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1. INTRODUCTION

In 1902, William Burnside raised his famous problems [3].

ON AN UNSETTLED QUESTION IN THE THEORY
OF DISCONTINUOUS GROUPS.

By W. BURNSIDE.

A STILL undecided point in the theory of discontinuous
groups is whether the order of a group may be not
finite, while the order of every operation it contains is finite.
A special form of this question may be stated as follows :—
Let 4, 4,, ..., 4, be a set of independent operations
finite in number, and suppose that they satisfy the system of
relations given by

S"= 1,

where » is a given finite integer, while S represents in turn
any and every operation which can be generated from the m
given operations 4.

Is the group thus defined one of finite order, and if so
what is its order?

In other words:

The General Burnside Problem. Is every finitely generated group where each element has finite order necessarily
finite?

The Burnside Problem. Is every finitely generated group of bounded exponent necessarily finite?

(Recall that the exponent of a group G is, if it exists, the smallest n € N such that g" =1, for all g € G.)

In 1964, Golod and Shafarevich [5] constructed a counterexample to the general Burnside problem. As for the
Burnside problem, it was settled negatively a few years later in 1968 by Novikov and Adian [16, 17, 18]. It is
known that for r > 2 and n > 8000, r-generated groups of exponent » are infinite in general [13, 1]. A recent result
from Atkarskaya, Rips and Tent [2] yields that r-generated groups of odd exponent > 557 are infinite for r > 2.

Nonetheless, it is known that the Burnside problem has a positive answer for some values of the exponent.
In fact, it is known that all finitely generated group of exponent n = 2,3,4,6 are finite. Note that it is still open
whether 2-generated group of exponent 5 can be infinite (!). Let us take a closer look at groups of exponent 2 and
3.

I.1. Groups of exponent 2 and 3. Before anything, let us go through some notations and easy facts.
e A group G is abelian if gh = hg for all g,h € G. Equivalently, g~'h~'gh = 1 for all g,h € G. We denote

[g,h] := g~ 'h~! gh the commutator of g and h. Of course, g and h commute if [g, 1] = 1.
o (Exercise) An abelian group of exponent 2 is a vector space over the field IF».

Proposition 1.1. A finitely generated group of exponent 2 is finite.

Proof. Let us check first that a group of exponent 2 is abelian. If G is of exponent 2, then for any a,b € G, we
have (ab)> = 1 hence ab = b"'a~'. Then [a,b] =a 'b"'ab=a"'"b"'b"'\a ' =a" ' (b7")a"' = (a7")? = 1.
Therefore G is abelian. Now an abelian group of exponent 2 is a vector space over the finite field [F,, which, if
r-generated, has order < 2”. We conclude that a finitely generated group of exponent 2 is finite. |

We will see later in the course why finitely generated groups of exponent 3 a finite. This will be linked to the
n-Engel identity, which will be at the core of this course, and that we introduce now.

e Let G be a group and g,h € G. Then g” := h™ ! gh is called the conjugate of g by h. We also denote a~” the
element b~'a~'b. Note that (a?)~! =a?.
e The map x — x” is an automorphism of G.



e We define inductively the notation [xi,...,x,] := [[x1,...,X—1],%:]. fx; =x and x, =x3 = ... = x;,, we
use the notation:
ey, = ey ™).
e An identity of a group is an equation satisfied by every element of the group. For instance, a group is
abelian if and only if it satisfies the identity [x,y] = 1.
e The identity [x,y")] = 1 is called the n-Engel identity.

Proposition 1.2. Any group of exponent 3 satisfies the 2-Engel identity:

[x,y,y] = L.

Proof. If G is of exponent 3, the for arbitrary a,b € G we have 1 = (ba)? = bababa = b’b~2ababa = b>b~2ab*b~ ' aba.
We conclude:
daba=1. )

By replacing b by b in (%), we get

dd”a=1. ()
From (1) we obtain @’ =a'a® which, plugged into () yields a’a~'a~a=1,i.e. [a=",a] = 1. We conclude that
a~? and a commute. As a trivially commute with itself, « commute with a~?a = [b, a]. It follows that [[b,a],a] = 1.
As a,b were arbitrary, we conclude that [x,y,y] = 1 is an identity of G

In the 1930s, mathematicians started asking a more reasonable variant of the Burnside problem.

The Restricted Burnside Problem. For fixed r,n € N, are there only finitely many finite r-generated groups of
exponent n?

Using a result of Hall and Higman [7] (and the classification of finite simple groups), the restricted Burnside
problem reduces to the case of p-groups, i.e. groups were every element is of order a power of a prime p. This was
solved positively in 1959 by Kostrikin [10, 11, 12] (announced in 1958 in [11]) for groups of prime exponents and
by Zelmanov [26, 27] in 1991 for the general case of p-groups. For that work, Zelmanov was awarded a Fields
Medal at the International Congress of Mathematicians in Ziirich in 1994.

Both Kostrikin and Zelmanov’s result are in fact theorems about Lie algebras. The solution of the RBP is
a perfect illustration of a beautiful method of reduction of group-theoretic questions to Lie algebra questions,
usually called Lie methods in group theory.

p-groups A~ Lie
Algebras

Definition 1.3. An algebra (V,+,0,%) over a field F is an F-vector space (V,+) equipped with a bilinear map
(x,y) — xxy, that is, which satisfies
(Ax+uy)*z=Ax*xz+Uy*z z%(Ax—+Uy) = Az*x+Uz*y
Definition 1.4. A Lie algebra is an algebra (L, +,0,.,.]) in which the bilinear map (x,y) — [x,y] satisfies [x,x] =0
and the Jacobi identity
by, 2+ [y 2 x] + [z, = 0.

The basic idea is to associate to a given p-group G a certain Lie algebra L(G):

G~ L(G)
and to prove that the RBP holds for groups of prime exponent if and only if the associated Lie algebra of such
groups is nilpotent. Then the turning point is given by Theorem 5.17: the associated Lie algebra of a group of
exponent p satisfies the (p — 1)-Engel identity, which is the following:
[' . [‘x7y]7y]7""y] = 0'
N—_——
(p—1) times
At this point, we will be able to make apparent the link between the RBP and Engel Lie algebras, which is at
the core of the solution of the RBP



To solve the RBP for groups of exponent p, it suffices to prove that finitely generated
(p — 1)-Engel Lie algebras are nilpotent.

We will therefore concentrate our course on understanding n-Engel Lie algebras. We will carry out the com-
puting that 2-Engel Lie algebras and 3-Engel Lie algebras of characteristic different from 2 and 5 are nilpotent,
which are due to Higgins [8]. In fact, in those cases, the finitely generated assumption is superfluous. We will also
prove various results on n-Engel Lie algebras, such as another result of Higgins which states that nilpotency and
solvability coincide for n-Engel Lie algebras of characteristic p > n. In order to palliate the lack of associativity
of a Lie algebra L, we will work in the algebra of linear endomorphisms End(L), which is an associative algebra.
This will be done by considering enveloping algebras. Therefore, before starting the study of Lie algebras, we will

Associative
Algebras

Lie ~S
Algebras

start will basics on associative algebras.
At the very core of the study of Engel Lie algebras lies Zelmanov’s characteristic 0 theorem [25].

Theorem (Zelmanov, 1988). Every n-Engel Lie algebra over a field of characteristic 0 is nilpotent.

This result yields an asymptotic solution to the RBP: for every n € N there exists N € N such that every n-Engel
Lie algebra of characteristic p > N is nilpotent, see Section A. If time permits, we will look into some aspects of
the proof of this beautiful theorem.

2. ASSOCIATIVE ALGEBRAS AND THE NAGATA-HIGMAN-DUBNOV-IVANOV THEOREM
Definition 2.1. An algebra (A,+,-) is associative if for all a,b,c € A we have (ab)c = a(bc).

Example 2.2. e Any ring of square matrices over a field F is an associative algebra.
e The polynomial ring F[x,...,x] is an F-algebra, which is, furthermore, commutative.

Some further notations and conventions:

e An identity in an algebra is an equation satisfied by all elements.

e The commutator in an associative algebra is the function [x,y] = xy — yx. Commutative algebras satisfy
the identity [x,y] =0

e The nilexponent of an associative algebra A is, if it exists, the smallest n € N such that x” = 0 is an identity.

e An associative algebra A is nilpotent if there is k such that x; - - -xz; = 0. The smallest such k is called the
nilpotency class of A.

e A two-sided ideal I of an associative algebra is a subalgebra I < A such that for all a,b € A we have alb C I.
The vector space quotient (A/I,+) can be equipped with a multiplication: (a+1)-(b+1) = ab+ 1, which
turns A/I into an associative algebra, for which the quotient map 7 : A — A/I is an associative algebra
homomorphism.

Exercise 2.3. Check the last point above.

Exercise 2.4. Let us prove that the ring M, (IF) of matrices over a field IF satisfy the identity [[x,y]?,z] = 0.

(1) Prove that for any M,N € M,(F), the commutator [M,N] has trace 0.
(2) Using the Cayley-Hamilton Theorem, prove that if the trace of M is 0, then M? is a diagonal matrix.
(3) Conclude.

