ar) = G(a) + (ry, — r*) and aR, =c bR.,, then G(Cbr!) =
G(b) + (rl, —r?). By the claim, ! | Cr/, extends C7/b with the identity on b hence
Ry =cpy R/v' It follows that aR, =c, bR,. The other direction is trivial.

(2). From left to right. It is clear that a Jfgf b. We want to show that G(ary +
[ JE— R J—
bry) = G(ary) + G(bry). Observe that G(abr,) = G(ab) + (r* — ry) for any tuple r*

from @ with m(r®). Let u € ary and v € br,. If u+ v € G there exists g, € G(ab)
and \ € IFl‘,Zl such that u +v = g, + > _; Mi(r — ;) for an almost trivial tuple A.
It follows that g, € (ary + bry) Nab = @+ b by Lemma 1.5.11. As a Lﬂcwb and
using Lemma 6.2.1, we have that G (@ + b) = G(a) + G(b) + (r* — r?). We deduce that
Jab = Gat b+, pi(ré—r?), for an almost trivial tuple p. For all i, 78 —r.; € G(ary) and
7i—12 € G(bry) hence gap = ga+go+ > i (T3 —14i) + > i (1 —12) € G(@ry) +G(brs).
It follows that u +v € G(ar,) + G(br,). The other inclusion being trivial we have
G(ary + bry) = G(ary) + G(br,).

From right to left. First, r, [*CF b hence by TRANSITIVITY and MONOTONICITY
a Jng b. By hypothesii G(W:I— br,) = G(ary) + G(br,). Furthermore G(ary) =
G(@) + (ry — %) and G(br,) = G(b) + (r, — r’). It is easy to see that

(G(@) +GO) + {ry =) + (ry = 1)) N @+ ) = G@) + G(b) + (" —1°).
It follows that a |* O b. O
Remark 6.2.3. Let |5Tbe the following relation, defined for v € 7(Ca) N7 (Cb):

a [5Tb < a |*Fb and G(Cab) = G(Ca) + G(Cb) + (1 — rf’y>
Cy C

a

b . AT .
s 75 of v in Ca, Cb respectively.

for some (any) representatives r

A mazimal representative of v over C' with respect to b is a representative 7, such that
Toy Jf:g’y b. The previous result implies that this relation satisfies FULL EXISTENCE and

STATIONNARITY over algebraically closed sets. This relation clearly extends the strong
independence in (K, G).

Theorem 6.2.4. The relation |* satisfies the following properties.
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(1) (Full Existence) Let a,b,C = C in K and v € K/G such that v € n(Ca) N (Cb)

and vy Fy-independent over n(C). Then there exists a’ =c a such that o Jj”c,y b.
(2) (Transitivity) If ac Jﬁ“cﬂ/ b3 and ax Ji”vaﬁ do then ac J})Cw bd 3

(3) (Independence theorem) Let c1,c2,a,b,C = C in K and v € K/G such that v €
7(Ca) N7(Cb) Nm(Cecy) Nw(Cez) and v Fp-independent over w(C).
If o1 =cy c2 and 1 JiUCv a,co J}/UCW b,a J/AgF b, then there exists ¢ such that

C=Cay C1, C =Cby C2 and ¢ \Jf’c’y a,b.

Proof. Transitivity is just checking from the definition of |". For Full Existence, assume

the hypothesis and let 7, be a maximal representative as in Lemma 6.2.2. By FULL

EXISTENCE of |* in (K, Q) there exists a’ =¢,, a such that o’ LUCT b. Using again
Y

Lemma 6.2.2, a’ =¢y a and o Ji”c'y b. For Independence theorem, we use the same

strategy. Assume the hypothesis and let r, be a maximal representative of v as in

Lemma 6.2.2. From Lemma 6.2.2, we have that ¢; =cr 2 and ¢; fﬁa, co \E”Cfmb,

a ﬁg%b. As |"in (K, Q) satisfies |*-AMALGAMATION over algebraically closed sets
vy

there exists ¢ such that ¢ =Cria €L C =gy C2 and ¢ \E”Cfma, b. It follows that ¢ =cqy c1,

€ =Cpy €2, and by Lemma 6.2.2, ¢ Ji”cv a,b. O

Remark 6.2.5. Notice that |" satisfies |*-amalgamation over algebraically closed fields
in (K,G). In Theorem 6.2.4, we can weaken the hypothesis a \BgF b to a chb be-

cause if a [% b and r Jng ab, then a [ b (this result is contained in the proof of
Lemma 7.2.2).

6.3 Weak elimination of imaginaries in (K, K/G)

The following Lemma is a rewriting of the classical argument for the proof of elimination
of imaginaries that appears for instance in [CP98] and [KR18|. It is similar to [CK17,
Proposition 4.25], the only difference being that in our case, | is defined only on some
subsets, and the base set might contain imaginaries, but the proof is the same.

Lemma 6.3.1. Let .# be a k-homogeneous and k-saturated structure. Let E C .4 °1.
Assume that there exists a binary relation \LE on some tuples from M such that

e (Invariance) If a | b and ab =g 'V’ then a’ | b’
e (Extension) If a | ., b and d tuple from .4 then there exists a’ =gy a and a’ |, bd

e (Independent consistency) If a; \LEag, b J/Eag and as =g b, then there exists a
such that @ =gq, a2, @ =Eq, b.

Let e € #°1. If there exists a 0-definable function f in A ! and ai,as in M such that
fla1) = f(az) = e and a1 |, as then e € dcl®(E).
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Proof. If e is not in dcl®(F), then there exists ¢/ # e such that ¢/ =g e. Let o be
an automorphism of .Z°? over E sending e on €. Let bibs = o(ajaz). By Invariance,
by \LE by and f(b1) = f(b2) = €. By Extension there exists b =gy, b such that b \LE as.
By Independent Consistency, there exists a such that a =g, a2, @ =gs, b. From
a =pgq, a2 follows that f(a) = f(a1) = e and from a =pg,, b follows that f(a) # e, a
contradiction. O

Remark 6.3.2. Recall that Extension follows from Full Existence, Symmetry and Transi-
tivity. Independent consistency is a consequence of the independence theorem. It follows
from Theorem 6.2.4 that for all C' = C and « Fp-independent over m(C), the restriction
of |* Cy to tuples a such that v € 7(Ca) satisfies the hypothesis of the previous Lemma.

The following classical fact follows from a group theoretic Lemma due to P.M. Neu-
mann (|[Neu76]). It appears first in [EH93, Lemma 1.4].

Fact 6.3.3. Let 4 be a saturated model, X a 0-definable set, e € M, E = acl(e) N X
and a tuple a from X. Then there is a tuple b from X such that

a =pe b and acl(Ea) Nacl(Eb)NX = E.

Theorem 6.3.4. Let e € (K,G) then there exists a tuple ¢y from (K,K/G) such
that cy € acl®(e) and e € dcl®(cy). It follows that (K, K/G) has weak elimination of
1Maginaries.

Proof. We work in (K, G)%, seeing (K, K/G) as a 0-definable subset. Suppose that e
is an imaginary element, there is a tuple a from K and a O-definable function f such
that e = f(a). We set C(n(C)y) = acl®(e) N (K, K/G). We may assume that ~ is F-
linearly independent over 7(C). As v C acl®(e) N K/G C acl®¥(a) N K/G we have that
acl®(Cay) N (K, K/G) = Can(Ca) and v C n(Ca). By Fact 6.3.3 there exists b =cqe a
such that

acl®(Cay) Nacl®(Cby) N (K, K/G) = C(n(C)7y).

Again, acl®(Cby) N (K, K/G) = Cbr(Cb) and v C w(Cbh). Furthermore f(b) = e and
(Cam(Ca)) N (Cbr(Cb)) = C(m(C)).

We construct a sequence (a;);<, such that

an1 |V a1,...,an—1 and apan1 =c ab.
Crvan
Start by a1 = a and as = b. Assume that aq,...,a, has already been constructed.

We have that a,-1 =cy a, so let o be a cy-automorphism of the monster such that
o(an-1) = ap. By Full Existence (Theorem 6.2.4) there exists an+1 =ca,y o(an) such
that a1 Ji"ca ALy A It follows that

Anln41 =Cy n0(an) =Cry Gn—10n.
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Let (a;)i<, be such a sequence. In particular the following holds for all i < j < k

o [Fai, Cai 1 Ca; = C and w(Cay) N 7(Ca) = ((C)).
Ca]-

By Ramsey and compactness we may assume that (a;);<. is indiscernible over Cy. As
the three properties above holds for the whole sequence, it is in the Erenfeucht-Mostowski
type of the sequence, and hence is still true for the indiscernible sequence. Note that
f(a;) = e. We have that (a;)i<w is totally indiscernible over C' in the sense of ACF

hence ajasas EéCF ajagay. Furthermore we have aq fgz as, hence by INVARIANCE
2

aq \Bgzg ae. By elimination of imaginaries in ACF it follows that aq ng a2, since
CanCb=C. As 7(Ca) N7(Caz) = (7(C)7y), we have that

ar Y as.
Cvy

As f(a1) = f(ag) = e, we deduce from Lemma 6.3.1 that e € dcl®¢(C). O

Example 6.3.5 ((K, K/G) does not eliminate finite imaginaries). The structure on K/G
is the one of an F)-vector space (with twisted algebraic and definable closures, acl(a) =
(r(Fp)a) and dcl(a) = (m(dcl(Fp))a)). This follows from Corollaries 6.1.3 and 6.1.5.
Consider the unordered pair {«, 5} for two singletons «, 5 € K/G, linearly independent

over m(IF,). Assume that there exists a tuple dy such that for all automorphism o of
(K, K/G)
o(dy)=dy < o({a,8}) ={a,5}.

As dv and af are interalgebraic, we have first that d C I[*TP and hence «, 8 € acl(y) N
K/G = del(y) N K/G = (7). As «,f are linearly independent over acl(f)), we have
afl =p Ba so let o be an automorphism of (K, K/G) sending o8 on fa. As o fixes 7, it
fixes () hence oo = 3, a contradiction.

Example 6.3.6 (K x (K/G)“ does not eliminate finite imaginaries). Let ¢ be a tran-
scendental element over F,. We assume that G(IF,(t)) = Fp(¢) (in a model (K, G) of
ACFG such that G(F,) = F,). Let a,3 € K/G be Fp-independent, and let e be the
unordered pair {\ﬁa, —\/t5 } We have the following;:

(1) del®(e) N K = dcl(t)
(2) del®(e) N (K/G)* = del*({a, B}) N (K/G)™

(1) The right to left inclusion is clear. Let u € dcl®(e)N K, in particular v € dcl® (¢, aB8)N
K C acl®(t,af) N K = F(t). Assume that u ¢ dcl(t). There exists v’ # u with v/ =; u.
Let o, 8’ such that v/o/f" =, uaB. As o, and o/, " are Fp-lineary independent over
m(F(t,u)) = w(F(t)) = {0}, we have that o8 =50 o/ " (Corollary 6.1.3). It follows that
u' =t 4,8 v hence v/ =, uso u ¢ dcl®(e), a contradiction.

(2) The right to left inclusion is clear. Let {v1,...,7,} be an element of dcl®¥(e) N
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(K/G)%4. For all i, ; is algebraic over ta/3, by Corollary 6.1.5 v; € (n(Fp(t)), o, 8) =
(a, B). Tt follows that permutations of the set {\/ia, —\/ZB} that permutes {v1,...,vn}
are exactly permutations of the set {«, } that permutes {1, ...,v,} hence {v1,..., 7} €
dcl®({a, £}). In fact, such a set {v1,...,7n} is the union of two sets of the same cardinal
(possibly intersecting), every element in one set is of the form Ao + 3 and has a “dual”
element pa + A5 in the other set.

If e is interdefinable with an element from K x (K/G)¢, by (1) and (2), we may
assume that e € dcl®¥(t{«, 5}). By hypothesis af =50 Ba, hence an automorphism

sending /1, —vtafB to /1, —V/tBa fixes t {a, 3} and moves e to {\/%5,—\/5&}, hence
e & dcl®(t {a, B}), a contradiction.
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CHAPTER [

Forking and thorn-forking in ACFG

In this chapter, we give a description of forking and thorn-forking in the theory ACFG.
We also link these notions with other classical relations or other independence relations
encountered in the previous chapters. The results of this chapter are summarized by the
diagram Figure 7.1, in which all arrows are strict.
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Figure 7.1: Interactions of independence relations in ACFG.
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7.1 Forcing base monotonicity and extension

In this subsection, given a ternary relation | in an arbitrary theory, we introduce the
relations |™and |*, following the work of Adler in [Adl09a].

Definition 7.1.1 (Monotonised). Let | be any ternary relation, we define | to be
the relation defined by

A "B < YDCCB A | BC.
C CD

We call | the monotonised of | .
Note that the relation |M in [Adl09a, Section 4] is the relation |*™ in our context.

Lemma 7.1.2. The relation |™ satisfies BASE MONOTONICITY. Furthermore, for each
of the following point

e INVARIANCE
e MONOTONICITY
o TRANSITIVITY
if | satisfies it then so does |™.

Proof. Let A, B,C, D such that A | /7 BD. Then for all D’ C acl(BC'D) we have that
A \LCD, B so in particular for all D' C acl(BCD) containing D we have A J/CD, B
hence for all D" C acl(BCD) we have A |, B hence A | /) B. To prove that
INVARIANCE is preserved, note that there exists an isomorphism o : ABC — A'B'C’
which extends to acl(ABC) — acl(A’B’C") and so induces an isomorphism ABCD —
A'B'C'o(D) for all D C acl(BC). For MONOTONICITY, it is an easy checking. For
TRANSITIVITY Assume that B | A and A" |~ A, and take D C acl(AC). We have
in particular that B | ,, A and A" |, A hence using TRANSITIVITY of | we have
A'B |, A. This holds for any D C acl(AC) hence A'B [, A. O

Let | , | be two ternary relations, such that | ’is stronger than | . If | ' satisfies
BASE MONOTONICITY then | ' is stronger than |™ Note that | may be symmetric
and | not (see Corollary 7.2.3). However in some cases, the monotonised is symmetric,
as shows the following example.

Example 7.1.3. We work here in ACF. We have

A"T B« A [29"B.
c

Indeed the right to left implication follows from J:A‘CF — |® and the fact that fCF
satisfies BASE MONOTONICITY. From left to right, assume that A J//AgF B, we may
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assume that A, B, C are algebraically closed, and C' = AN B. There exists by,...,bs € B
algebraically independent over C' such that for D = {bs,...,bs}, then we have by €
(ADNB)\ CD so A o B.

This result translates as follows: in ACF, Jf = |*™. It raises the following question:
when do we recover forking independence from the monotonised of the relation |*7
Does the SYMMETRY of the monotonised of a symmetric relation imply nice features
on the theory? Observe that the proof above shows that in any pregeometry (.5, cl),
the independence relation associated with the pregeometry is obtained by forcing BASE
MONOTONICITY on the relation A | , B <= cl(AC)Ncl(BC) = cl(C).

The following example shows that the monotonised does not preserve LOCAL CHAR-
ACTER. Also it implies that |* doesn’t satisfy LOCAL CHARACTER since | — |*"™.

Example 7.1.4. In ACFG, the relation |“" does not satisfy LOCAL CHARACTER.
Let & be any uncountable cardinal and consider the set A = {t;,t} | i < x} and an element

t such that t(t;,t})i<. are algebraically independent over K. Let F' = Fp(¢, A) and define

Vi)

H over I as G(Fy) + (t-t; +t; | i < k). The pair (F, H) defines a consistent type over
0, as F,NH = G(F,) and FN K = F,, so we assume that ¢, A are realisation of the
type in K. By contradiction suppose that there exists Ay C A with |Ag| < N such that
t \B”XG A. By definition, for all D C A we have t ﬂAoD A. Let D = {t; | i <k} \ Ao.
We have that

G(IDA, + A) = G(IDAg) + G(A).