Assume that an associative algebra A over a field of characteristic p has nilexponent 2, i.e. satisfies the identity
x?> = 0. Then
0= (x+y)? =x>+xy+yx+)y> =xy+yx.
Therefore, it satisfies xy = —yx. In particular, we also have
xyz = x(yz) = —xzy = —(xz)y = 2xy = z(xy) = —xyz
If p # 2, it follows that xyz = 0, hence A is nilpotent. If p = 2, then A is commutative, but it is not nilpotent

in general. The following theorem was for a long time known as the Nagata-Higman theorem, but it was later
discovered that Dubnov and Ivanov had it proved first.



Theorem 2.5 (Nagata-Higman-Dubnov-Ivanov). Let A be an associative algebra over a field of characteristic p
satisfying the identity x* = 0 with p > n. Then A is nilpotent of class < 2" — 1.

Proof. The proof is by induction on n. The case n = 2 above is our initialisation. Let us assume that any associative
algebra of nilexponent k < 7 is nilpotent of class < 2% — 1.

O0=(x+Ay)"=x+Ay)(x+Ay)...(x+Ay)
= x"
FA (X Ry )
22 (L)

Anyn
LetA; =x" 'y 4+ x" 2yx+ . 4+xxd" 24y Ay =x"" 22+ ..., ..., A,_1 = .... We have
AL+ A4+ .+ AT =0
Let Aq,...,A,_1 be elements of IF. Then
M 7(,12 AerI Ay
A )uzz %171 Ao
A1 )unz_l A::ll An_q

This is a Vandermonde matrix, classically its determinant is []; ;(A; — 4;) which is nonzero if A; are all distinct,

which we can choose because p > n. (Note that here we only use p > n.) So the matrix is invertible and hence

Al =Ay=...=0. We define f(x,y) =x""ly+x"2yx+... 4" 2+ yx" 1 = Y1 117y, then f(a,b) = 0.
Now let’s look at the following:

n—1
gla,b,c) = Z a1 e 1 gl
i,j=0
On one side we have:
n—1
gla,b,c) = Z( Z a"iep" i ah b = Zf(a,cb"_l_f)bf =0
J =0 J

On the other hand, we also have

abc Zan 1—i <an—1—jaibj> Zan 1- l ba a' ICan 1
J

We conclude
na" leb ' =0
hence as p > n we have x"~lyz"~1 = 0.
Let / be the two sided ideal generated by {a"~! | a € A}. Two elements of ] are sums Y u;a!~'v; and ¥, ula" v/
hence by the identity above, for all ¢ € A:

(Zuiai Zu/ fn—1 ’ Zu, - lv,cu ’]” 1)\;}:0.
1

Therefore, I is nilpotent of class 2. Now, the quotient A/ is a nilalgebra of nilexponent (n — 1). By induction, A/1
is nilpotent (p > n > n— 1) of class < k =2"~! — 1. This implies that for all ai,...,ax,b1,...,bi,c € A, we have
ay---ag,by---bp€l.Soay...archy ...by =0 and A is nilpotent of clas < 2k+1=2- (2”*1 -)+1=2"-1. O

Remark 2.6. e For the induction step, we only used that the field is of size large enough and that p does not
divide n. However, in order to apply the induction hypothesis, we need that p does not divide n — 1, then
n—2, etc so we indeed need p > n.
e A nilalgebra does not have an identity element. Therefore, the identity x"~'yz*~! = 0 does not imply
x"~1y"=1 = 0, hence the presence of ¢ in the last lines of the proof above, in case elements v,,u do not
occur.



3. LIE ALGEBRAS AND ENVELOPING ALGEBRAS

As mentioned in the introduction, a Lie algebra (L,+,[.,.]) over a field F is an F-algebra which further satisfies
the following properties:
e (alternative) [a,a] =0,
e (Jacobi) [[a,b],c]+[[b,c],a] + [[c,a],b] = 0.
A Lie algebra always satisfy the property antisymmetry [a,b] = —[b, a] but that property is weaker than alternativity
(think of characteristic 2).

Example 3.1. e Given any associative algebra (A,+, -), the bracket [a,b] = ab — ba turns (A, +,[.,.]) into a
Lie algebra.
e The space .#,(IF) of n x n matrices over F. The subspace of matrices of trace 0 is a Lie subalgebra.
e The cross-product in 3-dimensional vector spaces.

Here are some further notations and definitions.

e A Lie subalgebra M C L is a Lie algebra which is a vector subspace such that for all a,b € M we have
[a,b] € M. A Lie algebra L is abelian if [a,b] =0 for all a,b € L.

e An ideal [ of a Lie algebra is a Lie subalgebra such that for all a € I and b € L we have [a,b] € I. If
L is a Lie algebra with an ideal I < L, the group quotient L/I is again a Lie algebra for the bracket
[a+L,b+L] = [a,b]+ L and the quotient map 7 : L — L/I is a Lie algebra homomorphism. The three
isomorphism theorems hold for Lie algebras.

o A monomial (or commutator) in x1,...,x, is a term obtained using iteration of the bracket, for instance
[[x1, [x3,x2]],x4] or [x1,[x2, [x4,x3]]]]. The length of a monomial is the number of variables occurring. For
instance, [[x1, [x3,x2]],x4] and [x1, [x2, [x4,x3]]]] have length 4. A distinguished kind of monomials is given
by left-normed commutators which are inductively defined as [x1,...,x,] = [[x1,...,%—1],%x]. We also use
the notation:

[ Praglnls o] = ey,
H,—/
n times
e Given a subset S C L, the Lie F-algebra generated by S is the smallest Lie subalgebra of L containing S. It

is the F-span of all possible commutators in elements of S. According to Exercise 3.2, it is the span of all
left-normed commutators evaluated in elements of S.

Exercise 3.2. Any commutator in x,...,X, can be written as a sum of left-normed commutators in xi,...,x;,.
(Every monomial of length > 2 is written as a product [u,v], where u,v are monomials. Do an induction on the
length of v.)

Exercise 3.3. Prove that in a non-abelian Lie algebra L, there is no element 1 such that [a,1] = a.

Given a Lie algebra L over a field IF, we denote by End(L) the F-algebra of linear endomorphisms of L. For
each a in a Lie F-algebra L, we will denote by ad, the map x — [x,a]. By bilinearity of [.,.], it is an element of
End(L).

In this course, we will use the right-sided notation for the application of functions
For instance (a) ad, = [a,b].

It might seem a bit odd at first but it is very consistent with our convention of left-normed bracketing. Elements
f,& € End(L) are linear endomorphisms of L, and the addition and multiplication in End(L) is given by

W (f+8)=mf+xe ()(fog)=((0)f)g
In particular, the right-sided notation of the composition means that f o g consist in first applying f then applying
g, which is quite natural when you thinnk about it. Let us now realize the following mapping.

Associative
Algebras

Lie ~S
Algebras

Adjoint representation and enveloping algebra. As we saw above, as any other associative algebra, the
associative algebra (End(L),+,-) has an underlying Lie algebra (End(L),+,[.,.]) where the bracket is given by
6



[f,g] = fg— gf. The Jacobi identity yields
[[1, [bVC]] = [a,b,c] - [(J,C,b]
so that ad}, ) = adpad. —ad. ad,. This means that the map
ad: (L,+,][.,.]) = (End(L),+,[,.])
is a Lie algebra homomorphism. We denote adL the image of L via the map ad. Within End(L), the algebra
generated by ad L is the smallest associative subalgebra of End(L) which contains the Lie algebra ad L. It is called
the enveloping algebra of L. Any element of A(L) of the form ad, is called a Lie element of A(L). Any algebraic
relation true for Lie elements will yield a relation in the Lie algebra. For instance, (x +y)? = x> 4+ xy 4+ yx +y? is
true in A(L), so in particular for Lie elements x = adp,, y = ad, and hence in any Lie algebra:
la, (b+¢)*) = [a,b®] +[a,b,¢] +[a,e,b] + [a, ).
The composition ady, o...oad,, applied at an element a € L gives
(a)(adbl Oo... Oadbs) = ([a,bﬂ)adbz o... Oadbs = [a,bh cee ,bs}
Most of the time we will use juxtaposition instead of the symbols o for the composition of maps. The notation
[a,b™)] corresponds to evaluating ad} € End(L) at a.

Definition 3.4. For A, B subsets of a Lie algebra L, we denote by [A, B] to be the span of the set {[a, D] | a € A,b € B}.
We define the lower central series as the series defined inductively by L' = L and L"! = [L" L]. A Lie algebra is
nilpotent if there exists k such that L&+ = 0. The smallest such k is called the nilpotency index of L.

Proposition 3.5. Let L be a Lie algebra, the following are equivalent.

(1) L is nilpotent of class < k

(2) L satisfies the identity m(xy,...,x;) =0, for all variables xi,. .., x; and monomials m(xy,...,x;) of length
k.

(3) L satisfies the identity [xi,...,x;] = 0.

Proof. 1t is clear that (1) and (3) are equivalent and that both follow from (2). The fact that (2) implies (3) is
Exercise 3.2. g

4. FIRST FOOTSTEPS WITH n-ENGEL LIE ALGEBRAS
Definition 4.1. A Lie algebra is n-Engel if it satisfies the identity
0= [,y ...,y = e, y™].
H-,_/
n times

e Given a Lie algebra L and its enveloping algebra A(L), a weak identity of A(L) is an identity only satisfied
by Lie elements of A(L).

e A 2-Engel Lie algebra L satisfies [x,y®)] = [[x,y],y] = 0. For a,b € L, we have

0= [[a,b],b] = [(a) ady,b] = (a)ad?.
This holds for all a € L hence the endomorphism adlz7 equals the zero map of End(L), which means ad? = 0.
Because this holds for arbitrary b € L, we conclude that x> = 0 is a weak identity of A(L).
For a given set S we denote by G(S) the group of permutations of S. We will also use the notation &(n) or &,
for the group of permutations of {1,...,n}.

Lemma 4.2. Let L be a Lie algebra over any field F. If L is n-Engel then L satisfies the identity
Z [anIca~~-7)’na] =0

ce6,

Furthermore, the converse holds if F has characteristic 0 or p > n.

Proof. The main point is the following claim.

Claim 1.
Y Eviervmol= Y ()" (L™
0ES, 0#SC{1,...,n} i€s
= Y (=0 o i) ™)
1<s<n

1<i) <..<ig<n
7



Proof of the claim. 1t suffices to develop the right hand side. To convince yourself, observe that in any associative
algebra, we have for n = 3:

Or+y2433)° = Y vievaoyso + (01 +32)° + (1 4+33)° + (02 +3)° —yi =y -0
ceB3

hence

b, (1 +y2+y3) ] = Y [yi0,320,330] + [, 01 +32) D]+ [, (01 +33) P + [x, (02 +y3) @]
[ISGE

— ey = ] = )

O

If L is n-Engel, each term on the right of the expression in Claim 1 vanishes, so we are done. Conversely, if the
identity

Z [xaylau-ayn] =0

cesS,

is satisfied by L, then by putting y; = y; =y we get n![x, y(”)] = 0. Then if F has characteristic O or p > n, we
conclude [x,y")] = 0. O

5. THE RESTRICTED BURNSIDE PROBLEM AND 7n-ENGEL LIE ALGEBRAS

We will assume that the reader is familiar with the notion of a group G, a subgroup H C G. The group of
endomorphisms will be denoted End(G), the group of automorphisms Aut(G). Recall that inner automorphisms
are of the form x — x¢ := g~ !xg, and a subgroup H C G is normal if it is closed under inner automorphisms of G,
in which case we will write H < G. The group generated by a set S is denoted (S), and a group G is r-generated
if there exists gi,...,g, € G such that G = (g, ...,g,). The normal closure of a set S C G is the smallest normal
subgroup of G contining S, and it is the group generated by all conjugates of elements of S.

5.1. The associated Lie algebra of a group of exponent p. The exposition draws mainly from [21]. Given a
group G, the commutator of two elements is [g,h] = g~ 'h~'gh. Given two sets S,T C G, we write [, T] for the
group spanned by all elements [s,¢] with s € S,z € T. Then the lower central series (LCS) is the series

ntpbk...
defined inductively as 1 = 71(G) = G and
Yir1 = [%,Gl.

Using that [g,h]* = [¢¥, #*], each ¥ is a normal subgroup of G (see Exercise 5.1). As gh = hg[gh], we see that
G/ 7, is abelian and more generally, each quotient ¥ /% is abelian. (See Exercise 5.1).

Exercise 5.1. Let G be a group and (% );cn its LCS.

(1) Prove that 7; is a normal subgroup of G.
(2) Prove that ¥;/7:4 is a subgroup of Z(G/7¥;11), in particular, % /%1 is abelian.

Exercise 5.2. Let G be a group and g, i,k € G. Prove the following equations.

(1) [g,h] =[h,g]""!

@) [t = [gF h"]

(3) [gh,k] = [g,k]"[h, k]

4) [g,hk] = [ k][g. h]*.

(5) [g.h " k)" [hk Lglflk, gt hjg =1.

Definition 5.3. A group is nilpotent if there exists k € N such that 9, = 1. In this case, the smallest ¢ such that
Ye+1 = 1 is called the nilpotency class of G.

It is a classical fact that finite p-groups are nilpotent, see Exercise 5.20.
For g € G, we let g* denote a conjugate of g, where the element by which g is conjugated is not explicit.
Similarly, g~* denotes a conjugate of g~—!, which is the inverse of a conjugate of g. Revisiting the classical
8



identities from Exercise 5.2 (using that gh = h*g), we have the following:

[gh, k] = [g,k]" [, k]" (1
g, hk| = [g, h]"[g,k]" (2)
(g h] =[g.h]* 3)
[e,h™ "] = [g,h] " )
g, k] = kg™ kg (5)

Lemma 5.4. Let G be a group and (Y;)icn be the LCS. For all i, j, [¥;,Y;] C Yt

Proof. We prove it by induction on j, the case j = 1 is by definition, so assume by induction that j > 1 and for all
k and for all jo < j we have [, ¥j,] € Y+ j,- Leta € ¥;,b € ¥;. Then b is a product of commutators [c,d] and their
inverse with ¢ € yj_1,d € G, so using (2) and (4) above, [a,b] is in the normal closure of elements of the form
[a,[c,d]] with ¢ € ¥j_1,d € G. Now, ¥ is normal, so it suffices to prove that [a, [c,d]] € ¥4 ;. By Exercise 5.2(1),
we have [a, [c,d]] = [c,d,a]~" and by (5), we have

[c,d,a}_l = ([a,c_l,d_l}_*[d_l,a_l,c]_*)_l = [d_l,a_l,c]*[a,c_l,d_l}*

As a € ¥,d €y we have [d',a '] =[a"',d"!|7! € yi41. As ¢ € yj_; the induction hypothesis yields that
[d~',a ! c] € it ;. Similarly, we deduce [a,c!,d '] € i1, and we conclude the proof of the lemma. O

Lemma 5.5. Let G be a group, let S C G such that G = (S). Foreachn €N, define S, ={[s1,...,sn] | s1,-..,8, € S}.
Then

(1) v, is the normal closure of S,,
(2) If T2 % = Y%/ Yi+1, then ¥/ Yut1 is generated by S, 7.

Proof. We prove it by induction on n. For n =1, S| = G so (1) and (2) are trivial. Assume n > 1 and let
h € ¥,,g € G. By induction / can be expressed as a product of elements of the form [sy,...,s,]* and their inverses
with k € G,s; € S. Using (1) and (3), [h,g] is in the normal closure of elements of the form [[sy,...,s,]%, g]. By
Exercise 5.2, we have [[s1,...,s,]%, g] = [[s1,. .- ,s,,],gkil]k. As G=(S), g’(1 is a product of elements of S and their
inverses, hence by (2) and (4), [[si,... ,s,,],gkil J€ is in the normal closure of elements of the form [[sy, ... ,s,],s],

with s € S, and so does [k, g]. As ¥.+1 is generated by such [h,g] and ¥+ is normal, we conclude (1). For (2),

observe that

a*=[g,ala=]a"" gl 'a

with a = [s1,...,8,+1] to conclude that [sq,...,8,+1]8 = [s1,...,Sy+1] modulo Y,47. a

Let G be a group of exponent p with LCS (¥;)ien. We define L; = %/%+1. Each L; is an abelian group of
exponent p, otherwise known as an elementary abelian group or an I ,-vector space, and we will use the additive
notation for the group law. We may define the group L(G) as the direct sum of those [F,-vector spaces:

= @Li = ED%‘/%‘H.
ieN ieN
The group law in L(G) will also be denoted additively. In L(G), we call an element of L; a homogeneous element.
Every element of L(G) can be uniquely written as a sum of homogeneous elements. Given two homogeneous
elements gY41 € L; and hyj;1 € Lj we know by Lemma 5.4 that [g, ] € ¥ ; and we define the bracket on gy;41
and hyjy; as follows
[8%+1, Y] = (8, A Vi1

e The binary function |[.,.] is well-defined on homogeneous elements. Assume that g%y = k%4 so that
g = hu with u € %1. Using (1) we have [g,h] = [k,h]*[u,h]" and by Lemma 5.4 and Exercise 5.1 (1)
we have [u,h]* € Yiyjy1 80 [8,h]Yiyj+1 = [k, h]¥iq j+1. Similarly, if Ayj 1 = kyj41 we have [g,h]Yiqj+1 =
(8, k]¥it j+1, so the bracket is well-defined.

e The bracket is alternative and antisymmetric on homogeneous elements. By definition [g%+1,8%+1] =
[g,8]Pit1 = 0. By Exercise 5.2, [¢¥is1,hYj+1] = [&,h]%irj+1 = [h,8) " Yipjs1. In Liyj, the element
[h,g) "9t j+1 is the inverse of [, g]¥is j+1 = [AYj+1,8Yi+1] s0, according to our additive notation, we con-
clude [g¥i1,hYjr1] = —[hVjs1,8%+1].

e The bracket [., ] is bilinear on homogeneous elements. Assume that g¥;1,hY+1 € L; and kyj,1 € L;. The
group law in L; is denoted + so that by definition g% 1 + h%1 = gh¥i+;. Now we prove that [g¥41 +
hYir1,kYjv1] = [8Yi1,kYjs1] + [kYir1,kYj+1], where the sum in the second term corresponds to the sum in
Li, ;. By definition [g¥11 + hYir1,kYj+1] = [8hYir1,kYj1] = [gh,k]Yit j+1. By (1), the latter term equals
(& k¥ [, k] Vi j+1 = [8,k) Vi js1 + [, k] Yitj+1 and as Y4 j41 is normal, the latter equals [g,k]¥i+j+1 +
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(h, k]¥it j+1, which by definition, is [g¥i41,kYj+1] + [AYit1,kYj+1]. The argument on the right input of [., ]

is similar.
The latter point implies that we may now extend the definition of the bracket to the whole of L(G) by linearity,
since L(G) is spanned by the homogeneous elements. For each Y;a;,Y;b; € L(G) where a;,b; are homogeneous

elements, we define
(Y ai,}.bj] =} laibjl.
i J

i,
Basic linear algebra gives that this yields a well-defined bilinear function on L(G).