We compute the F),-dimension over G(F,) on each side of the previous equation. On one
hand, we have t-t; +t, € G(tD Ay + A) for all i < k, as they are F)-linearly independent
over I, we have F,-dim(G(tDAg + A)/G(Fp)) > k. For all i < i, t-t; +t, € G(tDAy) if
and only if ¢} € tDAj if and only if £, € Ay, because if ¢ is algebraic over t, Ay, t1,...,t
then ¢ is in Ay otherwise this contradicts that ¢, A are algebraically independent. We
conclude that F,-dim(G(tDAg)/G(F,)) < |Ao| < Ng. As G(A) = G(F,) we have that
F,-dim([G(tDAy) + G(A)]/G(F,)) < R so the equality cannot hold.

Definition 7.1.5 (Adler, [Adl09a] Section 3). For | any ternary relation, |* is defined
as follows:

A *B <= VB2B3A =pc AA | B.
C C

Fact 7.1.6 ( |Adl09a| Lemma 3.1). If | satisfies INVARIANCE and MONOTONICITY then
1* satisfies INVARIANCE, MONOTONICITY and EXTENSION. Furthermore, for each of
the following point

e BASE MONOTONICITY
e TRANSITIVITY
e FULL EXISTENCE

if | satisfies it then so does |*.

92



Recall from Section 1.2 that a [* b if and only if ¢p(a/Cb) is finitely satisfiable in
C.

Remark 7.1.7. Let (b;)i<x be a C-indiscernible infinite sequence with x > w. Then for
all >a>w
beg L[ bg
Cbca
Furthermore, for x big enough, the sequence (b;)i<, is indiscernible over acl(C) (see
[Casll, Corollary 1.7, 2.]).

Remark 7.1.8. By Lemma 1.2.5 and Fact 7.1.6, if | satisfies INVARIANCE, MONOTONICITY,
then |* satisfies INVARIANCE, MONOTONICITY, EXTENSION and CLOSURE over al-
gebraically closed sets. If | satisfies also BASE MONOTONICITY, then so does |*
hence |* satisfies CLOSURE over any sets. In particular, by Lemma 7.1.2 if | satisfies
INVARIANCE and MONOTONICITY, then Lm* satisfies INVARIANCE, M ONOTONICITY,
CLOSURE, BASE MONOTONICITY, EXTENSION. Assume that | satisfies FULL EXIs-
TENCE and TRANSITIVITY, then |* satisfies the following a [* b — acl(Ca) [* ,b. In-
deed, assume that a |* b, then by Fact 7.1.6, |* satisfies FULL EXISTENCE so we have
acl(Ca) [*, b By Fact 7.1.6, [* also satisfies TRANSITIVITY, hence acl(Ca) [* ,b.
By Lemma 7.1.2 and Fact 7.1.6, if | satisfies TRANSITIVITY then so does |™*. It fol-
lows that if | satisfies INVARIANCE, MONOTONICITY, TRANSITIVITY and if | satisfies
FuLL EXISTENCE, then

a JC/ b— acl(Ca) |™ :Cl(c)acl(Cb).

Lemma 7.1.9. Let | be a ternary relation, which satisfies

e INVARIANCE, MONOTONICITY,
e |“-AMALGAMATION over algebraically closed sets.
Then ™" — Jf

Proof. We show that | — Jf, the result follows from the fact that \Lf = \Jfl*
(Section 1.2). By Lemma 7.1.2, Fact 7.1.6, Remark 7.1.8, and the hypothesis on | ,
Jj“* satisfies INVARIANCE, MONOTONICITY, BASE MONOTONICITY, EXTENSION and
CLOSURE. Assumea | Z,b, for any a,b, C. Let (b;);<x be a C-indiscernible sequence with
b = by, for a big enough k. By Remark 7.1.7, b, Jng<w b; for all i > w. By Fact 1.2.3,
and Lemma 1.2.5, |" satisfies CLOSURE and MONOTONICITY, hence b; ﬁael(Cb<w) b;.
Also (b;)i>e 18 Cbey-indiscernible, so if & is big enough, by Remark 7.1.7 we have that
bi Zacl(Ch-.,) bw- There exists a C-automorphisme sending b to b, hence there exists some
a,, such that a,b, =c¢ ab. By INVARIANCE, we have a,, | Z,bw, so by CLOSURE we have

aw ™7 acl(Chy), hence by EXTENSION there exists af, such that af, =aci(ce,) aw and

acl(C)
a, Jqm ch(c)bwb@. It follows from CLOSURE and BASE MONOTONICITY that
a, | b
acl(Cb<y)
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We also have
a,,by =c awb, =c ab.
For each ¢ > w there exists an acl(Cb<,,)-automorphism o; sending b,, to b;, so setting

a; = oi(al,) we have:

Vi>w aibi Zac(che.) Gubo and af | by
acl(Cb<w)

We show that there exists a” such that a"b; =,q(cp_,,) awby for all w < i < w +w.
By induction and compactness, it is sufficient to show that for all w <7 < w + w, there

exists a; such that for all w <k <4 we have aj by =aci(cp_,,) Gwbo and af \I/acl(Cb<w) b<;.

For the case i = w take a, = a,. Assume that a] has been constructed, we have

a;_H J_/ bz’—i—l and bgi J}f bi+1 and a;/ \J_/ bgi.
acl(Cb<y) acl(Cb<y,) acl(Cb<y)

As aj ) Zaci(Chey) @7, Dy [|Y-AMALGAMATION over algebraically closed sets, there
exists aj, ; such that

(1) afy1bit1 Zac(Cbew) Tig1bit1
(2) aiy1b<i Zaci(Obe.) @7 b<i
(3) a;/-i-l J/acl(Cb<w) b§i+1-

By induction and compactness there exists a” be such that a”b; =,c(co.,,) awbe for all
w < i < w+ w. By indiscernibility of (b;);<x there exists a” such that for all i < &
a'’b; =c ab, hence a fc b. O

Remark 7.1.10. It is important to observe that since |" is not in general a symmetric
relation, the parameters a and b in the statement of |“-AMALGAMATION do not play a
symmetrical role. If a relation satisfies |“-amalgamation, we mean that tp(c;/Ca) and
tp(ce/Ch) can be amalgamated whenever a ch borb ch a.

Proposition 7.1.11. Let | be a relation such that
(1) | is weaker than |%;

(2) | satisfies INVARIANCE, MONOTONICITY, |"*-AMALGAMATION over algebraically
closed sets;

(3) ™ satisfies EXTENSION over algebraically closed sets;

Then ™= \Lf = Jﬁl.

Proof. The relation |? satisfies BASE MONOTONICITY by Fact 1.2.3 hence from (1) we
have |9 — |™ By hypothesis (3), |™= |™", hence by (2) and Lemma 7.1.9 we have

E-T-F 0
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7.2 Forking in ACFG

We show that forking in ACFG is obtained by forcing the property BASE MONOTONICITY

on Kim-independence.
We work in a big model (K, G) of ACFG.

Lemma 7.2.1. Let A,B,C be three additive subgroups of K, then AN (B + C) =
AN[B+Cn(A+ B).

Proof. Let a € AN (B + C). There exist b € B and ¢ € C, such that a = b+ ¢. Then
c=a—-be CN(A+ B) hence a € AN[B+CnN(A+ B)]. The other inclusion is
trivial. O

Lemma 7.2.2 (Mixed Transitivity on the left). Let A, B, C, D be algebraically closed sets,
with A, B, D containing C and B C D. If A Jf”g B and A thBD then A Jﬁ”g D.

Proof. Let A, B,C, D be as in the hypothesis. Let £ C D containing C, we want to
show that A Ji”E D. We may assume that FE is algebraically closed. We clearly have

ACF
A 7 » D, so we have to show that
G(AE + D) = G(AE) + G(D).
From A Jng E, B we have AEN AB JngE,B and AE N AB ngE,B. By elimi-
nation of imaginaries in ACF, AE N AB ngB E,B. By Lemma 1.5.11, it follows that
AENAB = A(ENB).
Claim. (AE+ D)N(AB+ D) = A(ENB) + D.

Proof of the claim. By modularity, we have that (AE + D) N (AB + D) = D + AE N
(AB + D). By Lemma 7.2.1 we have that

AEN(AB+D)=AEn (AB+ (AE+AB)ND).

By Lemma 1.5.11, we have (AE + AB) N D = E + B, hence

AEN(AB+ D)= AEN(AB+ E + B)
=AEN(AB+E)
= AE N AB + E by modularity
=A(ENB)+E.
It follows that (AE + D)N(AB+D)=A(ENB)+ D+ E = A(ENB) + D. O

By hypothesis, G(AD) = G(AB) + G(D), so, by the claim

G(AE + D) = G(AE + D) N (G(AB) + G(D)) = G (A(E N B) + D) NG(AB) + G(D).
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Furthermore G (A(E NB)+ D) NG(AB) = G (A(E NB)+ D ﬂ@) =G (A(E NB) + B).
As A J}"ZB we have G(A(EN B) + B) = G(A(E N B)) + G(B). We conclude that
G(AE + D) =G(A(ENB)) +G(B) + G(D) = G(A(EN B)) + G(D).
O

Corollary 7.2.3. In ACFG, |“™ satisfies EXTENSION. In particular, in |V = |/ =
2.

Proof. Assume that a \B”’gb and d is given. By FULL EXISTENCE of [|* there ex-
ists @ =cp a such that a th d. Also o Ji’”gb hence by Lemma 7.2.2 o ﬂg‘ b,d,
which shows EXTENSION for [“". In particular |“ satisfies hypothesis (3) of Proposi-
tion 7.1.11. We check that it satisfies the rest of the hypotheses of Proposition 7.1.11. (1)
follows from Corollary 5.2.4. From Theorem 5.2.2, |* satisfies the properties INVARIANCE,

MONOTONICITY and |*-AMALGAMATION over algebraically closed sets (since |* — ¢,
by Fact 1.2.3), so |" satisfies (2). O

7.3 Thorn-Forking in ACFG

Let (K, G) be a monster model of ACFG. Let |?“? be the relation | in the sense of
(K, G)°? (Section 1.2). The thorn-forking independence relation _|P is the relation defined
over subsets of (K,G)® by [P = (]2 )™, We will only consider the restrictions of

J**9and JP to the home sort, which we denote respectively by |/ K and JE | K. By
Corollary 6.1.5 and Theorem 6.3.4, for a,b,C C K

a b < CanCb=_C and n(Ca) N7(Cb) = n(C).
C

Fact 7.3.1 ( |[Adl09a| Theorem 4.3). The following are equivalent.
o T is rosy
o [P in T° satisfies LOCAL CHARACTER.

Proposition 7.3.2. Let (K, G) be a model of ACFG. Then [P | K= [*"= |/ = |9
In particular ACFG is not rosy.

Proof. Assume that a Jf’cb. In particular a |*°4 gb so for all C € D C Cb we have
Dan Cb = D hence by Example 7.1.3 we have

a \LACFb.
c

On the other hand, we have 7(Ca) N 7(Cb) = 7(C), hence by Section 6.1

a ¥ b
c
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It follows that [P [ K — |*". By Fact 1.2.3, |¢ — |9 K, hence as |/ satisfies BASE
MONOTONICITY and EXTENSION it follows that Jf — J}/’ [ K. Hence by Corollary 7.2.3
we conclude that \B’ K= V" = Jf = Li. As ACFG is not simple, Jf does not
satisfy LOCAL CHARACTER, SO f’ | K does not satisfy LOCAL CHARACTER hence
neither does JE’ By Fact 7.3.1, ACFG is not rosy. O

Remark 7.3.3. There is another way of proving that ACFG is not rosy which does not use
the description of forking in ACFG but only the fact that [P [ K — [“". Indeed |*™
does not satisfy LOCAL, CHARACTER from Example 7.1.4 hence neither does JE’ | K and
hence neither does Jf’

Remark 7.3.4. It is worth mentioning that in the definition of Jf’, the relation |%¢¢
cannot be replaced by |*. Indeed, in the structure (K,G), by Example 7.1.3 [*™ =

JfCF and then as EXTENSION clearly holds for JfCF, we have JjM* = JfCF. This

relation satisfies LOCAL CHARACTER. This means that JfM* is not the restriction of

]2 ™" to the home sort. This is what Adler mention in [Adl09a, Example 4.5].

7.4 Forking and thorn-forking in other generic constructions
Forking and dividing. In the three following examples:

(1) Generic L-structure Tg [KR17, Proposition 3.18];

(2) Generic Ky, m-free bipartite graph [CK17, Corollary 4.12/;

(8) omega-free PAC fields [Cha02, Theorem 3.5];

we also have that forking and dividing coincides for types, and coincides with the mono-
tonised of Kim-independence. In (1) and (2) the strategy is the following: first prove that
1% = |5 and then show that |? satisfies EXTENSION. The latter is obtained using
FuLL EXISTENCE of the strong independence relation and a similar mixed transitivity
result. This is discussed in [KR18, Subsection 3.3]. We followed a close strategy: using
Lemma 7.1.9 (based on the approach of (8)), have that Jj”M* strengthens |¢. Then
we use a mixed transitivity result and FULL EXISTENCE of the strong independence to
show that J/Km satisfies EXTENSION. These results suggest that Proposition 7.1.11 can
be used to show that in other examples of NSOP; theories, forking and dividing agrees
on types, for instance in Steiner triple system [BC18|, or bilinear form over an infinite
dimensional vector space over an algebraically closed field [Gra99] [CR16].

Strong independence and Mixed Transitivity. There is also a notion of strong
independence in the three previous examples which is symmetric and stationary over
algebraically closed sets. Concerning (8) the strong independence satisfies also the other
axioms for mock stability [KK11, Example 0.1 (3)]. In (2), it also satisfies FULL EX-
ISTENCE, MONOTONICITY and TRANSITIVITY [CK17, Proposition 4.20]. In (1), it is
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defined in [KR18, Remark 3.19], as a remark, to state a mixed transitivity result, but
nothing about it is proven. It is likely that (1) and (2), are also mock stable, witnessed
by the strong independence. Informally, the strong independence is in general defined to
hold between two sets when they are the most unrelated to each other with respect to
the ambient theory. Another way of seeing this relation is by saying that the two sets can
be somehow “freely amalgamated”. The definition given in [KR17, Remark 3.19] make
this precise, for C C AN B, we have A |® o B if and only if the substructure spanned by
ABC is isomorphic to the fibered coproduct of the structures spanned by A and B over
the substructure spanned by C'. This definition coincides with our definition of strong
independence in ACFG.

Question 1. Is there a model-theoretic definition of the strong independence that encom-
passes the strong independence in the three examples above and in ACFG?

The mixed transitivity result (Lemma 7.2.2) is starting to be reccurent in NSOP;
examples. It holds in example (1) ([KR18, Remark 3.19]) and in (2) (|[CK17, Lemma
4.23]). Note that a similar mixed transitivity appears in a SOP3 (hence SOP;) example:
the generic K,,-free graph (|[Conl7al), this was observed in [KR18, Remark 3.19].

The mixed transitivity result holds as well in omega-free PAC fields. Let [|* be the

weak independence and |*! the strong independence in the sens of [Cha02, (1.2)]. Then
for all A, B, C, D acl-closed in an omega free PAC field, with C C AN B and B C D we
have:

If A [YBand A |, D then A [//D.
This is contained in the proof! of [Cha02, (3.1) Proposition].

Thorn-forking. The three other examples are also not rosy. For (1), it is [KR17,
Subsection 3.3], for (2), it is [CK17, Proposition 4.28| and for (3), it is [Cha08, Subsection
3.5]. Also, for both (1) and (2) we have |f = |? = |P, and they both weakly eliminate
imaginaries.

The following questions have been asked for the last two or three years by specialists
in regards to the observations above.

Question 2. (Q1) Does forking equals dividing for types in every NSOPy theory?
(Q2) Does the mized transitivity result holds in every NSOPy theory?

(Q3) Is there an NSOPy not simple rosy theory?

'In the proof of [Cha02, (3.1) Proposition], D contains B, 1 is over C' and F N (C+(D))* = Cy(D),
hence ¥(D) and C satisfies condition (13) over B, so A1 = 9¥(Ao) and C satisfies condition (138) over E.
As Ay and C satisfies condition (11) over E, A; and C are strongly independent over E. Also A; and
B satisfy condition (11) and (I2) over E. The rest of the proof consist in proving that A; and C satisfy
condition (12) over E.
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Figure 7.2: Interactions of independence relations in ACFG.

Remark 7.4.1. In omega-free PAC fields [Cha02|, the strong independence |*' and the
weak independence |" are linked by the following relation for A, B, C acl-closed, ANB =
C:
A "B < foral CCDCAandCCD' CBA |“B
c DD

In ACFG this is not the case. Let (K,G) be a model of ACFG and for conveniance
assume that G(F,) = {0}. Let ¢t and ¢ be algebraically independent over F, let u =
t-t'. Assume that G(Fp,(t,t')) = (u). Then by Lemma 1.5.8, u ¢ Fp(t) + Fp(t'), so
G(F,(t)) + G(Fy(t')) = {0} so t J*''. We show that for all D C F,(t) and D’ C F,(t')
we have t |V t'. Let D and D’ be as such. There are three cases to consider (the
middle case is symmetric):

t-teDtandt-t' € DY  G(D't)=(u) G(D¥)= (u) G(D't + Dt') = (u)
t-teDtandt-t' ¢ DY  GD't)=(u)y GDY)={0} G(D't+ Dt)=(u)
t-t¢Dtandt-t' ¢ DY  G(D't)={0} G(DY)={0} G(D't+ D¥)=/{0}

In every cases we have G(D't + Dt') = G(D't) + G(Dt). As t A]C)FD, t' is clear we have
/
t Ji” DpD! t
Summary on independence relations in ACFG. Every arrow in Figure 7.2 is strict,
from that point of view, ACFG is different from (1), (2) and (5). L
Denote by A Jf’z,M B the relation for all C € D C AC and C C D' C BC

A [Y,,, B. Remark 7.4.1 states that |#" is strictly stronger than J/KSM, in (3), this is
not the case. In (1), we have that |* = |%4= |Kis strictly weaker than [*™ = |¢ =

F=1P. In(2), |* = |%is strictly weaker than |Kand | = |9 = |/ = |b.
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Part B

Expanding the integers by p-adic
valuations
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CHAPTER 8

Quantifier elimination and dp-rank

For a prime number p, let v, : Z — N U {oo} be the p-adic valuation, namely, v,(a) =
sup{k € N : p¥Fla}. Let ) # P C N be a (possibly infinite) set of primes, and let Lp
be the language {+,0} U {|, : p € P}, where each |, is a binary relation. We expand
(Z,+,0) to an Lp-structure Zp by interpreting al,b as vy(a) < v,(b) for each p € P. We
denote by Tp := Th(Zp). For convenience, we enumerate P by P = {p, : a < |P|},
and p without a subscript usually denotes some p € P. If P = {p} we write T}, instead
of T{p}, etc.

In this chapter, we prove (see Theorem 8.2.1) that Tp eliminates quantifiers in a
natural definitional expansion: L5 = Lp U {—,1}U{D,, : n > 1} where — and 1 are
interpreted in the obvious way, and for each n > 1, D, is an unary relation symbol
interpreted as {na : a € Z}.

Using quantifier elimination, we are able to determine the dp-rank of Tp, and we
prove (Theorem 8.3.2) that for P # 0, dp-rk(Tp) = |P|. In particular, for a single prime
p we have that T}, is dp-minimal, i.e. dp-rank(7},) = 1.

Contents
8.1 Axioms and basic sentencesof Tp . . . . . . . .. .. 122
8.2 Quantifier eliminationin 7p . . . . .. .. ... .. 0. 126
83 dprankof Tp . . . . . . o o o e e 131
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8.1 Axioms and basic sentences of Tp

For convenience, in this section and in section 8.2 we work with the valuation functions
vp instead of the relations |,. Let us define a multi-sorted language Ly for the valuations
vp on (Z,+,0) for p € P as follows: let Z be the main sort with a function symbol +
and a constant symbol 0, interpreted as in (Z,+,0). For each p € P we add a distinct
sort I', together with the symbols <, 0p, S, and oo, interpreted as a distinct copy
of (NU {00}, <,0,S5,00) where S is the successor function. Finally, we add a function
symbol v, : Z — Iy, interpreted as the p-adic valuation!. When confusion is possible, we
denote by v, the usual valuation in the metatheory, to distinguish it from the function
symbol v,. We omit the subscript p in <, 0,, Sp, 0o, and I', when no confusion is
possible.
We use the following standard notation. Let k € N be a nonnegative integer.

e In the Z sort, k denotes 1+1+---+1if £ > 0 and 0 if £k = 0. Also, —k denotes
—_—— —

k times

—k.

e For an element a from Z, ka denotes a+a+---+aif k >0and 0if k =0, (—k)a
N —

k times
denotes —(ka), similarly for a variable z in place of a.

e For an element v from I',, v+ k denotes S(S(...(y)...)), similarly for a variable
—_—

k times
u in place of v, and k is an abbreviation for 0 + k.

The group (Z, +,0) with valuations v, for p € P can be seen as an Lp-structure and
an LM -structure which are interdefinable (with imaginaries) so they essentially define
the same sets. We will therefore not distinguish between the Lp-structure and the Lﬁ\;/[ -
structure on (Z,+,0), except when dealing with dp-rank, where we always refer to the
one-sorted language Lp.

For quantifier elimination we define Ly’E = LM U{-,1}U{D, : n > 1} as be-

fore. Quantifier elimination in LIED follows from quantifier elimination in Ly’E. We will,

therefore, prove quantifier elimination for the theory Tp considered as an L%E—theory.

For a € Z and p € P, let (a;);en be the p-adic representation of a, i.e. a =),y a;p’
and each a; is in {0,...,p — 1}. For v € N, the prefiz of a of length « is the sequence
sequence (a;);<~. The ball of radius v and center a is the set of all integers with same
prefix of length + as a.

Proposition 8.1.1. The following sentences are true in Zp and therefore are in Tp:

(1) Any aziomatization for Th(Z,+,—,0,1,{Dy}n>1) in the Z sort.

Tt could be interesting to consider the language with just one sort (N, <,0,S,00) for valuation,
instead of one for each p € P. Since different valuations are allowed to interact with each other, the
resulting structures might be much more complicated.
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(2) For each p, any aziomatization of Th(N U {oc}, <,0,S5,00) in the sort (I'p,<p
 Op, Sp; 00p).

(3) For each p : Va(vp(x) > 0 A (vp(z) = 00 43 2 = 0)).
(4) For cach p : Y, y(vy(x +y) > min(v,(x), v,(y))).

(5) For cach p : ¥, y(vy() # vy(y) — vp(a + ) = min(vy(), vy(y)).
(6) For each p and 0 # n € Z : Ya(vy(nz) = vy(z) + vp(n)).

(7) For each p : vy(p) = 1.

(8) For each p and k € N : Every ball in vy, of radius y consists of exactly Pk disjoint
balls of radius v + k.

Proof. (1)-(7) are obvious. For (8), let a € Z and v € N. The ball in v, of radius 7
around a is the set of integers such that, in p-adic representation, their prefix of length
~ is the same as the prefix of a of length «v. There are p possibilities for each digit, so
p* possibilities for the k digits with indices 7, ...,v + k — 1, which exactly correspond to
the balls of radius v + k contained in the original ball. OJ

Let T be the theory implied by the axioms (1)-(8). All of the following propositions
are first order, and we prove them using only 7%. Let M be some fixed model of T,
with Z the Z-sort and I', the I'p-sort.

Lemma 8.1.2. For each p:

(1) Y, y(vp(x — y) = min(vp(x), vp(y)))-
(2) YuVy3z(vy(r — y) = u). In particular, vy, is surjective.

(3) For each n # 0, vp(n) = vp(n).

(4) For each k > 1 : Va(vy(x) > k > Dyr(x)).

Proof. We only prove item (2), the others are easy to check. By Axiom (8) with k& = 1,
there are z1, 2 such that v,(z1—y) > u, vp(r2—y) > u, and vp(r1—x2) < u+1. Hence by
(1) above, u+1 > vp(x1 —22) = vp((z1 —y) — (x2—y)) > min(v,(z1 —y), vp(x2 —Yy)) > .
So either v, (1 — y) = u or vy(x2 — y) = u. O

The following lemmas are easy exercises.
Lemma 8.1.3.

(1) Let ny,...,n; € N, and let N € N be such that n;|N for all 1 < i < I. Let
bi,...,by be element of Z. Then every boolean combination of formulas of the form
D, (kixz —b;) is equivalent to a disjunction (possibly empty, i.e. a contradiction) of
formulas of the form Dy(x —r;), where for each j, r; € {0,1,...,N —1}.
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(2) Let m € N and let m',k € N be such that m = p* - m/ and ged(m',p) = 1. Let
r € 7Z, and let 1 = r mod m/, ro = r mod p*. Then the formula Dy,(x — 1) is
equivalent to Dy (x —11) A (vp(x — 19) > k).

Lemma 8.1.4. Fora; and ay in 2.
(1) For every k > 1, the formula vy(z — a1) < vp(xz — a2) + k is equivalent to

vp(z —az) < vplaz —ar) Vup(z —az) > vp(az —ar) Vup(z —ar) < vplag —a1) +k

(2) For every k > 0, the formula vy(x—a1)+k < vp(z—ag) is equivalent to v,(x—az) >
vplag —ar) + k.
Lemma 8.1.5. For a fized p € P, ag,a1 in Z and o, 71 € I'p.

V1, 18

Y (if

(1) Every formula of the form vy,(x — ag) > v A vp(x — a1) < v1 where o
either inconsistent (if vy(ap — a1) > v1) or equivalent to just v,(x — ao)
vp(ap —ar) < 1)

AVAIAY

(2) Every formula of the form vy(x — ag) > Yo A vp(x —a1) < y1 where v < 71 and
vp(ap — a1) < o is equivalent to just vy(x — ap) > Yo.

Lemma 8.1.6. Every two balls in Iy, are either disjoint, or one is contained in the other.
More generally, for (a;)i € Z, (vi)i € I'p, every conjunction of formulas of the form
vp(x —a;) > v, is either inconsistent, or equivalent to a single formula vy,(x — aiy) > Vi,
where v;, = max{~;}.

Definition 8.1.7. Fora,b € Z, v,6 € I'y, define (a,y) <, (b,0) if v < § and v,(a—b) > 7.
Define (a,’}/) ~p (b7 5) if (avly) Sp (ba 6) and (a,’)/) Zp (b7 6)

(a,v) <p (b,0) means that v < ¢ and, in p-adic representation, the prefix of a of
length ~ is contained in the prefix of b of length §. This is equivalent to saying that the
ball of radius v around @ (namely, {z : v,(x —a) > ~v}) contains the ball of radius 0
around b.

Note that <, and ~,, are defined by quantifier-free formulas, and so do not depend
on the model containing the elements under consideration.

Lemma 8.1.8. The parameters a; are in Z and vy; are in I, for some p € P.

(1) Every formula of the form vy(x —ag) > Yo A Nomy—q Up(Z — @) < Y is equivalent to
the formula vy(x —ao) > Y0 A N\ee V(T —am) < Ym, for every C C {1,...,n} such
that {(am,Ym) : m € C} contains at least one element from each ~p-equivalence
class of <p-minimal elements among {(am,ym) : 1 <m < n} (i.e. representatives
for all the maximal balls). In particular, this is true for C consisting of one element
from each such class, i.e. for C an antichain.
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(2) Assume that (ag,Y0), - - -, (Gn,Yn) are such that for all 1 < m < n we have v, > 7o,
Up(am — ao) > Y0, and kpy, = Ym — Y0 is a standard integer. Assume further that
{(am,ym) : 1 <m < n} is an antichain with respect to <,. Then every formula of
the form vy(z —ao) > Y0 A Ny Vp(T — am) < Ym is equivalent to a formula of the
form \/'_ vy (x — b;) > yn with N such that vy = max {v,, : 1 <m < n}, where
for all i, vy(b; — ap) > o and for i # j, vy(b; — bj) < YN, and where
I =phv -3 pkNv=Fhm >0 (it may be thatl = 0, i.e. a contradiction). In particular,
l does not depend on the model M of T}, containing the a;’s and ;s

Proof. We prove (1). Let C' be such. For each 1 < m < n there is an m’ such that
(@ s Ymr) < (@, Ym) and (@, Vi) is minimal among the (a;,7;)’s. So Va(vp(x —any) <
Y = Vp(T — am) < Ym). As {(a;,7:) : ¢ € C} contains one element from each ~-
equivalence class of <-minimal elements, we may assume m’ € C.

We prove (2). Assume without loss of generality that v < 49 < -+ < 4,. Let
bo, -+ 5 bpkn_1 be thc Tg, ..., Tpk_q from Axiom 8 for kn, 70, ap. Then Up(x —ap) > Y

is equivalent to \/2_ 1(fvp(ac — b)) > ). For every m > 1, let ¢, - -, Cpy phn—km 1

be the zo,...,z,x_1 from Axiom 8 for kn — ki, Ym, am. Then Up(T — am) > Y 18
o —km
equivalent to \/2_, 1(vp(;v — Cmi) > Yn). For every m, v,(ap — am) > o, so for

every 0 < i < pkn=km _ 1, Up(cm,i — ag) > 0. Hence by the choice of {b;};, there is a

unique s, ; < p*» such that Vp(Cmyi = bsn i) = Yoo SO Up(xT — @) > i is equivalent to
kn—k
D n m 1

i=0 (vp( = bs,i) 2 Mn)-
By the choice of {cm,i}ti, /\;zj(Up(cm,i — €m,j) < Tn), so also A\, (vp(bs,, , — bs,, ])
7). In particular, i — sp,; is injective for a fixed m, hence Fy, := {sm; : 0 < ¢
pkn=km 1} is of size pFn—km,

The sets {F}, }I' _; must be mutually disjoint. Otherwise, there are m; < mg and i, j
such that Sy, i = Sm,,j. Since vp(Cm,y i — bsm1 ) > o and vp(cm, bsm2 J) > Yn We get
UP(leﬂ' - sz,j) = Yn 2 Ym, - Since 'Up(cml,l - aml) > Ym, and Up(cmzd amz) 2 Ymg 2
Ymys We get Up(@m; — Gmy) > Ym,, & contradiction to the antichain assumption.

Let F:=J! _, Fin. By the above, | F |= Y pFn=km and

Lemma 8.1.9. For all elements a;,a;j in Z and ~; in I'y for some p € P, we have the
following.

(1) If b is a solution to vy(x — ag) > o A Nieq vp(z — a;) < vi and vp(b' —b) > v :=
max{yo, ..., Yn} then b’ is also a solution.

(2) Every formula of the form v,(xz —ag) > vo A Ay Vp(@ — am) < vm where for each
1<m < n, ym = +n, has a solution.
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(3) If p1,...,; € P are different primes not dividing m and ~v; € T'p,, then every
formula of the form
(/\2:1 Up,, ( — ag) > Yi) A Dpp(x — 1) has an infinite number of solutions.

(4) If p1,...,m € P are different primes not dividing m and vy ; € I'y,, then every
formula of the form

l Nk
A (Upk (@ = aro) = Mo A\ vp (2 — ax;) < 'Yk,z‘) A Dy (z — 1)

k=1 i=1

where for each 1 <k <1l and 1 <@ < ng, Yei > Veo + 1y, has an infinite number

of solutions. In particular, this holds if each vy ; — Vi 0 i a nonstandard integer.

Proof. The proofs of (1) and (3) are left as an easy exercice. We prove (2). By Axiom
8 for k = n, there are b, ..., byn_1 such that for all 4, v,(b; —ag) > 7o, and for all i # j,
vp(bi —bj) < Yo+ n. Then some b; must satisfy A, _; vp(x — am) < ¥m, otherwise, since
p™ > n, by the Pigeonhole Principle there are i # j and m such that vy(b; — am) > vm
and vp(bj — am) > Ym, and therefore also v,(b; — bj) > v, > 70 + n, a contradiction.
We prove (4). For each 1 < k <, by (2) the formula vy, (x —ag0) > V&0 A (A Vp (€ —
ai;i) < 7Yki) has a solution by. Let 7 := max{vyk0,...,%mn,}- By (3) the formula
(AL_; vp (& —bg) > %) A Dy (x — ) has an infinite number of solutions {vi}j>1. By (1),
every b;» is a solution to

l Nk
A (”pk (@ = aro) = Yo A\ vp (@ — ars) < %z‘) A Dp(z —1)
k=1

i=1

8.2 Quantifier elimination in Tp

Theorem 8.2.1. For every nonempty set P of primes, the theory Tp eliminates quanti-
fiers in the language L]b;.