Lemma 5.6. The structure (L(G),+,[.,.]) is a Lie algebra over IF,.

Proof. We already know that [.,.] is a bilinear map on L(G), so it remains to check antisymmetry and the Jacobi
identity. Let a = Y;a; € L(G) where a; are homogeneous elements. Then by definition [a,a] = Y, j[a;,a;] =
Yilai,ai] + X< ([ai,a;] + [aj,a]). This vanishes by the second point above. We now turn to the Jacobi identity.
The function

(%3,2) = [, 2 4 [, 2,0] 4 [2,3,)]
is multilinear, hence to check the Jacobi identity for L(G) it is enough to check it on homogeneous elements. Let
a= f¥%41 € Li,b =gYj41 € Lj,c = hYiy1 € Li. Note that by Lemma 5.4, we have [f, g,h](g, h, f[h, f,8) € Vit jk
hence, it is enough to prove that

[fagvh][g7hvf][h7fvg] € Yit jrk+1-
By Exercise 5.2 (5) we have [f,g~ ', h]¢[g,h", f]"[h, f~',g]/ = 1. We consider [f,g~',h]S. By (4) we have
[f.g7'] = [f.g] ™", for some s € G. By Lemma 5.4, we have [f,g] € ¥+; and hence [f,g]"! € ¥;. Foru=
[[f,e]~',s] € Yirj11, we have [f, 8] = [f, 8] 'u. It follows that [f, g~ !, h]® = [[f,g]'u,h]® which, by (1) equals
vag]il 7h]*[u7h]* By (3)7 we have [[fag]il 7h]* = [f?g’h]i* and as above [fvgah]i* = [fag7h]7l mOdUIO yi+j+k+1~
As [u,h]* € ¥ jyix+1 we conclude that

[f7g_17h]g = [fag7h]_1 mod Vit jtk+1-
Similarly, (g, 2", f]" = [g.h, ]! mod Yis j4k+1 and [h, 1, )/ = [h, f,g] 7! mod ¥ jk+1, SO we conclude using

the equality above. O
5.2. Varieties of groups, free Burnside group. Given variables xy,...,x, a word in x1,...,x, (or simply a word)
a string of characters xfll xfkk with exponents & € {1,—1}, 1 <ij,...,ix <n, k € N, which is subjects to the
reduction . N e e

...xin':'xixi;e i,,’:l = i,:l in’r:l

Equivalently it is an equivalence class of strings of characters xfl' .. .xigkk for the relations that relates two strings if

one can be obtained from the other by removing or adding strings of the form x}x; ! in between the letters. We

denote the empty word by 1. The set W (n) = W(xy,...,x,) of words in x1,...,x, can be given the structure of a
group via concatenation, i.e. by setting

€1 EkN (41 uy _ & &, 11 Y
() X ) (X ) =X X

and x;x; ''— 1. This group is called the free group in n generators. Similarly, by taking words in variables (x;);en,
one constructs the group W (), which can also be seen as the group U,y W(x1,...,%,) for the natural group
embedding of W (x1,...,x,) in W(x1,...,X,+1) given by mapping x; € W(xy,...,x,) to x; € W(x1,...,Xp11).

Evaluation of words in a group. For any element w € W(®), we write w(x;,,...,x;,) if the variables appearing
in the word w are among x;, , ..., x;,. We may simply write w(x1,...,x,). Given g1, ..., g, in a group G and a word
w(x1,...,x,) we can consider w(gi,...,g,) the element of G given by setting x; — g; and interpreting the word in
G. If w = x; 'x; 'x1x2, then for g,h € G we have w(g,h) = g~ 'h~'gh = [g,h] € G.

Definition 5.7 (Variety of groups). Let V be a set of words in (x;);cn. The variety of groups generated by V is the
collection of all groups G such that for all w(xi,...,x,) € V and for all g1,...,g, € G we have w(gy,...,g,) = 1.
A variety of group is a variety defined by some set of words.

Exercise 5.8. Check that the following classes of groups are varieties: all groups, abelian groups, nilpotent groups.
Note that the set V in the previous definition might be infinite: prove that the class of group of exponent dividing
n is a variety, for all n.

Definition 5.9 (Free groups). Given a variety of groups ¥ and a set S of variable. A free group for V" generated
by S (or a group freely generated by S) is an element F(S) of ¥ generated by S and such that for any group G € ¥,
any mapping S — G extends uniquely to a group homomorphism F(S) — G.
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F(S)
Free objects always exists in a variety.
Theorem 5.10. Every variety of groups admits a free group in any given set of generators.

Exercise 5.11. Let ¥ be a variety of p-groups. prove that there exists n such that every groups in ¥ has exponent
n

p".
It does not take long to see that the group of words W (S) is a free group in S for the variety of all groups. Then

free groups in other varieties can be constructed from W(S), as we will see in the next lemma. It is generally

admitted that only the free groups W (S) for the variety of all groups are called free groups, whereas for any strictly

smaller variety, free groups are usually called relatively free group. In fact, those are given by quotient of W (S).
A subgroup H of W(w) is called fully invariant if for all endomorphism 6 of W we have HO C H.

Lemma 5.12. Let H be a fully invariant ideal of the free group W = W (®). Then W /H is a free group for some
variety V.

Proof. We set ¥ be the variety of groups defined by the following subset of W (®):
{weW(w)|wxi,...,xy) € H for some distinct iy,...,i; € N}.

Note that because H is fully invariant, W /H is an element of . We prove that W /H is a free group relatively to ¥,
freely generated by (x;H );en. Let G be any group in ¥/, and assume we are given a mapping [ : {x;H | i € N} - G
say x;H — g; € G. By freeness of W, we know that the mapping x; — g; extends to a homomorphism 6 : F — G.
As G € ¥, we have that H C ker 0 hence 0y : F/H — G is well defined and is a group homomorphism extending
f, as required. (I

As was mentioned above (see Exercise 5.8), given a fixed n € N, the groups of exponent dividing n form a
variety.

Definition 5.13. The free Burnside group B(r,n) is the free group in r generators for the variety of groups of
exponent dividing n.

In fact, by Lemma 5.12, the Burnside group B(r,n) is precisely the quotient of the free group F(r) in r-generators
by the normal closure of the set {w" | w € F(r)}.

5.3. Connection with the restricted Burnside problem. For this subsection, we draw mainly from [21] and [14]
for Theorem 5.17.

Theorem 5.14. Let r € N and p be a prime number. Let B(r,p) be the Burnside group and (;)ien the LCS. The
following are equivalent.

(1) There exists a finite number of finite r-generated groups of exponent p (up to isomorphism).

(2) There exists a bound on the order of finite r-generated groups of exponent p.

(3) There exists io € N such that v, = v; for all j > iy.

(4) The associated Lie algebra L(B(r, p)) is finite.

(5) There exists i such that B(r,p) /%, is the largest finite r-generator group of exponent p and every other
finite r-generated group of exponent p is isomorphic to a quotient of B(r,p) /-

Proof. Set B= B(r, p) and consider the associated Lie algebra L(B) = @;cn ¥:/%+1. By Lemma 5.5, each quotient
Y;/Yi+1 is again finitely generated, hence as they are abelian, each quotient is finite. Using iteratively the third
isomorphism theorem, we have that |B/Y;| = |[B/%||v2/ |- - - |Yi=1/%] so G/% is finite. (1) = (2) is trivial.
For (2) = (3) assume that (3) does not hold. Then % C ¥ for each i, hence B/ C B/¥;+1 C ... is an
infinite increasing chain of finite r-generated groups of exponent p, contradicting (2). (3) = (4) is immediate
since ¥;/ %41 is finite for j <o and y;/yj41 =0 for j > ip. (4) = (3) If there were no such i, then by the
above, we would have an infinite decreasing chain y; 2 1 2 ..., hence the sum @;cy %/ %+1 would be infinite.
(3) = (5). Let G be any finite r-generated group of exponent p. Then there exists a normal subgroup N < B
such that B/N = G. As finite groups of exponent p are nilpotent, B/N is nilpotent, hence there exists i such that
% C N, so also %, C N and hence B/N is a subgroup of B/¥;,. As G was arbitrary, we have the first part of (5).
The second part is merely G = B/N = (B/Y;,)/(N/%,). (5) = (1) is trivial since B/Y;, is finite, hence has only
a finite number of subgroups. U

We will use the following classical formula, see e.g. [15, Theorem 12.3.1]
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Fact 5.15 (Hall-Petrescu formula). In any group, we have modulo Y, ({a,b)):
a’b? = (ab)P[a,b'?~V].C
where C is a product of commutators in a,b of weight p and where a appears twice.
Lemma 5.16. Let G = (x,y1,...,ys) be a group of exponent p. Then
e, 1+ 3)P 1)
is equal modulo 7,11 to a product of commutators in x,y1,...,ys of length p and where x appears twice.