Proof. As mentioned previously, we will in fact prove quantifier elimination for Tp C Tp.
It is enough to prove that for all models M; and My of T, with a common substructure
A, and for all formulas ¢(x) in a single variable x over A which are a conjunction of atomic
or negated atomic formulas, we have My F Jzg(x) = Ms E Jzd(z). Let My, Ma, A
and ¢(x) be such, and let b € M; be such that M E ¢(b).

108



As v, is surjective for all p € P, we may assume that x is of the Z sort. Since ¢
contains only finitely many symbols from Lp, we may assume for simplicity of notation
that P is finite. So ¢(z) is equivalent? to a conjunction of formulas of the forms:

1) n;x = a;, for some n; # 0.

2) n;x # a;, for some n; # 0.

4

(1)

(2)

(3) Dy, (nsz — az), for some n; # 0.
(4) — Dy, (niz — az), for some n; # 0.
(5)

5) Up, (i —ai1) < vp, (ni2x — ai2) + k;, for some p, € P, n;1 # 0 or n;2 # 0, and

k; € N.

(6) vp,(ni1x —ain) +k; < vp,(ni2x —ai2), for some p, € P, n;1 # 0 or n;j» # 0, and
k; € N.

(7) vp, (nix — a;) > i, for some p, € P and n; # 0.

(8) vp, (nix — a;) < i, for some p, € P and n; # 0.

By multiplicativity of the valuations we may assume that for all formulas of forms
(5) or (6), either n;1 = m;2, ni1 = 0 or n;2 = 0. Therefore, by Lemma 8.1.4, we may
assume that every formula of form (5) or (6) is equivalent to a formula of form (7) or (8).

By Lemma 8.1.3, the conjunction of all the formulas of the forms (3) or (4) is equiv-
alent to a formula of the form

\/ D (= 75) A /\ Upo (T = Sja) 2 Kj o
J a<|P|

where for all j and «, ged(mj,pa) = 1. As My E ¢(b), this disjunction is not empty.
Let D (2 — 1) A Nacip| Vpa (T — Sa) = k, be one of the disjuncts which are satisfied by
b. It is enough to find b’ € My which satisfies this disjunct, along with all the formulas
of other forms. Note that v, (r — sq) > k, is of form (7), so altogether we want to find
b € My which satisfies a conjunction of formulas of the forms:

(1) njx =a;, n; #0.

(2) nixz # a;, n; # 0.

2The negation of a formula of form (5) is vp,, (n:,17 — as,1) > vVp, (Ni,20 — a; 2) + k, which is equivalent
t0 Vp, (Ni2® — ai2) +k — 1 < vy, (ni1@ — as,1) if k> 0, which is of form (6), and to vy, (ni,22 — ai2) <
Upy (Ni1x — a;,1) + 1 if k = 0, which is of form (5). Similarly for the negation of a formula of form
(6). Also, (7) and (8) are in essence special cases of (5) or (6), but they are required because in A the
valuation may be not surjective.
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(3) Dpp(z —7), where for all a < |P|, ged(m,ps) =1 (only a single such formula).
(4) vp, (niz — a;) > i, « < |P|, n; # 0.

(5) vp, (niz — a;) < vi, @ < |PJ|, n; # 0.

It is standard that we may assume that the conjunction does not contain formulas of
the form (1). For each formula of the form (2), there is at most one element which does
not satisfy it. So it is enough to prove that there are infinitely many elements in My
which satisfy all the formulas of forms (3), (4) or (5).

Let n := [[, n;. By multiplicativity of the valuations, the conjunction of formulas of
forms (3), (4) or (5) is equivalent to the conjunction of:

(1) vpo(nx — 7tai) = % + vp, (7).
(2) vpo (nz — Lai) < v+ vp (7).
(3) Dpm(nz — nr).

By substituting y = nz, it is equivalent to satisfy:

Notice that formula (4) is already implied by formula (3). Again by Lemma 8.1.3, we may
exchange Dy, (y — nr) by a formula D, (y — '), where for all o < |P|, ged(m/,ps) = 1.
Also, by Lemma 8.1.6 we may assume that for each « < | P|, there is only one formula of
form (1). Altogether, it is enough to prove that in Ms there are infinitely many elements
which satisfy the conjunction of the following formulas:

(1) vp,(z — aa,0) > Yoo for all o < |P|.
(2) Vpo(x = @ayi) < Yo, for all a < |P[, 1 <@ < ng. ®
(3) Dy(x — 1), where for all o < |P|, ged(m,pa) =1 (only a single such formula).

By Lemma 8.1.5 (and since this formula is consistent in M) we may assume that for

all a < [P, 1 <1i < ng we have 74,0 < Ya,i and vp, (@a,0 — @ai) > Ya,0- By Lemma 8.1.8
(1), we may assume that for each o < |P|, the set

{(amirYai) * 1 <i<na, Yai— Yoo is a standard integer}

is an antichain with respect to <, (Definition 8.1.7).
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For each o < |P|, let So = {0 < i < N : Ya,i — Va0 is a standard integer} and
Vo0 = Maz{Va,; : i@ € Sa}. For s = 1,2 and for each a < |P|, by Lemma 8.1.8 (2) the
conjunction vy, (¥ — @a,0) > Ya,0 A Nics, Vpa (T = @a,i) < Va,i i equivalent in M; to a
formula of the form \/% | v, (z — a30.) = Y0, Where for all 4, ag, o, € M and I, does

a,0,7
not depend on s. Note that a}, ,; may not be in A. Furthermore, by Lemma 8.1.8 (2),

Upa(afx,o,z‘ — @0,0) = Ya,0 and for i # j, vy, (ai,o,i - aZ,O,j) < 7&,0~
Together, the conjunction of the formulas in ® is equivalent in M to the disjunction
s = \/gc:1 s 1, where for each k, 1,1, is the conjunction of the following formulas:

(1) vpo(z —ag0x) = Voo » for all a <|P|.

(2) vpo (T — @a,i) < Yayi, for all o < |P|, i ¢ Sy (S0 Ya,0 < Ya,i and Ya,i — Ya,0 is NOt &
standard integer).

(3) Dp(z — 1), where for all @ < |P|, ged(m, ps) = 1 (only a single such formula).

Furthermore, | = Ha<\P| I, does not depend on s.

Since v is consistent in M (satisfied by nb), the disjunction for s = 1 is not empty,
ie., [ > 1. And since [ does not depend on s, the disjunction for s = 2 is also not
empty. Consider one such disjunct, ¢ ;. By Lemma 8.1.9 (4), it has an infinite number
of solutions. This completes the proof. O

Corollary 8.2.2. T}, is a complete theory. Hence Tp = Tp.

Proof. By quantifier elimination, it is enough to show that T}, decides every atomic
sentence. These are just the sentences equivalent to one of the forms: n; = n, in any
sort, ky <p ko in I'p, Dy, (n) in the Z sort and vp(n,) < vp(ny) in the Z sort, all of which
are clearly decided by T}. 0

Remark 8.2.3. Suppose M = Tp and ¢(x) is a consistent formula in a single variable
with parameters from M. Then by quantifier elimination and Lemmas 8.1.3 and 8.1.4,
¢(x) is equivalent to a disjunction of formulas, which are either of the form z = a or of
the form

lp

Dp(z—1) A /\na: #aj N /\ Up(npx — apo) > Yp,o A /\ vp(npr — api) < Ypi |,
J peF i=1

where F' C P is finite. Moreover, one may assume ged(n,,p) = 1.

For p a single prime number and M = T),, the following lemma says that the definable
subgroups of (M, +) are only those of the form mM N {a € M :v(a) >}, for m € Z
and v € I" and for each such defining formula, there are only finitely many possible m’s
when varying the parameters of the formula.

Lemma 8.2.4 (Uniformly definable subgroups). For a single prime p, let ¢(x,y) be any
L]],V[-formula, and let O(y) be the formula for “(¢(x,y), +) is a subgroup”. Then there are
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ni,...,ng > 1, having ged(n;, p) = 1 for each i, such that the following sentence is true
mn Thp:

k
Yy (9(y) - \/ vz (p(z,y) < (Dn,(z) A (vp(x) = Up(UJ)))> :

Proof. It is enough to work in Z. By quantifier elimination (and Lemma 8.1.3 (2)), ¢(z, y)
is equivalent to a formula of the form \/; A; ¢ j(z, y), where for each 4, j, ¢; j(z,y) is one
of the following;:

(1) tij(w,y) = 0, where ¢; j(z,y) is a {+, —, 1 }-term, i.e., of the form k; jx +1; jy +r; ;
for k]@j,li,j,m’j € 7.

(2) tij(x,y) # 0, where t; j(x,y) is a {+, —, 1}-term.

(3) v(tij(x,y)) > v(sij(x,y)), where t; j(z,y), si;(z,y) are {+, —, 1}-terms (note that
v(tij(x,y)) < wv(sij(x,y)) is equivalent to v(p-t; j(x,y)) < v(s;j(z,y)), which is of
the same form).

(4) D, ;(tij(z,y)), where t; j(x,y) is a {+, —, 1}-term and ged(m; ;,p) = 1.

Foreach i, let J; = {j : ¢ ;(x,y) is of the form Dy, ;(t;;(2,y))}, and let m; = [];c ;. mi ;-
As in the proof of Lemma 8.1.3 (1), the satisfaction of the formula Dy, ;(t;;(z,y)) de-
pends only on the reminders of x and y mod m; j, which are determined by the reminders
of x and y mod m;. So there is a set R; C {0,1,...,m; — 1}? such that /\jeJi ¢ij(z,y)
is equivalent to \/(, oc g, (Dm, (2 — 1) A D, (y — 5)). Therefore, ¢(z,y) is equivalent to a
formula of the form \/,(Dy,, (z — 13) A D, (y — 8;) AN\ 6i,5(2,y)), where ged(mi, p) =1
and for each i, j, ¢; j(x,y) is one of the following:

(1) t;j(x,y) =0, where t; j(x,y) is a {+, —, 1}-term.
(2) tij(x,y) # 0, where t; j(x,y) is a {+, —, 1}-term.
(3) v(ti,j(xa y)) > U(Si,j($7y)>) where ti,j(I') y)v Si,j (ZE, y) are {+7 ) 1}—terms.

For each i, let ¢i(x,y) be the i’th disjunct, i.e., the formula Dy,,(x —r;) A Dy, (y — ;) A
/\j bij (I) Y).

Let b € Z be such that ¢(Z,b) is a subgroup. If ¢(Z,b) is finite, it must be {0}. To
account for this case, we may take n; = 1, and for w = 0 we have that ¢(x, b) is equivalent
to Dy, (z) A (vp(x) > v,(0)). If ¢(Z,b) is infinite, then ¢(Z,b) = nZ for some n > 1.
Moreover, there must be an g such that ¢;,(Z,b) is infinite. So Dy, (b — s;,) holds,
hence ¢;,(z,b) is equivalent to just Dy, (v — 1) A \; dig,j(2,0). As ¢(Z,b) is infinite,
it is clear that no formula ¢;, ;j(z,y) is of the form (1), hence ¢;,(x,b) is equivalent to
D, (x = 130) AN\ ig,j (2, ), where for each j, ¢4, ;(,b) is one of the following:

(1) Kioja 7 Cio,j-
(2) vkl x—dc ) >v(k! - ).

i0,J 10,7 10,] 10,J
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Applying Lemma 8.1.4 to formulas as in (2), we may assume that ¢;,(x,b) is equiva-
lent to D, (x —15)) A \; ¢ig,j (2, ), where for each j, ¢4, ;(z,b) is one of the following:

(1) Kig gz # Cig,j-
(2) v(kiggT = Cigj) = Yig.j-
(3) v(kig,jT — Cig,i) < Yig,j-

The formula v(ki, jo — ci.j) > Viy,; defines a coset of pi0iZ, and the formula v(k;, jz —
Cio,j) < Yio,j defines a finite union of cosets of pY0-iZ. Let

J={j : ¢iy,j(x,b) is of form 2 or 3}

and let 0 = max{~;,; : j € J}. Then for every j € J, every coset of p?0-7Z is a finite
union of cosets of p?Z. So jcg Pio §(Z,b) is a finite intersection of finite unions of cosets
of p°Z, and hence is itself just a finite union of cosets of p°Z (since every two cosets are
either equal or disjoint). Therefore, ¢;,(Z,b) is a set of the form U\ F', where F' is a finite
set (the set of points excluded by the inequalities k;, ;& # ci,,;), and U is a finite union
of the form U;yzl((mioZ—l—mo) N(P°Z+c;)). For each 5, (mi,Z+7ri,) N (p°Z+c;) is a coset
of m;,p°Z (it is not empty, since ged(m;,,p) = 1), so U is of the form U;Vzl(miop‘sZ—f—dj).
As ¢;,(Z,b) is infinite, this union is not empty.

Now, (mi,p°Z + di)\F C U\F = ¢,(Z,b) C ¢(Z,b) = nZ, so n divides m;,p° since
F is finite. Write n = n/p” with ged(n’,p) = 1. Then n’|m;,, and in particular, n’ < m;,,.
So ¢(z,b) is equivalent to Dy, (z), which is equivalent to D,/(z) Av(z) > 7, and n’ < m;,.
Recall that i9 depends on b, but there are only finitely many i’s, so m = max{m;}
exists, and hence, for any b such that ¢(z,b) is a subgroup, there is an n’ < m with
ged(n/,p) = 1, and there is a vy such that ¢(z,b) is equivalent to D, (z) Av(x) > v, and
we are done. ]

8.3 dp-rank of Tp

Quantifier elimination now enables us to determine the dp-rank of Tp. Recall from
Section 1.4.3 the definition of dp-rk. In this section, we work in the one-sorted language
LE.

Proposition 8.3.1. For any prime p, T), is dp-minimal (in the one-sorted language L]ED).

Proof. We set L = Lg and T' = T,. Let L™ contain the symbols of L, except for the
divisibility relations { Dy }n>1. Let Z7 be the reduct of Z, to L™. Let Q, be Q, as an
L~ -structure. It is a reduct of the structure (Qp, 4+, —, -, 0,1, |,), which is dp-minimal (see
[DGL11, Theorem 6.6]), and therefore is also dp-minimal. Note that Z~ is a substructure

of Q.
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Let L' = LU{Z}. Interpret Z in Q, as Z, and interpret each D,, such that D, NZ is
the usual divisibility relation and D, N (Q,\Z) = 0, thus making it an L'-structure Q.
Let M be an w;-saturated model of Th(Q},), and let A = Z(M) be the interpretation of
Z in it. Then A is an wi-saturated model of T

Suppose that T is not dp-minimal. Then, by Fact 1.4.16, there is an ict-pattern
of length 2, hence there are formulas ¢(z,y), ¥ (z,2) in L with |z| = 1, and elements
(bi 1 i <w), (¢ 1 J<w), (a;j : 4,j < w) in A such that ¢(a;;,by) if and only if
i =1 and (a;;,c;) if and only if j = j/. By Theorem 8.2.1 we may assume that ¢, 1
are quantifier-free and in disjunctive normal form. Let N be the largest n such that D,
appears in ¢ or ¢. Color each pair (7,7) such that ¢ > j by a;; mod N!. By Ramsey
Theorem, we may assume that all the elements a; ; with ¢ > j have the same residue
modulo N!, and so modulo all n < N.

Write ¢ as \/y A\(¢), A #%,) and ¥ as \p A\ (b A by ), where ¢, 1y, are atomic
or negated atomic L~ -formulas and ¢} ,, ¢}, are atomic or negated atomic formulas
containing no relations other than {Dn};’LZL For each k, denote by ¢, 1 the formulas
Ny A gy) and N\ (g, A by ) respectively.

For every i > j we have ¢(a;j,b;), so there is a k; ; such that ¢y, ;(a;;,bi). Again
by Ramsey Theorem, we may assume that all the k;;’s are equal to some kg, so for
every i > j we have ¢, (a;j,b;). For every ¢ # i we have —¢(a; j,b;), so in particular
—¢p,(ay j,b;). Similarly, we may assume that for some ki, for every i > j we have
Y, (ai 0, cj) if and only if j = 5.

Let ¢, ¢}, be the formulas obtained from ¢y, 1 respectively, by deleting all the
formulas /k/,l’ k- S0 ¢y, Py, are L™ -formulas.

For every m € N, let I, = {m +1,...,2m}, J,, = {1,...,m}. For every (i,5) €
I, X Jm, we have ¢y, (ai;,b;) and therefore also ¢;€O(ai’j,bi). Let i # 1 € I, and
suppose for a contradiction that ¢}, (as j,b;), i.e. /\l(qﬁ;ﬁ)’l(ai/’j, b;)). But we know that
¢k, (air j,bi), so for some ly we have ﬁ¢§€07l0(ai/’j,bi) V = /16/0le (ay j,b;). Therefore, we
get =gy ;o (aivj,bi). But from ¢y, (aiz,b;) we also get ¢ , (ai;,bi). Together, this
contradicts the fact that all the elements a;; with ¢ > j have the same residue modulo
all n < N.

Altogether, in A, for every (i,7) € I, X Jyn, we have ¢;€0(ai7j, by if and only if i = ¢/,
and similarly also ¢ (a;j, cyr) if and only if j = j'. Since ¢}, , 1}, are quantifier-free,
and A is a substructure of M, this holds also in M. As m is arbitrary, this contradicts
the dp-minimality of Th(Q, ). O

Theorem 8.3.2. For every nonempty set P of primes, dp-rank(Tp) = |P|.

Proof. dp-rank(Tp) < |P| follows from Proposition 8.3.1 and Lemma 1.4.17 for L% =
Ua<p| LY . For ao < |P| let ¢qo(z,y) be the formula 2|y, y Aylp,z (ie. vy, () = vp, (1)),
and for o« < |P|, i € N let an; be such that vy, (aq;) = i@. Let F' C |P| be finite.
By Lemma 8.1.9 (4), for every n : F' — N there is a b, such that for every a € F,
Vpa (0n) = Vpo(Gama)). If P is finite, just take F' = [P|. Otherwise, by compactness,
there are such b, for F' = |P| as well. These ¢o(z,y), an,; and b, form an ict-pattern of
length | P|, hence, by Fact 1.4.16 dp-rank(7p) > |P|. O
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CHAPTER 9

Minimality phenomena

In this chapter, we show that there is no intermediate structures between (Z,+,0) and
(Z,+,0,<), and between (Z,+,0) and (Z,+,0,|,). Those are two minimal expansions
of (Z,+,0). We also introduce a fine notion of reduct which allows us to extend these
minimality results to elementary extensions. We finish by some counter-examples of
minimality in elementary extensions.
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9.1 Minimality and Conant’s example

Definition 9.1.1. Let L; and Lo be two first-order languages, and let M; be an L;-
structure and Mg an Lo-structure, both with the same underlying universe M. Let
A C M be a set of parameters.

(1) We say that M is an A-reduct of Ma, and My is an A-ezpansion of My, if for
every n > 1, every subset of M™ which is L;-definable over () (equivalently, over
A) is also Lao-definable over A. When A = M we just say that M; is a reduct of
M, and My is an expansion of Mj. We will mostly use this with either A = @) or
A=M.

(2) We say that M; and My are A-interdefinable if M is an A-reduct of Mz and
Moy is an A-reduct of M;. When A = M we just say that M; and My are
interdefinable.

(3) Let A C B C M be another set of parameters. We say that M; is a B-proper
A-reduct of My, and My is a B-proper A-expansion of My, if My is an A-reduct
of My, but Mj is not a B-reduct of M. When B = M we just say proper instead
of B-proper. We will mostly use this with either B = M or B = ().

Let Mj be an Li-structure and My an Lo-structure, both with the same underlying
universe M, and suppose that M;j is a (-reduct of Msy. Then we can replace Lo by
Lo U Ly, interpreting each Li-symbol in Mo as it is interpreted in Mj. As we have
not added new (-definable sets, this new structure is (-interdefinable with the original
Ms. Therefore we may always assume for simplicity of notation that L; C Lo and

M1 = M2| L1
A-reducts are preserved by elementary extensions and elementary substructures con-

taining A, in the following sense:

Lemma 9.1.2. Let M < N be two L-structures with universes M and N respectively.
Let A C M and let N' be an A-reduct of N with language L'. Let M’ be the structure
obtained by restricting the relations and functions of N’ to M. Then:

(1) M’ is well-defined, it is an A-reduct of M, and M’ < N".
(2) N is an A-proper A-reduct of N if and only if M’ is an A-proper A-reduct of M.
(8) N is a proper A-reduct of N if and only if M’ is a proper A-reduct of M.

The proof of the previous Lemma is trivial.

Remark 9.1.3. Lemma 9.1.2 is not necessarily true if A € M. If N’ contains a constant
¢ ¢ M, or a n-ary function f such that f(M™) € M, then M’ is not well-defined.
Even when it is well-defined, the rest is still not necessarily true. For example, let

M = (Z,+,0,1,<), and let N = (N,+,0,1,<) be a nontrivial elementary extension
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of M. Let b € N be a positive infinite element, and let N/ = (N, +,0,1,[0,]). Then
M' = (Z,+,0,1,N) £ N’ (as [0,b] contains an element x = b such that x € [0,b] but
z+1¢1]0,0]). Also, M’ is interdefinable with M, but we will see that A/ is a proper
reduct of NV.

Definition 9.1.4. Let F be a family of first-order structures, and let M € F. We say
that M is A-minimal in F if there are no A-proper A-reducts of M in F. We say that
M is A-mazximal in F if there are no A-proper A-expansions of M in F. When A = M
we just say that M is minimal or mazximal, respectively.

Based on a result by Palacin and Sklinos [PS18|, Conant and Pillay proved in [CP18]
the following:

Fact 9.1.5 (|CP18] Theorem 1.2). (Z,+,0,1) has no proper stable expansions of finite
dp-rank.

In other words, (Z,+,0,1) is maximal among the stable structures of finite dp-rank.

Remark 9.1.6. This theorem is no longer true if we replace (Z, +,0, 1) by an elementarily
equivalent structure (N, +,0,1). Let (N,+,0,1,|,) be a nontrivial elementary extension
of (Z,+,0,1,|,), let b € N be such that v := v,(b) is nonstandard, and let B = {a € N :
blpa} ={a € N : vy(a) > ~}. Then (N,+,0,1, B) is a proper expansion of (N, +,0,1)
of dp-rank 1, and in Proposition 9.3.2 we show that it is also stable.

In this section, we give another proof of the following fact, due to Conant.

Fact 9.1.7 (|Conl8| Theorem 1.1). (Z,+,0,1, <) is minimal among the proper expan-
sions of (Z,+,0,1).

Remark 9.1.8. This is no longer true if we replace (Z, +, 0, 1, <) by an elementarily equiv-
alent structure. Let (N, +,0,1, <) be a nontrivial elementary extension of (Z,+,0, 1, <),
let b € N be a positive infinite element, and let B = [0,b]. Then (N,+,0,1,B) is a
proper expansion of (N, +,0,1), and in Proposition 9.3.5 we show that it is also a proper
reduct of (IV,+,0,1, <). Note that the formula y — z € B defines the ordering on B, so
this structure is unstable. We will see (Remark 9.1.11) that every structure which is a
proper expansion of (N, +,0,1) and a reduct of (N, +,0,1, <), and which has a definable
one-dimensional set which is not definable in (N, +,0,1), defines a set of the form [0, b]
for a positive infinite b. Hence a stable intermediate structure between (INV,+,0,1, <)
and (N, +,0,1), if such exists, cannot contain new definable sets of dimension one.

Nevertheless, a weaker version of Fact 9.1.7 does hold as well for elementarily equiv-
alent structures.

Corollary 9.1.9. Let (N,+,0,1,<) be an elementary extension of (Z,+,0,1,<). Then
(N,+,0,1,<) is O-minimal among the O-proper B-expansions of (N,+,0,1).

Proof of Corollary 9.1.9 from Fact 9.1.7. As (Z,+,0,1, <) is a (~expansion of (Z, +,0, 1),
by Fact 9.1.7 it is obviously minimal among the proper ()-expansions of (Z,+,0,1). In
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(Z,+,0,1), every element is ()-definable, so a proper (-expansion of (Z, +, 0, 1) is the same
as a (-proper (~expansion of (Z, +,0,1). Now if N is a (-proper (-reduct of (Z, +,0, 1, <),
and a (-proper (-expansion of (Z,+,0,1), then also in N every element is (-definable,
so N is a proper reduct of (Z,+,0,1,<). Hence (Z,+,0,1,<) is @-minimal among the
(-proper @-expansions of (Z,+,0,1). By Lemma 9.1.2, we conclude. O

Lemma 1.4.3 allows us to give a simple proof for the unstable case of Corollary 9.1.9:

Theorem 9.1.10 (Conant, Unstable case of Corollary 9.1.9). Let (N,+,0,1,<) be an
elementary extension of (Z,+,0,1,<). Then (N,+,0,1,<) is 0-minimal among the un-
stable (-proper (-expansions of (N, +,0,1).

Proof. Let N be any unstable structure with universe N, which is a (-proper (-expansion
of (N,+,0,1) and a @-reduct of (N,+,0,1,<). We show that A is (-interdefinable with
(N,+,0,1,<). Tt is enough to show that x > 0 is definable over () in N. Let L be the
language of N, L~ = {+,0,1} and L. = {+,0, 1, <}. We may expand all these languages
by adding the symbols {—}U{D,, : n > 1}, as all of them are already definable over ) in
all three languages. As A is a f-expansion of (N, +,0, 1) and a (-reduct of (N, +,0, 1, <),
we may replace L with LUL™ and L. with Lo ULU L~ without adding new @-definable
sets to any structure. So we may assume that L~ C L C L.

Let M be a monster model for Th(Z, +,0, 1, <), so M|y, is a monster for Th(N'). As
(N,+,0,1) is stable but A\ is not, by Lemma 1.4.3 there exist an L-formula ¢(z,y) over
0 with |z] =1 and b € M such that ¢(z,b) is not L~ -definable with parameters in M.
By quantifier elimination in Th(Z,+,0,1, <) and Lemma 8.1.3 (1) (which is a theorem
of Th(Z,+,0,1)), ¢(x,b) is equivalent to a formula of the form

\/(sz- (x — ki) ANz € [, )

i

where ¢;, ¢, € M U{—00,+00} and [¢;, ¢;] denotes the closed interval except if one of the
bound is infinite, in which case it is open on the infinite side. Let m =[], m;. As each
formula of the form D,,,(z — k) is equivalent to a disjunction of formulas of the form

i

Dy (z — k'), we can rewrite this as
\/ (D (@ = ki) Az € [ci,]])

(with possibly different k;’s and numbering). By grouping together disjuncts with the
same k;, we can rewrite this as

\/(Dm(:zc — ki) A \/ x € [cig, ¢ 4])

where for iy # i2, ki, # ki, mod m. As this formula is equivalent to ¢(z, b), which is not
L~-definable with parameters in M, there must be an ig such that Dp,(z — ki) AV, z €
[Cigj» Ciy ;] i not L™-definable with parameters in M. This latter formula, which we
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denote by ¢;,(z,b), is equivalent to ¢(x,b) A Dy (x — ki), and so is L-definable. Let

Y(z,b) be the formula ¢;,(max + ki,,b). Then ¢(x,b) is L-definable and equivalent to

just \/; ma + ki, € [cig,5, ¢, ;]. This substitution is reversible as ¢;,(, b) is equivalent to
:Z?—kio

D (2 —kio) Ap(—2, b), therefore also ¥(x, b) is not L™ -definable with parameters in M.
Each formula of the form mz +k € [c, /] is equivalent to the formula z € [| %], f’z/r;k ],
so we can rewrite ¢ (x,b) as \/'_; x € [¢;, ¢

']. By reordering and combining intersecting
intervals, we may assume that the intervals are disjoint and increasing, i.e., for all ¢ < n,
¢ < ciq1.

Now we show how from ) (x, b) we can get an L-definable formula equivalent to [0, a],
for a a positive nonstandard integer in M. For each i, if [¢;, ]| defines in M a finite
set then it is L™ -definable, and so 9 (z,b) A =z € [¢;, ¢}] is also L-definable but not L™ -
definable (since (¢(z,b) A -z € [¢;,¢}]) V& € [¢;, ¢}] is again equivalent to ¢ (z,b)). So we
may assume that for all i, [¢;, ¢} is infinite. Note that as ¢(x,b) is not L~ -definable, it
cannot be empty.

We want 9(z,b) to have a lower bound, i.e., —0o < ¢1. If ¢; = —o0 but ¢, # +o0,
then we can just replace ¢(x,b) with ¢ (—z,b). If both ¢; = —c0 and ¢}, = +00, we can
replace ¢ (z,b) with —¢)(z,b) and again remove all finite intervals. In both cases, ¥ (x,b)
is still L-definable but not L~ -definable, so it is still a nonempty disjunction of infinite
disjoint intervals.

By replacing v (z,b) with ¢¥(x 4+ ¢; + 1,b) we may assume that ¢; = 0, so the left-
most interval is [0,¢]]. If ¢] # +oo let o' = ¢}, otherwise let ' € M be any positive
nonstandard integer. Let 6(z,b") denote the formula v (z,b) A(a’ — x,b). Then 6(x, ')
is L-definable and equivalent to the infinite interval [0,a’]. The proof of the following
claim is an obvious consequence of quantifier elimination for Presburger arithmetic and
is left to the reader.

Claim 1. For every ¢ > 0 there exist a > ¢ and b such that 0(z,b) is equivalent to the
interval [0, al.

In particular, as N is a small subset of M, there exists ¢ € M bigger than all elements
of N. By the clain@, there exist @ > ¢ and b such that 6(z,b) is equivalent to the interval
[0,a], and so O(N,b) = {s € N : s > 0}.

Let x(y, z) be the formula x1(y, 2) A x2(y, 2) A x3(y, z) where:

e x1(y, 2) is the formula (0, 2) A O(y,z) A =0(—1,2) A =0(y + 1,2) A =0(2y, z).

e X2(y, 2) is the formula Yw((w # 0 A §(w, 2)) = O(w — 1, 2)).

e x3(y, z) is the formula Yw((w # y A §(w, 2)) — O(w + 1, 2)).

So x(y, z) is L-definable over ().

Claim 2. For every a,b € M, M E x(a,b) if and only if a > 0 and 0(M, b) = [0, a.
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Proof of the claim. This can be formulated as a first order sentence in L. without pa-
rameters:
MEVY, 2(x(y, 2) < (y > 0AVz(0(z,2) < 0 <z <y))),

so it is enough to prove this for Z. Let a,b € Z. If a > 0 and 0(Z,b) = [0, a], then
clearly Z E x(a,b). Suppose Z E x(a,b), and set A := 6(Z,b). By x1, 0,a € A and
—1,a 4 1,2a ¢ A. Suppose towards contradiction that a < 0. Then from x5 it follows
by induction that (—oo,a] C A. But then 2a € A, a contradiction. So a > 0. If a =0
then again 2a € A is a contradiction. So a > 0. From Y3 it follows by induction that
[0,a] C A. Also, from a+1 ¢ A and y2 it follows by induction that [a+1,00)NA = 0, and
from —1 ¢ A and xs3 it follows by induction that (—oo,—1]N A =10. So A=1[0,a]. O

Now, let §(z) be the formula

3y, 2(x(y,2) AN O(z, 2)).

Then §(x) is L-definable over (), and we claim that it defines x > 0 in N: For s € N,
if NV E §(s) then there are a,b € N such that N’ F x(a,b) A 6(s,b), so by Claim 2,
s € [0,a] hence s > 0. On the other hand, suppose s > 0. By the choice of a, IN),
M E x(a,b) Ab(s,b), so M E §(s), and by elementarity, N £ §(s). Therefore, z > 0 is

definable over @ in N. O

Remark 9.1.11. The part in the proof where we start with an L-formula ¢(x,y) over ()
with |z| = 1 and b € M such that ¢(x,b) is not L™ -definable with parameters in M,
and show that there exists a formula 6(x,b") which is L-definable and equivalent to the
infinite interval [0, a’], works the same for any structure N’ which is a proper expansion
of (N,+,0,1) and a reduct of (N,+,0,1,<). N does not have to be a (l~expansion of
(N, +,0,1) or a (-reduct of (N, +,0, 1, <), nor unstable, as long as such ¢(x,y) and b exist
(being a (-reduct is needed in the proof for ¢(z,y) to also be (-definable in L.). So in
any structure N which is a proper expansion of (N, +,0, 1) and a reduct of (N, +,0,1, <),
and which has a definable one-dimensional set which is not definable in (N, +,0, 1), there
exists a definable infinite interval, and hence it is unstable.