Proof. Using the Hall-Petrescu formula on a = x and b = y; - - - ys, one obtains, since G has exponent p and using
(3) above

b, iy =C
modulo ¥4 ((a,b)), where C is a product of commutators in x,y; - - -y, of weight p and where x appears twice.

Note that the inverse of a commutator is again a commutator since [g,/4]~! = [h,g]. Let ¢ be such a commutator.
Using [x,yz] = [x,2][x,y][x,y,z] we immediately see that ¢ is equal modulo ¥, to a product of commutators of
length p in x,yy,...,ys where x still apears twice. |

Theorem 5.17. Let r € N and p be a prime number. Then L(B(r, p)) satisfies the (p — 1)-Engel identity:
0= [x,y(P*l)].

Proof. We work in B = B(p, p), the relatively free Burnside group of exponent p generated by x,y1,...,y,—1. Let
a=x,b; = ;7. From Claim 1, we have the following equality in L(B)

Y [abic....bpo1)e] = Y o 0 Sa (Y e
oS, | 0CSc{l,....p—1} icS

=la,(by +...+by1) P V] + y (—1)7 1 Bla, (Y b))
0CSC{l,....p—1} ics

=la,(bi+...+b, )PV
+ Z (=P~ - ‘S‘[ biy . bip—l]

0CSC{1,..,p—1},
iyeeny lp 1€8
As y; are in ¥, b; belong to L; = 9 /7> hence each sum of the form Y;-¢b; translate in B as the product [T;cgyi.
Similarly, by Lemma 5.4, commutators of weight p in x,y; belongs to ¥, hence they commute modulo 7,1, hence
the equality above translates readily to the following equation in B, modulo ¥,41:

— —1)p—1-18|
H [xvylt)'v"'ay(pfl)a]:[xv(yl"'ypfl)(p l)} H [xvyila“'vyip}( b
oS, 0SS (1.1},

Using Lemma 5.16, we know that the term [x, (y - - y,,_l)(l”l)] of the right hand side can be written modulo ¥,
as product of commutators in x,y; of weight p where x appears twice. In turn we have

H [x7y157...,y(p,1)6]=cl~~-cs (mod ¥p+1) ()
[ p—1
where each c¢; is a commutator of weight p involving either x or some y; twice. Note that all of them involve x at
least once.

Let 6; be an endomorphism of B mapping y; to 1 and fixing x,y; pointwise for each i > 1. Applying 6; on
(t), the left hand side yields 1 while on the right hand side only commutators not involving y; remain. As ¥,
is stable under 61, we conclude that the product of all commutators among cy,...,cs which do not involve y; are
zero modulo ¥, 1. Each of the ¢; are in ¥, and commute modulo ¥, hence we may regroup them and as any of
their product is in ¥,,, we may assume that all ¢; in () involve at least one y;. Using an endomorphism 6, of B
mapping y» to 1 and fixing x,y1,¥3,...,yp+1, we may similarly assume that all ¢; involve y,. Iterating the argument,
we see that each ¢; involve all of x,y1,...,y,—1 and either x or y; appears twice in ¢; for each j. This contradicts that
the ¢;’s are of weight p, unless they are all 1, which proves that Hcegpil X, Yig,--- ,y(p,m,] € Yp+1. In particular,
there exists a word f(x,y1,...,yp—1) consisting of product of commutators of weight at least p + 1 such that we
have the following equality in B:

H [X,)’lc,-~~7)’(p—1)a] :f(x7y17"'7y]1+1>

O'EGP_]
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Letu € ¥y, V1 € Yips - Vp—1 € %, - Then, using an endomorphism of B sending x to u and y; to v;, we have

I_I [M7V167"'7v(p71)0'} :f(uavla"'avp+1)~

666[,,1
By Lemma 5.4, we know that [Tscs, , [UVigs- s V(p-1)o] € Yig+..tip - AS f(u,v1,...,vp—1) is a product of
elements each belonging to Yio+ o420+ Fip 141 for some k (again by Lemma 5.4), in particular f(u,vi,...,v,—1) €
Yiot+.tip1+1 and s0 [oes | [, Vigs - V(p-1)o] € Yig+ir+...ip+1- In L(B), this translates as
Z [Cadlcw"?d(pfl)c] =0 (i)
6€6p,|
for all homogeneous elements c,dy,...,d, 1. Because the map

()valv"'vypfl)’_> Z [xaylo'r"vy(pf])ﬁ]

O'EGI,_]

is multilinear, the equality (i) holds for all elements of L(B). By Lemma 4.2 we conclude the theorem for r = p.
To conclude for all r € N, if r < p, embed B(r, p) in B(p, p) and if r > p, this is immediate. O

Remark 5.18. Ttis a longstanding open question whether the Lie algebra L(B(r, p)) is itself a free Lie algebra. The
more general question whether L(F) is itself a relatively free Lie algebra when F is a relatively free group was
open for a long time and solved negatively by Daniel Groves in the 1999 [6].

Corollary 5.19. The restricted Burnside problem for groups of exponent p holds if every finitely generated (p —1)-
Engel Lie IF ,-algebras are nilpotent.

Proof. Using Theorem 5.14, the restricted Burnside problem for groups of exponent p holds provided for each
r € N and prime p, L(B(r, p)) is finite. By definition, as B(r, p) is finitely generated as a group, L(B(r, p)) is finitely
generated as a Lie algebra (see Exercise 5.21). By Theorem 5.17, L(B(r,p)) is (p — 1)-Engel hence under our
assumption, L(B(r, p)) is nilpotent. It is immediate that a finitely generated nilpotent Lie algebra over IF,, is finite,
since it is spanned by all monomials of length at most the nilpotency class evaluated in the generators. (I
Exercise 5.20. In this exercise, we prove that finite p-groups are nilpotent. Let G be a finite p-group.

(1) The class equation gives that the action of G on itself has non-central representent xp,...,x; and that

|Gl =12(G)|+ }.IG/Cq (xi)-

Prove that Z(G) # 1.
(2) Prove that if G/Z(G) is nilpotent then G is nilpotent.
(3) Prove by induction on |G| that a finite p-group is nilpotent.

Exercise 5.21. Prove that if G is generated as a group by gi,...,g, then L(G) is generated as a Lie algebra by
81V2,---,8r%2-

Exercise 5.22. (1) Prove that for any exponent p group G, we have L1 = [L;,L;] in L(G).
(2) Prove that %(L) = @, L;-
(3) Prove that one can also add the following statement as an equivalent condition in Theorem 5.14:
The associated Lie algebra L(B(r, p)) is nilpotent.

6. MORE ON n-ENGEL LIE ALGEBRAS

o}

6.1. n-Engel Lie algebras for n = 2,3. We now look at particular case of nilpotency of n-Engel Lie algebras.
This section draws from Higgins [8] and Traustason [19].

Example 6.1 (2-Engel Lie [F),-algebras are nilpotent). Let L be a 2-Engel Lie IF,-algebra. For convenience, we
will write A,B,C, ... for ad,,ady,ad,,.... As L is 2-Engel, we have [c,a!®] = [¢,b®)] = 0, so that, in End(L) we
have A% = B> = 0. Because A + B is also a Lie element (it is ad, ;) we also have:
0= (A+B)>=AB+BA. (%)
The case p # 3. In particular, for all ¢ € L we have (¢)AB + (¢)BA = 0 hence using antisymmetry and Jacobi:
0=c,a,b]+ [c,b,a] = —[a,c,b] — [a,][c,b]]
= —la,c,b] — ([a,c,b] —[a,b,c])
=[a,b,c] —2[a,c,b].
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As a, b, c are arbitrary, it follows that
BC—-2CB=0 (%%)

Together, () and (%) yield 3BC = 0 so that as p # 3 we have [a,b,c] =0 for all a,b,c € L, i.e. L’ =0.
The case p = 3. As equation (x) hold for any Lie element of L, it also holds for [B,C] in place of B, so that

0 =A[B,C] + [B,C]A = ABC — ACB + BCA — CBA

Using (x) we have CB = —BC so ACB = —ABC and similarly BCA = ABC and CBA = —CAB = ACB = —ABC so
that the above yields 44BC = 0 hence if p = 3 we have L* = 0.