Combined with Fact 9.1.5, we recover Corollary 9.1.9 and Fact 9.1.7.

Proof of Corollary 9.1.9 from Theorem 9.1.10. Suppose for a contradiction that there
exists a structure N with universe N, which is a (-proper @-expansion of (N, +,0,1)
and a (-proper (-reduct of (N,+,0,1,<). So N is dp-minimal, and by Theorem 9.1.10,
it must also be stable. By Lemma 9.1.2, relativization to Z gives us a structure Z < N’
which is a (-proper ()~expansion of (Z,+,0,1) and a (-proper @-reduct of (Z,+,0,1, <).
As every element of (Z,+,0, 1) is (-definable, a reduct of (Z,+,0, 1) is in fact a @-reduct,
and so a (-proper (-expansion of (Z, +,0, 1) is in fact a proper #-expansion of (Z, +,0, 1),
which is of course a proper expansion. So Z is a stable dp-minimal proper expansion of
(Z,4+,0,1), a contradiction to Fact 9.1.5. O
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Proof of Fact 9.1.7 from Corollary 9.1.9. Suppose for a contradiction that there exists a
structure Z with universe Z, which is a proper expansion of (Z,+,0,1) and a proper
reduct of (Z,+,0,1,<). In Z, 4, 0, and 1 are definable, but not necessarily (-definable.
We expand Z to a structure Z’ by adding +, 0, and 1 to the language. So Z’ is a
proper (-expansion of (Z,+,0,1), and still a proper reduct of (Z,+,0,1,<). As every
element of (Z,+,0,1, <) is (-definable, a reduct of (Z, +,0, 1, <) is in fact a (-reduct. So
Z' is a proper (-expansion of (Z,+,0,1), and a proper @-reduct of (Z,+,0,1,<). As a
proper (-expansion/reduct is obviously a (-proper (-expansion/reduct, this contradicts
Corollary 9.1.9. OJ

9.2 The main result: (Z,+,0,|,) is a minimal expansion of
(Z,+,0)

In this section, we focus on a single valuation. Let p be any prime. Unless stated
otherwise, we work in a monster model M = (M, +,0,|,) of T}, and denote its value set
by I'. We may omit the subscript p when it is clear from the context. Recall that I is
an elementary extension of (N, <, 0,.S).

9.2.1 Preparatory lemmas

For a € M, v € T, we denote by B(a,7) the definable set {x : v(x —a) > v} and
call it the ball of radius v around a. If ¥ = oo then B(a,~) is just {a}, and we call
such balls trivial. Unless stated otherwise, balls are assumed to be nontrivial. Of course,
a € B(a,7), and if b € B(a,~v) then B(b,7y) = B(a,v). Also, by Lemma 8.1.2 (2), if
0 # ~ then B(a,d) # B(a,7v). So the radius of a ball is well defined. We denote the
radius of a ball B by rad(B).

We call a swiss cheese any non-empty set F' that can be written as F' = B\ !, Bi,
where {B;}' , are balls. Note that this representation is not unique. As the intersection
of any two balls is either empty or equals one of them, we may always assume that
{B;}!_, are nonempty, pairwise disjoint and contained in By.

Remark 9.2.1. Rephrasing Lemma 8.1.9 (2), if By, By,..., B, are balls such that for
all i > 1, rad(B;) > rad(By) + n, then By\|J;; B; # 0. In particular, this holds if
|rad(B;) — rad(By)| ¢ N.

Proposition 9.2.2. Let ) # F = Bo\J;_; Bi be a swiss cheese. Then there exists a
unique ball By such that F C B{, and By, is minimal with respect to this property. This B,
satisfies By C By, |rad(By) — rad(By)| € N, and it is also the unique ball B C By such
that there are at least two distinct balls BY and By, satisfying rad(B}) = rad(Bp) + 1
and BY N F # 0 for j =1,2.
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Proof. Let I} = {1 < i < n : |rad(B;) — rad(By)| € N}, I = {1,...,n}\I;. By
applying Lemma 8.1.8 (2) to Bo\ U;c;, Bi # 0, we see that Bo\U,c;, Bi = |_|§-:1 By,
where [ > 1 and for all j, BY C By and rad(Bj]) = max{rad(B;) : i € Ii}. So
F = ||,_)(B"\Ujer, Bi)- By Remark 9.2.1, for each j, BY\U,c;, Bi # 0. If C is a

=1 i€l
ball such that F© C C, then for each j, B{\Uier, Bi € C, and we claim that in fact
B} C C. Indeed, by Axiom 8, B} = B” with rad(B},) = rad(Bj) + 1, and again

by Remark 9.2.1, for each ¢, B”t\ UZGI2 B ;é f. SoCnN B” # () but C’ Z B” (as also
for s #t, C'N B” £ 0), therefore BY, € C. This holds for all ¢, hence B” C C. In
particular, Bf C C As |rad(BY) — Tad(Bo)| € N, there are only finitely many balls B
such that B” C B C By, so we may choose B{ to be a minimal one (with respect to
inclusion) among those that also satisfy ' C B (exists7 since By satisfies this). By this
choice, B}, C By and |rad(B()) — rad(By)| € N. If B is another ball such that F' C B,
then F C BN B, and BN Bj, # 0 is also a ball. Also, as we have shown, B C B, so
B! € BN Bj, C By. Hence by the choice of B, By = BN B{ C B. This shows that By,
is the unique minimal ball containing F'. Finally, let D be a ball and assume F' C D.
By Axiom 8 write D = | |, D} with rad(D}) = rad(D) + 1. Then D is minimal if and
only if for all ¢, F ¢ D}, iff there are ¢t # s such that FN D/ # (0 and FNDY #0. O

Let F be a swiss cheese. By Proposition 9.2.2 we may write F' = By\ |J;_; B; where
By is the unique minimal ball containing F'. We may also assume that {B;}!', are
nonempty, pairwise disjoint and contained in By. Unless stated otherwise, all representa-
tions are assumed to satisfy these conditions. We call By the outer ball of F', and define
the radius of F' to be rad(F') := rad(By). We also call {B;}!" | the holes of F'. Note that
this representation is still not unique (unless there are no holes at all), as each hole may
always be split into p smaller holes, and sometimes there are sets of p holes which may
each be combined into a single hole. There is a canonical representation for F', namely,
the one with the minimal number of holes. But we will not use it. Rather, when dealing
with holes without mentioning a specific representation, either the intended representa-
tion is clear from the context (e.g., when using Remark 9.2.3 (2) or (3) to split a swiss
cheese with a given representation), or we may choose any representation and stick with
it.

We say that B; is a proper hole of F if |rad(B;) — rad(By)| ¢ N. We call F' a proper
cheese if all of its holes are proper. Note that by Remark 9.2.1, being a proper cheese
does not depend on the representation of the holes.

Remark 9.2.3.

(1) If By,Bs, ..., B, are balls such that for alli > 1, B; C By and |rad(B;)—rad(By)| ¢
N, then By is the outer ball of the swiss cheese F' = B\ |J;-_; B;, which is therefore
proper.

(2) Let F be a swiss cheese, and let k£ > 1. Then F may be written as a disjoint union
F = |_|é:1 F;, where 1 < [ < pF, and for each i, F; is a swiss cheese such that
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rad(F;) > rad(F) + k and |rad(F;) — rad(F)| € N. Each hole of F; is already a
hole of F'; and each hole of F is a hole of at most one of the {F;};.

If F is proper, then [ = p* and each Fj is a proper cheese of radius rad(F;) =
rad(F') + k. In this case, each hole of F' is a hole of exactly one of the {F;},.

(3) Let F' = By\ ;" Bi be a swiss cheese, let I = {1 < i <n : |rad(B;)—rad(By)| €
N}, and let kg = max{rad(B;) — rad(By) : i € Iy} € N. Then for each k > ko, F
may be written as a disjoint union F' = |_|i:1 F;, where 1 < 1 < pF, and for each
i, F; is a proper swiss cheese of radius rad(F;) = rad(F) + k. Each hole of F; is

already a proper hole of F', and each proper hole of F'is a hole of exactly one of
the {-Fz}z

(4) Let F',F" be two swiss cheeses of radiuses 7/ ,v" respectively, and let v = max{+’,7"}.
Then F' N F” is either empty, or also a swiss cheese of radius rad(F' N F") > ~
such that |rad(F' N F") —~| € N.

(5) If both F’,F" are proper and 4" = ", and if F'NF" is not empty, then F’,F" have
the same outer ball, and F' N F” is also a proper cheese of the same outer ball.

Lemma 9.2.4. Let F,F’ be two swiss cheeses of radiuses v < ' respectively. If FNF'
(0, then FUF' is also a swiss cheese, of radius exactly . The set of holes of FUF’ is a
subset of the union of the set of holes of F and the set of holes of F'.

Proof. Write ' = Bo\U;_, Bi, F' = By\UjL, B}. If FNF" # ) then By N By # 0,
hence By D B|). Therefore,

n n n

FI\F = F'\ (BO\ U Bi> = F\ByU (F/ nlJ Bi> =|JF'nB:.
i=1 i=1 i=1

For each i: if By N B; = 0 then F' N B; = (. Otherwise, as By 2 By, we also get

B; C Bj, (B; 2 By is impossible, as it implies ' N F’ = ()), and in this case, F' N B; =

B\ UjL,(B; N BY). Together, we get

m
FUF =FU(F'\F)=B\ | |JB:u ] |J®B:nB)
i€l i€ly j=1

where I; is the set of ¢ such that By N B; = () and I is the set of i such that B; C B,.
This is a swiss cheese, and as FF C F U F' C By and rad(F) = rad(By) = 7, also
rad(FUF") =~ and By is its outer ball. For each i such that B; C B{, and each j, either
B; ﬂB;- = () (in which case B; ﬂB;» does not appear as a hole of FUF”), or B; ﬁB} = B,
or B; N B} = B, so the last part holds. O

Sometimes we want disjoint swiss cheeses to also have disjoint outer balls, but unfor-
tunately, that is not always possible. An example for this is a union of two swiss cheeses,
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F1 U F,, with F C B where B is one of the holes of Fy. If [rad(B) — rad(Fy)| € N, we
may rewrite F as a union of swiss cheeses of radius rad(B), and, together with Fy, we
have a union of swiss cheeses with disjoint outer balls. But if |rad(B) — rad(F1)| ¢ N,
we cannot do such a thing.

Definition 9.2.5. A pseudo swiss cheese is a definable set P such that there is a swiss
cheese F' with outer ball B such that FF C P C B. By the following remark, we may
call B the outer ball of P, and define the radius of P to be rad(P) := rad(B). We also
call P pseudo proper cheese if there is a proper cheese F' with outer ball B such that
FCPCB.

Remark 9.2.6. (1) In the previous definition, B is uniquely determined by P. Indeed,
suppose F1,F5 are two swiss cheeses with outer balls By, Bs respectively, such that
F, CPC Bjand Fp, C P C By. Then rad(By) = rad(F1) > rad(Bs) and
rad(Bz) = rad(Fy) > rad(By), so rad(B1) = rad(Bs). Also, P C By N By # (), so
we must have B; = Bs.

(2) For every k > 1, every proper pseudo swiss cheese of radius y can be written as a
union of exactly p¥ proper pseudo cheeses with disjoint outer balls of radius exactly
v+ k.

(3) Note that the analogue to Remark 9.2.3 (2) is not true for pseudo swiss cheeses.
For example, let B be a ball of radius 7, let {Bi}f:—ol be all the balls of radius v+ 1
contained in B, let { B; ; ?;é be all the balls of radius v+ 2 contained in B;, and let
C C By,1 be a ball of radius ¢ > + such that [0 — | ¢ N. Then P =C'U |_|1;):_01 Bio
is a pseudo swiss cheese of radius 7, but cannot be written as < p pseudo swiss
cheeses of radius > v + 1, because P N By is not a pseudo swiss cheese. Also, note
that the intersection of two pseudo swiss cheeses is not necessarily a single pseudo
swiss cheese. For example, take P N By from above.

Lemma 9.2.7.

(1) Let Py,Py be two pseudo swiss cheeses with outer balls By,Bs respectively, such that
rad(B1) > rad(Bg). If By N By # () then Py U Py is also a pseudo swiss cheese,
with outer ball Bo. If Py is proper, then Py U Py is also proper.

(2) Any finite union of pseudo swiss cheeses may be written as a union of pseudo swiss
cheeses having disjoint outer balls. Also, any finite union of pseudo proper cheeses
may be written as a union of pseudo proper cheeses having disjoint outer balls.

Proof.  We prove (1). By N By # () and rad(By) > rad(Bs), so By C By and therefore
also Py C By. Let Fy be a swiss cheese with outer ball By such that F5 C Py, C By. Then
Fo, C PLUP, C By. If P, is proper, then we may take Fs to be proper, and so P U Py
is also proper.

We prove (2). Let A = |J;_; P; such that for each i, P; is a pseudo swiss cheese with
outer ball B;. Let {B7}, be the set of all the maximal balls (with respect to inclusion)
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among {B;}}";. Then {B}}", are pairwise disjoint. For each 1 < j <m, let I; = {i :
Bin Bj # 0} and P} = Uy, P So {1,...,n} = LI~ 7; and therefore A = UL, P.
By (1), P]{ is a pseudo swiss cheese with outer ball Bg-. If for each ¢, P; is proper, then
by (1), for each j, P]{ is also proper. O]

Remark 9.2.8. The valuation v, induces a topology on M, generated by the balls. By
Lemma 8.1.9 (3), if gcd(m, p) = 1, then the sets defined by D,,,(x — r) are dense in M.

Lemma 9.2.9. Let P be a pseudo swiss cheese with outer ball B and radius o, and
assume 0 € B. Let G be a dense subgroup of M, and let A= PN G. Then there exists
N eNanday,...,ay € BNG such thatUi]il(A—l—ai) = BNAG.

Proof. Observe that B is a subgroup of M since 0 € B. Let F be a swiss cheese with
outer ball B such that F C P C B. By Remark 9.2.3 (3), for some finite k& we may
find a proper cheese F/ C F of radius a + k. Let s be the number of holes in F’. By
Remark 9.2.3 (2), we may write F’ as a union of exactly p® proper cheeses of radius
a+k+s. As p® > s, at least one of these proper cheeses must have no holes, i.e., must
be a ball, say D. Let © € D and Dy = D — z. Then Dy is a subgroup of B of index
N := pF*ts. Let z1,...,zx be representatives of the cosets, so B = Ufil x; + Dg. For
each i, let a; € x; + Dy NG. Asa; € BNG and A C BNG, we have (A+a;) C BNG,
and therefore Ui]il(A +a;) € BNG. On the other hand, as A O DN G, we also have
UY,(A+a)2BNG. O

Lemma 9.2.10. Let A = GN || F; where G is a dense subgroup of M and {F;}I,
are disjoint proper cheeses with nonstandard radiuses. Then there are N,m € N and
cl,y...,cy € G such that ﬂi]il(A —¢) =GN, P; with P; pseudo proper cheeses with
disjoint outer balls, all of the same nonstandard radius, and 0 € P.

Proof. 1t is of course enough to prove the lemma without the requirement 0 € P;, as we
may then arrange that by shifting by some ¢ € G N P;.

Preparation step. By Remark 9.2.3 (2), if F is a proper cheese of infinite radius +y
then, for all £ > 0, F' can be written as a disjoint union of proper cheeses of radius v+ k.

So there exists 71, ..., Vn, in distinct archimedean classes of ', such that we can write
n m s
L& =1L
i=1 i=1j=1

where $1,...,8, > land forall 1 <i<mand 1< j <s;, rad(Fj) = ; and F} has a
swiss cheese representation in which the radiuses of all the holes are in

R:={aeTl:forall 1 <k <m,if |a — | € N then o < }.

We call this representation of A a good representation of A with respect to {v;}i",.

If m = 1, we already have what we want, so we may assume that m > 1. For each
1,7, let B;» be the outer ball of F]Z There are two cases:
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Case 1: For every 1 <1 < m and every 1 < u < s; there is some 1 < v < s1 such
that Bl N BL # 0.

This means that {le }§1:1 is the set of all the maximal balls with respect to inclusion
among {B; 1 <i<m,1<j<s;}. It follows that {B]1 ‘;1:1 are outer balls of pseudo
proper cheese containing all the Fy. Indeed, by the proof of Lemma 9.2.7 (2), we may

write
m 83 ) S1
LU # =17
7=1

i=1j=1

where for each j, P; is a pseudo proper cheese such that F jl C P C le.. So these are
pseudo proper cheeses with disjoint outer balls, all of the same radius ;. So in this case
we are done.

Case 2: There are 1 < | < m and 1 < v < s; such that for every 1 < j < sy,
BjN B, =0.

Leta € F} NG and b€ F'NG and set A’ = (A—a)N(A—b). Then 0 € A" # (. We
show that A’ has a good representation with respect to a subset of {;};~,, of the form

A’:Gmﬁuﬁj

i=1j=1

such that either there are no more proper cheeses of radius 1, or the number s} of proper
cheeses of radius =i is strictly less than s;. By reiterating this process, it will terminate
either to the case in which every proper cheese is of the same radius or to Case 1, which
proves the Lemma.

Write A’ = Gﬂ(|_|;7;1 |_|j’:1 Llges |_|i’:1(FJz —a)ﬂ(Fﬂ—b)). By the good representation,
for each i, j we write F = B;\Ut B}, with rad(Bj,) € R ‘

For every i and j, k, if B} —a # Bj — b, then (F} —a) N (F), —b) = 0, and if
B; —a = B} —b, then (F]’ —a) N (F} —b) is a proper cheese of radius v; > 1 such that
all its holes can be written with radiuses in R.

For every i< i’ and j, k, if (B —a)N (BY —b) = 0, then also (Fj—a)n (FY —b) = 0.
Otherwise, (B} —a) 2 (B}, —b) and

(Ff =)0 (5 =) = (B} ~ )\ LB ~ 008}, - o)

t

For each t such that (B}, —a)N (B —b) # () there are three cases:

(1) md(B}: —b) > rad(Bji»vt —a). Then (B}; —b) is included in the hole (B;-’t —a) hence
(Fi—a)n (Fj' —b) = 0.
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(2) rad(B}; —-b) < rad(B;t —a) and rad(B;-’t — a) is at finite distance from 7. As
rad(Bj, — a) = rad(B;,) € R, we get

rad(BL —b) = rad(BL) = vy > Tad(B;t —a).

So rad(B}: —-b) = rad(B}yt — a), and so (B,’; —-b) = (B]i-i — a) and therefore
(F}—a)ﬁ(Fg/ —b) =0.

(3) rad(B,il -b) < Tad(B;-’t —a) and rad(B;-’t — a) is not at finite distance from ;.
Then B;’,t — a is a proper hole of (FJZ —a)N (F,z/ —b).

Therefore (F ]Z —a)N (F, ,i/ —b) is either empty or a proper cheese of radius v > v; > 71
such that all its holes can be written with radiuses in R.

So A’ has a good representation that is the intersection of G with a (nonempty)
disjoint union of proper cheeses, with radiuses among {7;}7",, such that all their holes
have radiuses in R. Now either s; = 1, hence F} is the only cheese of radius ~; in the
good representation of A and hence in the good representation of A’ there are no more
proper cheese of radius ;. Otherwise we have a good representation with respect to a
subset of {v;}"; of the form

m' s
A=anl| || |F

i=1j=1
where s7,...,s , > 1, and s} is the number of cheese of radius ;. For every 1 <1 < s,
there must be j, k such that F}! = (F} —a)N(F =b). As (F} —a)N(F; —=b) #0 —
le» —a = B} — b, for every j there is at most one k such that (Fj1 —a) N (FL—b) #0,
therefore s) < s;. Suppose towards contradiction that sj = s;. Then for every j there is
exactly one k such that (F ]-1 —a) N (F! —b) # 0, in particular, for j = 1 there is exactly
one [ such that (F —a) N (F} —b) # 0, and so also B} —a = B} —b. By the choice
of a,b, we have 0 € (B —a) N (B, —b) = (B} —b)N (B, —b),s0be BINB,#10,a
contradiction. Therefore s} < s. O

Lemma 9.2.11. Let A = GN| |, P; where G is a dense subgroup of M and {P;}?_, are
pseudo proper cheeses with disjoint outer balls, all of the same nonstandard radius o, such
that 0 € Py. Then there exists N € N and c1,...,cy € G such that ﬂi]il(Afci) =GNP
for some pseudo proper cheese P of nonstandard radius such that 0 € P.

Proof. 1t is of course enough to prove the lemma without the requirement 0 € P. We
proceed by induction on n. For n = 1 we have nothing to prove. Suppose that the lemma
holds for all n’ < n. For each 1 < ¢ < n let B; be the outer ball of P;, and let F; be
a proper cheese with outer ball B; such that F; C P, C B;. Let S be the set of all the
balls of radius «, and let S” = {B; : 1 < i < n}. Observe that (S,+) is an infinite
group with neutral element B; (since 0 € P, C Bj), and in particular, S" C S. Let
C:=UsS =1, B.
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Claim. If for every 1 < 7 < n there is a € B; such that S’ —a = 5’, then S’ is a subgroup
of S.

Proof of the claim. 1If B, B’ € S then rad(B) = rad(B’), hence (B —a) N B # () =
B —a= B'. Also, for all B” € S and a,a’ € B”, a — d’ € By and therefore B — a’ =
(B—a)+ (a —d') = B —a. From this and the hypothesis of the claim it follows that for
each1<i<n,S —B;:={B—-B;: Be S} =25 which implies that S’ is a subgroup
of S. O

There are two cases:

Case 1: S’ is a subgroup of S. Then (C,+) is a subgroup of (M, +), and S’ is the
quotient group C/B;. As (C,+) is definable, by Lemma 8.2.4 it must be of the form
C = B(0,8) (as By € mM for every m > 1 with ged(m,p) = 1). In fact, since |S’| = n,
it must be that 8 = o — k, where k satisfies n = p*. In particular, § is nonstandard.
For each i, let H; be (any choice for) the set of holes of F;, and let H = J; H;. Then
we can rewrite | | | F; as F' = B(0, 8)\|J H, which is a single proper cheese, with outer
ball B(0,3). Let P = ||, P;. Then FF C P C B(0,), so P is a pseudo proper cheese,
and we are done.

Case 2: S’ is not a subgroup of S. Then by the claim, there is some 1 < ig < n such
that for all @ € B;,, 8" —a # 5’ (in fact 1 < ip). Let a € GN P, C B;, (which exists
because G is dense), and let A’ = AN (A —a). Then 0 € A’ # ().

Write A" = G N (L, L=, £ N (Pj — a)). Then

Gm|_|Uﬂm(Fj—a)gA'gGmﬂ|i|Bm(Bj—a).

i=1j=1 i=1j=1

Forall 1 <14,j <, rad(B;) = rad(Bj) = a and therefore, as in Lemma 9.2.10, B;N(B; —

a) #0 < B, =Bj—a <= F,N(Fj—a) # 0, and in this case, F;N(F;—a) is a proper
cheese with outer ball B;. We also have that F;N(Fj—a) € P,N(Pj—a) C B;N(Bj—a), so
PN(Pj—a) #0 < B;N(Bj—a) # 0, and in this case, P;N(P; —a) is a pseudo proper
cheese with outer ball B;. Therefore, G N (| ]!, |_|j:1 BiN(Bj—a)) =GnN (|_|Z‘:1 B)),
Gn (- 1|_|§L 1EiN(Fj—a)) = Gﬁ(U?,lF’) and A’ = Gﬁ(|_|?,1P’) where for each i,
B} € S’, F! is a proper swiss cheese with outer ball B], and P! is a pseudo proper cheese
such that F’ C P/ C Bl

Moreover, for every 4 there is at most one j such that B; N (B; — a) # ), therefore
n’ < n. But by the choice of a, S’ —a # S’, so there is an 1 < i < n such that B; # B; —a
for all 1 < j < n. Therefore n’ < n, and by the induction hypothesis we are done. ]
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9.2.2 Proof of the theorem

The proof of Theorem 9.2.12 is similar to the proof of Theorem 9.1.10 but more involved
and relies on Subsection 9.2.1.

Theorem 9.2.12. Let (N,+,0,1,,) be an elementary extension of (Z,+,0,1,,). Then
(N,+,0,1,]p) is O-minimal among the unstable O-proper 0-expansions of (N,+,0,1).

Proof. Let N be any unstable structure with universe N, which is a @-proper (-expansion
of (N,+,0,1) and a (-reduct of (N,+,0,1,[,). We show that N is (-interdefinable with
(N,+,0,1,],). It is enough to show that z|py is definable over ) in N. Let L be the
language of N and L™ = {+,0,1}. As in the proof of Theorem 9.1.10, we may assume
that all languages contain {—}U{D,, : n > 1}, and (by being a (-reduct and ()~expansion)
that L~ C L C LY.

Let M be a monster model for T}, so M|, is a monster for Th(N). As (N, +,0,1) is
stable but N is not, by Lemma 1.4.3 there exist an L-formula ¢(x,y) over () with |z| =1
and b € M such that ¢(z, b) is not L~ -definable with parameters in M. By Theorem 8.2.1
(quantifier elimination) and Remark 8.2.3, ¢(x,b) is equivalent to a formula of the form

Dp(z—ri)Nkx € A NKx#a;; |V 2=cy
. 7] -y

4 J

where m, k, k',r; € Z, ged(m,p) = ged(k,p) = 1, k' = p'k for some | > 0, a; j,cy € M
and each Fj is a swiss cheese in M.

The first step of the proof is to show the existence of an L-definable formula which is
equivalent to a formula of the form D,,(z) Az € B(0,7), i.e. Dp,(x) Av(x) > =, for some
nonstandard v € T' and integer m such that ged(m,p) = 1. Let ¢/(x,b) be the formula

\/(Dm(x —r) Nkx € Fy).
i
The symmetric difference ¢(x, b)A¢'(z,b) is finite, hence L~ -definable, and therefore
¢'(x,b) is also L-definable but not L~ -definable. So we may replace ¢(x,b) by ¢'(z,b).
For each ¢, the formula D,,,(z —r;) is equivalent to Dy, (kx — kr;), so ¢(x, b) is equivalent
to the formula
\/(ka(k‘x — kri) N kx € F).
i
Let ¢/(x,b) be the formula Dy(z) A ¢(%,b). Then ¢'(x,b) is L-definable and equivalent
to the formula
\ (D (z—1)) Nz € F)
where m’ = km and r} = kr;. This substitution is reversible as ¢(x,b) is equivalent to
¢ (kz,b), therefore also ¢(x,b) is not L™ -definable. So again we may replace ¢(z,b) by

¢'(x,b).
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We want each F; to have a nonstandard radiuses. For each 4, choose a representation
for F; as a swiss cheese F; = B; )\ U;L;1 B; j, where B; j = B(a;j,7v;). Let J; = {1 <
J <mni i ¢ N}, ie., the set of indices of the infinite holes, and let

' B(0,0) 7vio€eN and B! = Biyo Yio €N
’ Bio Yio ¢ N ’ B(0,0) ~io¢N

note that ,0) = . Let F, = B; . B; i and let F;" = B; 7. Dy g en
hat B(0,0) = M). Let F/ = B\ U, Bij, and let F' = B\ U4, Bij. Th
F; = F/NF/, and so ¢(x,b) is equivalent to

\/(Dm/(:c —r)Axz € F/' Nz € F)).

i

Each hole of F/ has nonstandard radius, and its outer ball either has an infinite radius
or has radius 0. On the other hand, both the outer ball and all the holes of F;’ have
finite radiuses. In general, if B(a,~) has finite radius, then the formula z € B(a,7) is
equivalent to Dyv(x —a). So z € F/ is equivalent to a boolean combination of such
formulas, and therefore, by Lemma 8.1.3 (1) (choosing the same m” for all the i’s and
rearranging the disjunction), ¢(z,b) is equivalent to a formula of the form

\/ (Do (& = 1) Az € F))

i

where each hole of F/ has a nonstandard radius, and its outer ball either has an nonstan-
dard radius or has radius 0. Note that now it may be that p|m”. By grouping together
disjuncts with the same 7}, we can rewrite this as

\/(Dmu(x -7 A \/x € F;)

{ J

where for i1 # 4z, 77, # r;, mod m”. As this formula is equivalent to ¢(x, b), which is not
L~ -definable with parameters in M, there must be an ig such that Dy, (z —r{ JAV,; 2 €
FZ-’0 ; is not L~ -definable with parameters in M. This latter formula, which we denote
by ¢i,(z,b), is equivalent to ¢(x,b) A Dyyr(x — 7} ), and so is L-definable. So we may
replace ¢(x,b) by ¢i,(z,b). For simplicity of notation we rewrite this as

Dm(;r—r)/\\/xEFi.

1

By Lemma 9.2.4 we may assume that {F;}; are pairwise disjoint, and still have that for
each 4, all the holes of F; have infinite radiuses and its outer ball either has an infinite
radius or has radius 0. By Remark 9.2.1 two proper cheeses having the same outer ball
must intersect. Applying this to all the F;’s having radius 0 (which are all proper, as all
the holes are of infinite radius), we see that there can be at most one ¢ such that F; has
radius 0.
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We want all proper cheeses to have infinite radius. If there is ig such that the proper
cheese F;, has radius 0, let ¢/(z, b) be the formula D,,,(z—r)A—¢(z,b). Then ¢'(z,b) is L-
definable and, as ¢(z,b) is equivalent to Dy, (x —r) A—¢/(z,b), it is also not L~ -definable.
The formula ¢'(z,b) is equivalent to

Dy (x— 1) A /\:L‘ € Ff.

)

We may write [y, = B(0,0)\Uj_, Bj, where for each j, rad(B;) is infinite. So
Ff = U?Zl Bj, and ¢'(z,b) is equivalent to

n
Dm(x—r)/\\/(xij/\ /\:vGFZ-C).
j=1 i#io
For each i # ig, F{ is a finite union of swiss cheeses (specifically, a union of a single
swiss cheese of radius 0 and a finite number of balls). Therefore, by Remark 9.2.3 (4), for
each j, B; N ﬂ#io FY is a finite union of swiss cheeses, each of radius at least rad(B;),
so infinite. So ¢'(z,b) is equivalent to a formula of the form

Dm(x—r)/\\/:v €F
(2

where each F] is a swiss cheese of infinite radius. Again by Lemma 9.2.4, we may
assume in addition that {F}}; are pairwise disjoint. As ¢'(z,b) is not L™-definable, the
disjunction cannot be empty. So we may replace ¢(x,b) by ¢'(x,b) and rename F; as F;.

We may assume that for each i, Dy, (x —r) Az € F; defines a nonempty set, as
otherwise we may just drop the i’th disjunct. Write m = pFm’ with ged(m/,p) = 1.
Then Dy, (x — ) is equivalent to Dy, (z — 1) A (vp(x — r2) > k), where r1 = r mod m/
and 7o = r mod p*. So ¢(x,b) is equivalent to

Dpy(z—11) A \/(Up(ac —ry > k) ANz € F).

2

The formula v,(z — r2) > k defines the ball B(r, k), of finite radius k, and for each i,
the outer ball of F; has an infinite radius. As D,,(z — r) A z € F; defines a nonempty
set, so too does vp(z —12) > k A x € Fj, and hence the outer ball of F; is contained in
B(rg, k). Therefore v,(x —1r2) > k Ax € Fj is equivalent to just « € Fj, and so ¢(x,b) is
equivalent to
Dm/(x — Tl) A \/ZE e F.
7

By Remark 9.2.3 (3) we may assume that each F; is a proper cheese. We replace ¢(z, b)
by ¢(x + r1,b), and rename m’' as m and each F; —ry as F;. Altogether, ¢(z,b) is
equivalent to a formula of the form

Dm(x)/\\/xe F;
i
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where ged(m,p) = 1, and {F;}; are disjoint proper cheeses having infinite radiuses. As
o(x,b) is not L~ -definable, the disjunction cannot be empty.