Example 6.2 (3-Engel Lie [F,-algebras are nilpotent for p # 2,5). Again, we write A, B, ... for ad,,adp, .. ..
Linearization. We developp the 3-Engel equation 0 = (A +AB)3 fora,b € Land A € Fp:

A(A’B+ABA +AB*) + A*(AB> + BAB+B*A) =0 (FA(4))

This equation holds for all values of 1. As p # 2, there exists A € F, such that 12 # A. By substracting A times
A(1) from A() and dividing the result by A — A2, we obtain

AB* +BAB+B’A=0 ()
Applying (f1) to an arbitrary ¢ € L and using antisymmetry, we have
0=[c,a,b@]+[c,b,a,b] +[c,b?, d]
= —([a,c,bP] +[a,[c,b],b] + [a,[c,b@])
whence CB? + [C, B]B+ [C, B, B] = 0. By developping using [X,Y] = XY — Y X we obtain the identity
3CB* —3BCB+B*C =0 (A1)
The case 5. In that case, (f\f)) yields the identity B>C = 0. Consider the vector space
I = Spang, ([a,6?] |a,b € L)

As B*C = 0 we have [[a,b?)],c] = [¢,[a,b'¥]] = 0 hence I is in fact an ideal of L. Now L/I is a 2-Engel Lie
IF3-algebra hence by Example (L/I)* = 0. It follows that the product of every 4 elements in L can be written as
Yilar, 6], so by B2C = 0 we conclude L3 = 0.

The case p # 2,3,5. From ([) and (A) we deduce

AB?>=2BAB  B?A = —3BAB

In particular, we have
3AB*> = —2B’A. (®)
From AB? = 2BAB we may multiply on the left by A to deduce A>2B?> = 2ABAB. Further, we may exchange A and

B in B’A = —3BAB to get A2B = —3ABA then multiply by B on the right the latter to get A2B> = —3ABAB. We
conclude that SABAB = 0. As we assume p # 5, we have

ABAB = A’B* = 0.
As above, let
J =Spang ([a,6”)] |a,b € L).

From (), we have that for all a,b,c, [a,b),c] € J 50 [d,c] € J for any d € J and 50 J is an ideal. The Lie algebras
L/J is 2-Engel of characteristic 3 hence by Example 6.2 it is nilpotent of class at most 2 hence [a,b,c| € J for all
a,b,c € L. Tt follows from A2B?> = 0 that [a, b, c,d?] = 0 hence L satisfies the identity

ABC? = 0.

Using (&) we have that
2 4
0=ABC? = ?AczB = §CZAB
Again, as [a,b,c] € J for all a,b,c € L we conclude using C>AB that [a,b,c,d,e] = 0 for all a,b,c,d,e € L. We
conclude that L3 = 0.
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6.2. Varieties of Lie algebras, free Lie algebras. We fix a field I, and we consider the set Lie(x1,...,x,) con-
sisting of F-linear combination of (formal) Lie monomials in xy,...,x,. Those are called (formal) Lie polynomials
over F in xi,...,x,. For a Lie algebra L and ay,...,a, € L, we may again evaluate any element p(xi,...,x,)
from Lie(xi,...,x,) by interpreting the expression p(ay,...,a,) in L. For instance if p(x,x2,x3) = [x1,x2,x3] +
[x2,x3,x1] + [x3,x1,X2], then p(ay,az,a3) = 0. Note that there is no structure on Lie(xy, .. .,x,), for instance, [x|,x;]
and [x,x] are formally two different objects (both evaluated as 0 in any Lie algebra).

Definition 6.3 (Varieties of Lie F-algebras). Let V be a set of Lie polynomials in Lie(x; | i € N). The variety
generated by V is the collection of all Lie algebras L such that for all p(xi,...,x,) € V and for all ay,...,a, € L
we have p(ay,...,a,) =0. A variety of Lie algebras is a variety defined by some set of words.

Exercise 6.4. Check that the class of n-Engel Lie F-algebras is a variety.

Definition 6.5 (Free Lie algebras). Given a variety of Lie F-algebras ¥ and a set S of variable, a free Lie F-algebra
for ¥V generated by S is an element F (S) of ¥ containing S and such that for any Lie F-algebra L € ¥, any mapping
S — L extends uniquely to a Lie F-algebra homomorphism F(S) — L.

S —— L
A
n -
F(S)

Theorem 6.6. Every variety of Lie F-algebra admits a free Lie algebra in any given set of generators.

The existence of a free Lie F-algebra (for the class of all Lie F-algebras) can be defined via the free associative
F-algebra A = A(x; | i € N). Before defining A, observe that the subset W (@) of W(®) of positive words (i.e.
that do not involve x; ') is a monoid for the multiplication. Now let A(®) be the associative algebra of F-linear
combination of words in W+ (@) (which is an F-vector space) and where multiplication in A(®) is defined as such

(Z%‘W) : (Zl-liwi) = Zlilljviwj

i i i,j

for A;,uj € F, vi,wj € WH (). Then the bracket [a,b] = ab — ba in A(®) turns (A,+,[.,.]) into a Lie algebra.
Then the Lie subalgebra L(®) of A(®) generated by (x;);en is a free Lie F-algebra. One should think of L(w)
as the Lie algebra of Lie polynomials in (x;);cn, just as the usual polynomials F[(X;);cn] are in fact the free
object in the variety of all commutative F-associative algebras. We conflate monomials in L(®) with formal Lie
monomials in variables (x;);cn. The free Lie algebra L(®) is multigraded, in the sense that it comes equipped
with a well-defined notion of multiweight which associated to each nonzero monomial in variables (xj,...,x,) the
tuple (iy,...,i,) where each i; is the number of times x; appears in the monomial. For a given (ii,...,i,) we define
Viiy,...in) to be the vector space spanned by elements of multiweight (i1, ...,i,). One key fact about multiweight is
that for two different multiweight (iy,...,i,), (ji,-..,jn) we have

We also have that

Note that by allowing the multiweight to The weight of the monomial is the sum i; +...+i,. For instance, [x, y<3)]
has multiweight (1,3) and weight 4. If [x,y(®)] can be written as a linear combination A;m; + ...+ Agmy, then by
the above, we may assume that each m; is again of multiweight (1,3) in (x,y). Another important fact that will be
used later is the following: assume that J = ¢ (L(®)) is an ideal which is given by the image of a multilinear map
¢ : L¥ — L, then L(®)/J is again multigraded.

Again, we might sometimes call relatively free a free Lie algebra for a variety strictly smaller than the variety of
all Lie F-algebras. Anideal I of F = L(®) is called fully invariant if for all endomorphism 6 of F we have 16 C I.

Lemma 6.7. Let I be a fully invariant ideal of the free Lie F-algebra F = L(®). Then F /1 is a free Lie F-algebra
for some variety V.

Proof. We set ¥ be the variety of Lie F-algebras defined by the following subset of Lie((x;);en):
{q € Lie((xi)ien) | q(xiy, .., xi,) €I for some distinct iy, ..., i € N}.

We prove that L/I is a free Lie algebra relatively to ¥, freely generated by (x; 4+ 1);cn. Note that L/I belongs to ¥

since I is fully invariant. Let L be any Lie algebra in ¥, and assume we are given amapping f: {x;+71|i € N} = L

say x; +1 — a; € L. By freeness of F, we know that the mapping x; — a; extends to a homomorphism 0 : F — L.

As L e ¥, we have that I C ker 0 hence 6; : F /I — L is well defined and is a Lie algebra homomorphism extending

f, as required. O
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A relatively free Lie algebra of characteristic 0 is always multigraded.

Exercise 6.8. Let ¥ be a variety of Lie F-algebra with free group F = F(xy,...,x,). Assume that [x|,...,x,] = 1.

(1) Prove that F is nilpotent of class < n.
(2) Prove that every element of ¥ is nilpotent.

Exercise 6.9. Let ¥ be a variety of Lie F-algebras such that every element of ¥ is n-Engel for some n € N. Prove
that there exists N € N such that every element of ¥ is N-Engel.

Exercise 6.10. Prove that if the free n-Engel Lie Q-algebra in countably generators F is nilpotent, then so are any
n-Engel Lie algebra over a field of characteristic 0.

Exercise 6.11. (1) Prove that for each n € N, the vector space
Spang( Y. [a,bio,b2o;---,bus] | a,bi €L)
ces,
is an ideal.

(2) Deduce that if I is of characteristic p with p > n, then the free n-Engel Lie algebra is multigraded.

6.3. Higgins Theorem. Given a Lie algebra L, the derived series is defined as follows: LO =1'=L and
L) = [L0O LD]. A Lie algebra is solvable if there exists k € N such that L*) = 0. Every nilpotent Lie algebra
is solvable, but the converse does not hold in general. However, for (p — 1)-Engel Lie algebras, it holds. This is a
classical result of Higgins and the proof here is the one of the original paper [8].

Theorem 6.12. Let L be a n-Engel Lie algebra over a field of characteristic 0 or over I, with n < p. IfL(d) =0
then LF = 0 where k = :11 + 1.

Proof. Let M = L? = [L,L]. We first establish by induction that for all i € N we have
LnH—Z C MH_I . (*)
It is trivial for i = 0, so assume i > 0. By Lemma 4.2, we have that Y 5cg, [@, P16, - .- ,bus] = 0. Using the Jacobi
identity, we have
[C7dla LR 7di—l7di7di+1)di+27 LR ,dn] :[C7dla LR )di—ladi+17diadi+2a e ,dn]
+ledr, .. dior,[diydi], digas - - dy]

Using this, each term [a, b, .. .,bys] can be written as the sum of [a,b,...,b,| and a sum of commutators of the
form Z(f,k) = [a,by,,...,[bs,bs \],bf s - by, ]. Therefor, we have
0="Y [a,bis,...bus) =nla,bi,....by| +Z
ces,
where Z is a sum of Z(f, k). It follows that

”![Mi>blv" ) ZMlabfw bfk7bfk+l} bfk+2’ bfn]
ik

As M' is an ideal, we have

[Miabﬁ PE) [bfk7bfk+1}7bfk+27 s vbfn] - [Mi’ [bfk’bfk+l]7bfk+2’ s ’bfn}
Now as [by,, b, ] € M and M™! is an ideal we conclude

M, 1bs, b 1\ Bfiys- - sbp ] S ML
In turn, we have proved that [M', by, ..., b,] C M'*!. Now by induction hypothesis, we have that
Ln(l—1)+2 C Mi.
A generic element of L2 = [L"(—D+2 [ [] will belong to [M',by,...,b,] € M, so we conclude that (x)
—

n times

holds.

Suppose that L@ =0, we prove the lemma by induction on d. If d = 1, this is clear as LM =2 =(. Assume that
d > 1and L9 = 0. Then, for M = L2, we easily check that M(¢~1) = 0 and that M is n-Engel, so that the induction
hypothesis applies and M* = 0 for k = ”d,:_ll’l +1. By (%), L"=D+H2 c Mk =0 and n(k—1)+2 =
conclude. (]

We immediately get:

Corollary 6.13. Let L be a (p — 1)-Engel Lie algebra over IF,. Then L is nilpotent if and only if L is solvable.
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6.4. Z,-gradings on Engel Lie algebras.

Lemma 6.14. Let L be an n-Engel Lie algebra over a field of characteristic p > n. Then for all m > n and
X,V1y- -, Yms the term [x,y1, ..., yim| can be written as a linear combination of monomials of the form [x,uy, ... u,_1]
where each u; is a monomial in yy,...,Ym.

Proof. Using y;y; = y;yi+ [yi,y;], we obtain that for each o € &(n), the monomial [x,yis,...,Yns| can be written
as the sum of [x,yy,...,y,] and a sum of monomials of the form

[xvyil yee s Vig_ 1 LYiSayim]»)’in (RN vyi,1]~

Doing this for all ¢ € &(n) and summing up, we obtain:

n![xayla'“ayn}: Z [xaylca-"ayn6]+P
ceS(n)
where P is a sum of terms of the form [x,y;,...,yi_,[Vi;sYiys 1] Visiar- - -5 Viy)» hence monomials of the form
[x,u1,...,u,—1] where each u; is a monomial in y,...,y,. By Lemma 4.2, the term ¥.5c () [X, V10, - -, Yno] Van-
ishes and as p > n we may divide by n! so that the statement of the lemma holds for m = n. By induction, assume
that the statement holds for m > n and consider [x,y1, ..., Ym; Ym+1]- AS [x,1,...,Vm] can be written as a linear com-
bination of terms [x,uj, ..., u,—1] where the u;’s are monomials in yj, . .., y,;, the term [x,y;, ..., y;,+1] can be written
as a linear combination of monomials of the form [x,uy,...,uy—1,ym+1]- By previously, each [x,u1,... up—1,Ym+1]
can be written as the sum of terms of the form [x,vy,...,v,_1], where each v; are monomials in u,...,up—1,Ym+1
hence in fact monomials in yy,...,V;,+1, SO we conclude the lemma. (]

Definition 6.15. A Z;-grading on a Lie algebra L is a decomposition L = Ly L; into vector spaces such that
[Lo,Lo] C Lo, [Lo,L1]) C Ly, [Li,Li] € Lo. In order words: [L;,L;] C L;; ; where the addition happens in Z,.

Example 6.16. Let L be a relatively free Lie algebra with free generators xj,...,xgx. Let S C {1,...,K}, we define
a Zp-grading L = Ly + Ly with

Xi€Ly <= ieS

Xi€EL < i¢S.
To do so, consider the set U of all left-normed commutators in xi,...,xx and split U in two subsets U = Uy U
U, where U is the set of commutators where an even number of elements from {x; | j ¢ S} occurs and U; =

U\ Up. Define Ly = Span(Up) and L; = Span(U;). As every monomial is a linear combination of left-normed
commutators, we have L = Lo @ L;. The number of such gradings on L is 2.

Lemma 6.17. Let L = Ly ® L1 be an n-Engel Lie algebra with a 7Z.,-grading and suppose that Ly is nilpotent of
class at most m — 1. Then L is nilpotent of class bounded by

p=1)(m=1)+m+1 _

n—1

Proof. Recall that the derived series of L is defined by L) = L and LU+ = [L0) L()]. Then L) C Lo +[Ly, L),
LO CLy+ [L1,Lo,Lo] and more generally

LW C Lo+ Ly, Lo, ..., L) (%)
——
k times
First, we prove that [Ly, Lo, ...,Lo] =0fork= (m—1)(n—1)+1. For any b,ay,...,a; with k > n, by Lemma 6.14,
[b,ay,...,a] is a linear combination of monomials of the form [b,cy,...,c,—1] Where ¢y, ...,c,—1 are commutators
in ay,...,a; whose weight add up to k. Assume now that b € L1, a; € Ly and that c is the nilpotency class of Ly,
then for k = (m — 1)(n— 1) 4+ 1 one of the commutator ¢; has weight m hence vanishes. Now by (x), we have
L® C Ly hence L&+ = 0. By Higgins theorem (Theorem 6.12), L is nilpotent of class =L O

n—1

6.5. Group algebra, Young tableau and representation theory of the symmetric group. References for this
section are [4] and [9]. Given a field [F and a finite group G, we may consider the group algebra FG which is the
set of all formal linear combination ¥, A,¢ with A € F where addition is defined naturally:

(Z;ng) + (Z“gg) = Z()Lg +He)g
8 8 8

and multiplication is defined as follows:

(Zlgg) : (Z”gg) = Z)“glihgh-
g g g:h
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A representation of G (over IF) is the data of a right-action of G on an F-vector space V which is linear, in the sense
that (Av+ uw)g = Avg+ uwg. A representation V of G (with a given right-action of G on V) is the same thing
as equipping V with the action of a FG-module in the standard sense. Note that FG itself is already a FG-module
(and of course a representation of G over [), which is called the standard representation. Given any action of G
on a subset X of a vector space over I, this action extends linearly to V = Spany (X ) which gives a representation
of G.

An FG-module V which does not admit nontrivial FG submodule is called simple. The equivalent notion for
a representation is called irreducible, that is, a representation V of G such that no nontrivial vector subspace of V
is closed under the action of G. The algebra F'G is called semisimple if can be written as a direct sum of simple
submodule, equivalently, the representation V can be written as a direct sum of irreducible representations. As G
is finite, the condition for semisimplicity is given by the celebrated Maschke’s theorem: F'G is semisimple if and
only if the characteristic of IF does not divide |G].

We are now interested in the representation theory of symmetric groups &,. The irreducible representations of
G, are classified and are given using the notion of Young tableau, which we define now. We fix d € N. Given a
partition 8 = (81 > ... > &) of d (i.e. such that d = 8 + ...+ &), a Young diagram is the following diagram

]
&
3

in

with &; boxes at the i-th row. For instance the Young diagrams associated to the five partitions 4 =4 ,4 =341,
4=2+2,4=2+41+4+1,4=1+1-+1+1 are given as follows respectively

LT [ |

Given a Young diagram, one defines a Young tableau by filling in the boxes of a Young diagram with the numbers

in {1,...,d}. Canonical examples are given by numbering the boxes in the (descending) lexicographical order:
i]2]3]4] [1]2]3] [1]2 1]2]
4 314 3
4

One crucial property of a Young tableau for d is that it has either a first row of length at least (the smallest
integers greater than or equal to) v/d.

For each Young tableau T, let V = Vr be the subgroup of G, which permutes elements within each column and
H = Hr the subgroup of G, which permutes elements within each row. The representation theory of the symmetric
group is given by the following.

Theorem 6.18. Let I be either Q of F, for p > d. For each Young tableau T there exists s = s(T) € N such that
s divides d! and such that the element e = e(T) defined by

e=-— Z sgn(m)p € FS,
S nevpeH

is idempotent, i.e. satisfies e* = e. We call it a primitive idempotent. Let W = W (T) be the image of FS,; by
right-multiplication by e, then W is an irreducible representation of G, and every irreducible representation of Sy
occurs thisway. Let Ty, ..., Ti be all Young tableau (up to permutation of the numbering of the boxes). Let ey, ..., e;
be the corresponding primitive idempotent and W; = FGye; for i = 1,... k. Then the map x — xej + ...+ xey
defines an isomorphism FS; =W, ®... o W,.

Of course, FG&,; = V| & ... dV; provides the decomposition of the algebra FS, as a sum of simple modules
mentioned above. The main fact we will use from the above theorems is the following equivalent: 1 € FG, can be
written as a sum of primitive idempotent.
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6.6. A theorem of Traustason on 4-Engel Lie algebras. In this subsection we will illustrate the use of represen-
tation theory of the symmetric group to give the strategy of the proof of Traustason’s theorem below [19, Section
3.1, 3.2, 4.2]. We will not give a complete proof. We follow a presentation which draws more from Vaughan-Lee’s
approach in [23, 24].