By Remark 9.2.8, D,,(x) defines a dense subgroup of M. By successively applying
Lemmas 9.2.10, 9.2.11 and 9.2.9, we get an L-definable formula of the form

Dy () ANz € B(0,7) (%)

with v nonstandard and ged(m, p) = 1. We will now assume that ¢(z,b) is of this form.

To finish, we need the following:

Claim. Let ¢(x,z) be any Ly-formula with |z| = 1.

(1) Suppose there exists a € M with v(a) nonstandard, for which there exists b such
that ¥ (x,b) is equivalent to v(z) > v(a). Then for any ¢ such that v(c) is nonstan-
dard there is b € M such that tp(d//0) = tp(b/0) (in L,) and ¢(x,d’) is equivalent
to v(z) > v(c).

(2) Let 6(z) be an L,-formula. Then there exists X € N such that for any a € M
with v(a) > K, if there exists b such that 6(b) holds and (z,b) is equivalent to
v(x) > v(a), then for any ¢ such that v(c) > K there is &’ € M such that (b') and
(z, V') is equivalent to v(z) > v(c). That is, let a(w) be the formula defined by

3z(0(2) AVx(Y(x, 2) < v(z) > v(w)))
and let x(w) be the formula defined by
a(w) — V' (v(w') > K — a(w')).
Then x(w) is satisfied by any a such that v(a) > K.

Proof of the claim. Proof of (1). We show that we can find @’ € M such that tp(a’/0) =
tp(a/0) and v(a’) = v(c). Indeed, let X(z) be the partial type tp(a/0) U {v(xz) = v(c)}.
We show that it is consistent. Let F' C X(z) be a finite subset. As v(a) is nonstandard,
we may assume that F' is of the form

{z#j: n<j<n}U{Dp,(x—1) : 1 <k<s}tU{v(zr)=uv(c)}.

Let m = [[, m, and write m = p'm’ with ged(m’,p) = 1. By ??, there exists @ € M
satisfying the formula D, (x —a) A(v(z) = v(c)). Sov(a) = v(c) is nonstandard. As v(a)
is also nonstandard, a also satisfies D, (z — a), so it satisfies Dy, (z — a), and therefore it
satisfies { D, (z — 1) : 1 < k < s}. Also, as v(a) is nonstandard, a@ ¢ Z. Together we
have that a satisfies F'.

So X(z) is consistent. Let ' € M be a realization of X(z). As tp(a’/0) = tp(a/0), there
is an automorphism of Ly-structures o € Aut(M /) such that o(a) = a’. Let b’ = o(b).
So tp(b'/0) = tp(b/0) and ¢ (x, ') is equivalent to v(z) > v(a’). As v(a’) = v(c), we have
what we want.

Proof of (2). Let &(w,w’) be the formula defined by a(w) — a(w’). By (1), £(a,c)
holds for any a,c such that v(a) and v(c) are nonstandard, so the result follows by
compactness. ]
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Now, let 8(2) be the formula expressing that (¢(z, z), +) is a subgroup. By Lemma 8.2.4
there are n1, ..., nk, having ged(n;, p) = 1 for each 4, such that for all ¢ € M for which
6(c) holds, ¢(z,c) is equivalent to a formula of the form D, (x) A v(z) > v(d) for some
i and some d € M. As (N,+,0,],) is an elementary substructure, if ¢ € N then there
exists such d € N. Let n = [[,n;, and let ¢(z, 2) be the formula ¢(nz,z). Then for
all ¢ € M for which 6(c) holds, ¥(z,c) is equivalent to v(x) > wv(d), for the same d
corresponding to ¢(x,c) (as v(n) = 0).

Let K € N be as given by the claim for ¢(x, z) and 0(z), and let a(w) and x(w) be as
in the claim. We have that ¢ (x,b) is equivalent to v(z) > v. In particular, the formula
p(z) defined by

0(z) A Jw(v(w) > K AVz((z, z) <> v(z) > v(w)))

is satisfied by b. Since p(z) contains no parameters, there exists ¢ € N such that
(N,+,0,|p) E p(c). So 6(c) holds and there exists d € N such that v(d) > K and
Y(z, c) is equivalent to v(z) > v(d). So (N,+,0,|,) F a(d). As v(d) > K, by the claim
we have M E x(d). Since x(w) contains no parameters, also (N,+,0,|,) F x(d). Hence,
as vy is surjective, for every v € I'(N) such that v > K there exists ¢, € N such that
6(cy) holds and ¢ (z, c,) is equivalent to v(z) > 7.

Let 6(x,y) be the formula

/\ i () = Dpe(y)) AV2(0(2) = (9(2, 2) = P(y, 2)))-

Then 0(z,y) is L-definable over (J, and we claim that it defines v( ) <w
a1,az € N, and suppose v(a;) < v(az). Then of course /\K_ (Dpr(ar) — Dyk(az)).
Let ¢ € N such that 6(c). Then there exists d € N such that w(m, c) is equlvalent
to v(z) > wv(d), and therefore also ¥ (ai,c) — ¥(az,c). So we have d(ai,az). On the
other hand, suppose d(a1,az). If v(a;) < K — 1, then by Ar_'(D ok(a1) — Dyr(az))
we get v(ai1) < v(ag). Otherwise, we have that v := v(a;) > K and hence ¥(a1,cy).
From Vz(0(z) = (¢¥(a1,2) = ¥(az,2))), as 6(c,) holds, we get in particular ¥ (a1, cy) —
Y(az,cy), and therefore we get v (a2, c,), which means v(az) > v = v(a1). Therefore,
v(z) < wv(y) is definable over () in N. O

()mN Let

Combined with Fact 9.1.5 and Theorem 8.3.2, we obtain:

Theorem 9.2.13. Let (N,+,0,1,|,) be an elementary extension of (Z,+,0,1,|,). Then
(N,+,0,1,p) is O-minimal among the O-proper (0-expansions of (N, +,0,1).

Proof. Identical to the proof of Corollary 9.1.9 from Theorem 9.1.10. O
In particular:

Corollary 9.2.14. (Z,+,0,1,|,) is minimal among the proper expansions of (Z,+,0,1).

Proof. Identical to the proof of Fact 9.1.7 from Corollary 9.1.9. OJ
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9.3 Intermediate structures in elementary extensions: some
counter-examples

In this section, we show that Fact 9.1.5, Fact 9.1.7 and Corollary 9.2.14 are no longer true
if we replace Z by an elementarily equivalent structure. In the case of Corollary 9.2.14,
there are both stable and unstable counterexamples. For Fact 9.1.7 there are unstable
counterexamples, but we do not know whether there are stable ones.

For each of the above, we give a family of counterexamples.

Remark 9.3.1. Let L C LT be two first-order languages, let ¢(x,y) be an LT-formula,
and let P be a new relation symbol. Let A" be an LT-structure, let a,b € A be such
that tp(a/0) = tp(b/0) (in LT), and let A = ¢(N,a), B = ¢(N,b). Let N1,N2 be two
reducts of A/, both in the language L U {P}, such that V1|, = Na|p = N, P(N7) = A,
P(N3) = B. Then N7 = Nb.

Proposition 9.3.2. Let (N, +,0,1,|,) be a nontrivial elementary extension of (Z,+,0,1, ),
let v be a nonstandard element from I'. Let B = {a € N : vy(a) > ~v}. Then
(N,+,0,1, B) is a stable proper expansion of (N,+,0,1) of dp-rank 1. In particular,

it is a proper reduct of (N, +,0,1,]p).

Proof. Tt is clear that (N,4,0,1,B) is a proper expansion of (N,4,0,1), and, as a
reduct of (N, +,0,1,|,), by Theorem 8.3.2 it is of dp-rank 1. It remains to show sta-
bility. This follows from a theorem of Wagner, see Remark 9.3.3, but we also give
a direct proof. First, we show that Th(N,+,0,1, B) does not depend on N or b, as
long as wv,(b) is infinite, so it is enough to prove stability for just one particular choice
of (N,+,0,1,],) and b. Let (N2,+,0,1,|,) = (N,+,0,1,],), let ¢ € Ny be such that
0 := vp(c) is nonstandard, and let C = {a € Ny : c|pa} = {a € Ny : vy(a) > 6}. Let
(M,+,0,1,|,) be a monster model, and let B’ = {a € M : bl,a}, C' ={a € M : c[pa}.
So B=B' NN, C =C"NNy, and (N,+,0,1,B) < (M,+,0,1,B), (Na,+,0,1,C) <
(M,+,0,1,C"). By Claim 9.2.2 (1), there exists d € M such that tp(d/0) = tp(b/0) (in
{+.0,1,],}) and v,(d) = vy(c). Let D' = {a € M : d|pa}. Then D' = C’, and by
Remark 9.3.1, (M, +,0,1,D") = (M,+,0,1,B’). So (Ns,+,0,1,C) = (M,+,0,1,C") =
(M,+,0,1,D') = (M,+,0,1,B) = (N, +,0,1, B).

Now, consider the valued ring (Z,+,-,0,1,],), and let M; = (M, +,-,0,1,],) be a
monster model for its theory. Consider the partial type ¥(z) = {p"|pz : n € N} U
{Vy(z|py «» 32(y = x - 2))}. Then for each ng € N, p™ satisfies {p"|pz : n < no} U
{Vy(z|py <> 32(y = z-2))}, so ¥ is consistent. Let b E X. Let My = (M, +,0,1,{7}rem),
where for eachr € M, 7 : M — M is the function 7(a) := r-a. So My is an Mj-module in
the language of Mi-modules (expanded by the constant 1), and therefore it is stable (see
e.g. [Poi00, Theorem 13.14]). Let B = {a € M : b|pa}, and let Mz = (M, +,0,1, B).
AsbEY, B={aeM : Jz(a=b-2)} ={ae M : Iz(a = b(2))}, so B is definable in
M. Hence M3 is a reduct of Moy, and therefore it is stable. O
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Remark 9.3.3. In [Wag97, Example 0.3.1 and Theorem 4.2.8], Wagner defines an abelian
structure to be an abelian group together with some predicates for subgroups of powers of
this group. Every module is an abelian structure. Wagner proves that, as with modules,
in an abelian structure every definable set is equal to a boolean combination of cosets of
acl(())-definable subgroups. As a consequence, every abelian structure is stable. Under
the assumptions of Proposition 9.3.2, B is a subgroup of N, so (N, +,0, 1, B) is an abelian
structure. This immediately proves its stability.

Let (N,+,0,1,|,) be a nontrivial elementary extension of (Z,+,0,1,|,). For v € T
we define
Cy = {(a,b) € N? : vy(a) <y Avy(b) <y Avpa) <vp(b)}.

Proposition 9.3.4. Let (N,+,0,1,|,) > (Z,+,0,1,|,) be a nontrivial elementary ex-
tension, let v € I' be nonstandard. Then (N,+,0,1,C,) is an unstable proper expansion
of (N,+,0,1) and a proper reduct of (N,+,0,1, ).

Proof. Let R be the relation symbol corresponding to C. It is clear that (NNV,+,0,1,C,)
is an unstable proper expansion of (N,+,0,1). We show that |, is not definable with
parameters in (N, +,0,1,C). First, exactly as in Proposition 9.3.2, Th(N,+,0,1, |, C)
does not depend on N or ¢, as long as « is nonstandard. That is, if (Na,+,0,1,[,) =
(N,+,0,1,|p), d € N3 is such that § := vp(d) is nonstandard, then (N,+,0,1,|,,Cs) =
(N,+,0,1,p,C,). Soit is enough to prove this for just one particular choice of (N, +,0, 1, [,)
and 7..
For each m € N, let
Crm = {(a,b) € Z* : =Dymi1(a) A=Dpymir(b) A [\ (Dyi(a) = Dyi(b))}
i=1
= {(a,b) € Z* : alyp™ Ablyp™ A alyb}

and let Z,, = (Z,+,0,1,],,Cy,). Let U be a non-principal ultrafilter on N, and let
N =TI, 2Zm = (N,+,0,1,|,,C) be the ultraproduct of {Z,,},, with respect to U. Let
1 (z) be the formula YV, y(R(z,y) <> x|pz Ay|pz Az|py). For each k € N, for every m > k,
Zm | (320(2))AV2((2) — p*|,2), and therefore also N = (324h(z)) AV2(Y(2) — p¥|,2).
Hence there exists ¢ € N such that v := vp(c) is infinite and C = C,.

Suppose for a contradiction that |, is definable in (N,+,0,1,C). Then there is a
formula ¢(x,y,z) in the language of (N,+,0,1,C) with |z| = |y| = 1, and there is
d € N, such that N |= Vz,y(z|,y <> é(x,y,d)). Let (dm)men be a representative for d
mod U. Then {m € N : Z,,, =Vz,y(z|y <> ¢(z,y,dn))} € U. In particular, this set is
not empty, so there exists m € N such that Z,, = Va,y(z|,y < ¢(z,y,dy)). Hence |, is
definable in (Z,+,0,1,C,,). But C, is definable in (Z,+,0, 1), a contradiction. O

Proposition 9.3.5. Let (N,+,0,1,<) = (Z,+,0,1,<) be a non-trivial elementary ex-
tension, let b € N be a positive infinite element, and let B = [0,b]. Then (N,+,0,1, B)
is an unstable proper expansion of (N,+,0,1) and a proper reduct of (N,+,0,1,<).
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Proof. Let P be the relation symbol corresponding to B. It is clear that (N,+,0,1, B)
is a proper expansion of (N,+,0,1). The formula P(y — x) defines the ordering on
B, so this structure is unstable. It remains to show that < is not definable with pa-
rameters in (N,+,0,1, B). First, we show that it is enough to prove this for a sin-
gle choice of N and b (though in this case, the theory does depend on tp(b/()). Let
(N3, +,0,1,<) = (N,+,0,1,<), let ¢ € N2 be a positive infinite element, and let
C={a€eN :0<a<c}=][0c. Supposethat < is not definable with param-
eters in (Na,+,0,1,C). Let (M,+,0,1,<) be a monster model, and let B" = {a €
M:0<a<b},C'={aeM:0<a<c} SoB=BNN,C=C NN,y By
Lemma 9.1.2 (with A = {¢}), (N2,+,0,1,C) < (M, +,0,1,C") and < is not definable
with parameters in (M, +,0,1,C"). Similarly, (N,+,0,1,B) < (M,+,0,1,B’), and < is
definable with parameters in (N, +,0, 1, B) if and only if it is definable with parameters
in (M,+,0,1, B"). As cis a positive infinite element, tp(c/0) in {+,0, 1, <} is unbounded
from above in (M, +,0,1,<). Let d € M such that d > b and tp(d/0) = tp(c/0). Let D' =
{a € M : 0 <a <d}. ByRemark 9.3.1 (with L = Lt = {+,0,1,<}), (M,+,0,1,<
,C") = (M,+,0,1,<,D’), so in particular, < is not definable in (M,+,0,1,D’). As
d > b, [0,b] = [0,d] N [—d + b,b], and so the formula P(z) A P(—x + b) defines B’ in
(M,+,0,1,D"). So (M,+,0,1,B’) is a reduct of (M,+,0,1,D’), and hence < is not
definable in (M, +,0,1, B').

Now, for each m € N, let B,, = [0,m], and let Z,, = (Z,+,0,1,<,B,,). Let U
be a non-principal ultrafilter on N, and let N' = [[,, Z» = (N,+,0,1,<,B) be the
ultraproduct of {Z,,},, with respect to U. For each k € N, for every m > k,

Zp | Az((Vy(Ply) 0 0<y <a)) Az > k)

and therefore also N' = Jlz((Vy(P(y) «+» 0 <y < z)) Az > k). Hence there exists a
positive infinite element b € N such that B = [0, b].

Suppose for a contradiction that < is definable in (N, +,0,1, B). Then there is a
formula ¢(z,y,z) in the language of (N,+,0,1,B) with |z| = |y| = 1, and there is
¢ € N, such that N = Vz,y(x < y <> ¢(x,y,¢)). Let (¢;m)men be a representative for ¢
mod U. Then {m e N : Z,, = Vz,y(z <y <> ¢(x,y,cn))} € U. In particular, this set
is not empty, so there exists m € N such that 2, = Vz,y(z < y < ¢(z,y,cn)). Hence
< is definable in (Z,+,0, 1, B,), a contradiction. O
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