Theorem 6.19 (Traustason, 2011). Let L be a 4-Engel Lie algebra of characteristic p > 5, the L is nilpotent of
class at most 7.

Let L be a free 4-Engel Lie algebra over IF, with p > 5, freely generated by xi,...,xs. By freeness, the theorem
follows if we are able to prove that

[xi,...,x5) = 0. ()
Goal. By putting together Claims 2, 3 and 4 below we will conclude the following statement.

The equality
[x1,xz,x3,x4,x5,x6,x7,xg] = 0
in free 8-generated 4-Engel Lie algebra of characteristic p > 5 follows from all
the equalities
M (x1,x2,%3,X4,%5,%6) =0

for all monomial M of multiweight (3,1,1,1,1,1) in a free 6-generated 4-Engel
Lie algebra of characteristic p > 5 and in a free 6-generated Lie superalgebra of
characteristic p > 5 which satisfies Y. 5c a4 [X,Y15,Y26, Y36, Yas] = 0.

It might not be completely evident why this reduction is a reduction at all, in fact for some aspect it seems
we have reduced the question to an even harder thing to prove! But the main point comes from the fact that the
number of generators required has been reduced from 8 to 6. The number of generators is a huge problem when it
comes to computational algebra and a reduction of the number of generators might be the only way to reduce the
computing times drastically. In fact, Gunnar Traustason goes even further than that reduction above and goes down
to 4 generators and the uses a computer program to check the identities. The strategy laid down in this section is a
very good illustration of the methods that will be involved in the proof of Zelmanov’s theorem.

Le M be the vector subspace of L generated by all multilinear monomials in x1, ..., xg of weight 8. Note that
M= Spaan([xil,...,xiS} | {il,...,ig} = {1,,8})
We let &(8) act naturally on xy,...,xg via x;0 = x;5. This action extends to every monomial:
[x,'l g ,x,-S]O' = [x,'157 e ,xigg]

Then this action extends linearly by

(Z’lj[xil(jw--’xig(j)]) 0 =Y Ajlxi,(j)>- - Xig ()]0
J J

so that M is given the structure of an F,&(8)-module. We also see G(5) C &(8) acting on M by the action on
X1,...,X5 (wWith x¢0 = x5,X70 = x7,x30 = xg) so that we may consider M as an F,&(5)-module.

By Subsection 6.5, the identity in F,&(5) may be written as a sum of primitive idempotent e; + ... +¢;. It
follows that (1) holds if we can prove that for all primitive idempotent e of IF,&(5), we have

[x1,...,x3]e =0 (1)

We fix a primitive idempotent e corresponding to a Young tableau 7" and write

e= 1 Z sgn(m)mp
§ neV,peH
for V the subgroup of &(5) which permutes the columns of 7 and H the subgroup of &(5) which permutes the
rows of T. The tableau T has either the first row of length at least 3, or the first column of length at least 3,
respectively type 1 or type 2.
Case 1: ¢ has type 1. Assume first that 7 has type 1 and let i1, i, i3 be the first three elements of the first row. This
corresponds to the following four Young diagrams.

‘i1|i2|i3| | ‘ i i2|i3| ‘ i1 | iz i3‘ i i2|i3‘
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Let S be the subgroup of H which permutes the entries i1,ip,i3 in T, so that § = &(3). Let C be a left transversal
for Sin H,i.e. suchthat H =| |.cccS and let f =Y ;.5 0. Then

1

[X1,...,x8]e = [x1,...,x8] ( ) sgn(n)ﬂ:p)

S necV.peH

sgn(m)[xy,...,x3]wco
neV,,ceC,0€S

Y, sen(a)[xi,...,x5)me( ) o)

neV,,ceC oes
Y sen(m)fx,..xs)mef
neV,ceC

In order to establish (%), it is enough to prove that each summand vanishes. Fix 1 € V,c € Cand Let 1 < jj, jo, j3 <
5 be such that {iy,i2,i3} = {j1 < j2 < j3}mc. It suffices to prove that

Z [-xlﬂ,'Cu RS (leﬂfc)o-7 ceey (xj2ﬂ6)67 seey (xj:;TEC)o-? cee 7x57107x67x77x8] =0

[ofN

By renaming the variables, we have that for e of type 1, () follows by establishing all the following equalities,
forall1 <ij<ip<iz <5
Z X1,y Xy o3 Xing s« - -1 Xigg s - - - X5, X6, X7, X8]
ccS(3)

Case 2: ¢ has type 2. Now we assume that e has type 2, hence the first column has length at least 3 and let i1, i, i3
be the first three elements. This corresponds to the following four diagrams.

i i i | ‘

13
in in i 1)
13

Let S 22 &(3) be the subgroup of V which permutes {ij,i2,i3}. Let C be a right transversal for S in V, i.e. such
that V = ].ccSc and let f =Y ;cgsgn(o)o. Then

1
[xl,...,xg]e:[xl,...,xg] ( Z sgn(ir)n'p)
$ neV.peH
_1 Z [x1,...,xs]sgn(cc)ocp
s oeS,ceC,peH
1
=— Z sgn(c)[xi,. .., xg)( Z sgn(o)o)cp
S ceCpeH Ges
1
=- Z sgn(c)[xi,...,x8]fcp
§ ceC,peH

Again, to establish (%), it is enough to prove that each summand is zero and hence we obtain that it suffices to
prove that for all 1 <ij <ip <i3 <5, we have

Z SEN(O) X1,y Xijg -+ -3 Xing s+ - -1 Xigg s - - - 5.X5,X6,X7,X8]
ceB(3)

We have established the following claim.

Claim 2. Equation () follows if we can establish the two following equations for all 1 <i; <iy <i3 <5:

Z [)Cl, ey Xijgr e 9 Xing s s Xizgg e 7)(?57)(?67)677)68] (Esym)
cecS(3)
Z sgn(o-)[xh'"axilo-7"'7xi20-7'"axi30-a"'7-x57-x67-x77-x8] (Eskew)
cecS(3)
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Let E be the associative algebra generated by three elements e, €3, e3 and relations ei2 =0and e;e; = ¢je;. Then
consider the tensor product of algebras
L=LQE.
Then L is a Lie algebra, and by Lemma 4.2, it is 4-Engel.
Exercise 6.20. Prove that L is a 4-Engel Lie algebra.
Consider X734 = x, ® e1 +x3 P ez +x4 ® ez and set X; = x; ® 1. On has that
®3)
(X1, X534, X5, X6, X7, Xg] = ( Y [ ,X2a,X3o7X4o7XS7X67x77)€8]> ®Qereze3
ccS(2,34)
Similarly, for Xj34 = x| ® e] +x3 ® €2 + x4 ® e3, we have that
X134, X2, X\2), X5, X, X7, Xg] =
(X134, X2, X34, X5, X6, X7, X3] Y, [xio.X2,X36,X40,X5,X6,%7,X8] | R ereres.
ce6(1,34)

By mimicking the above, we have that every sum in (Eyn,) can be realized as a product in L where X, ;,i; appears
3 times and the X; once, for each i ¢ {i,iy,i3 }. We have proved the following claim.

Claim 3. In order to establish (Egyny ), it is enough to prove that every 6 generated 4-Engel Lie I -algebra satisfy
P(Xy,...,Xs) = 0 for every monomial P of multiweight (3,1,1,1,1,1).

We now turn to (Egew ). Let U be the associative algebra generated by three elements u,u;,u3 and submitted
to the relations “52 =0, ujuj = —uju; and consider

Lsuper — L ® U.

Let Lo = L® Span(u;u; | 1 <i,j,k <3)and L; = L® Span(u;,ujuju | 1 <i,j,k <3). Then one easily checks that
L is a Lie superalgebra, and by Lemma 4.2, it satisfies the identity ¥.5ce4)[X, Y16, Y20, V30, Yac] =0,

Exercise 6.21. Prove that L"P®" is a Lie superalgebra.
Lett1: 1+ 2,2+ 3,3 4, observe that for any ¢ € &(2,3,4) we have
UoUncUsic = SEN(0)uiusus,
hence for Xp34 = x) ® uy; +x3 Q@ up + x4 ®u3 and X; = x; ® 1, similarly as above we obtain,

3)
[X1,X034, X5, X6, X7,Xs] = Y ([%1, %20, %306, K40 X5, X6, X7,X8] @ U1 5o U3
ce6(2,34)

Z sgn(0)[x1,X26,X30,X45,X5,X6,X7,X8] | @ uiuzu3
0e6(234)

and we recognise an instance of Eg.y. It follows that, as above, we may conclude the following claim.
Claim 4. In order to establish (Egeyw), it is enough to prove that every 6-generated Lie superalgebra algebra over

IF, which satisfies Ygece4) [X,Y16,Y26, Y30, Yas] = 0 also satisfies P(Xj,...,Xs) = 0 for every monomial P of
multiweight (3,1,1,1,1,1).

This establishes our result above. As mentioned above, Traustason goes even further than this reduction and
reduces the question to 4-generated stuctures. Once he reaches Step 2 and the reduction to equations of type:

Z X1y Xiyg e o3 Xing s« - -1 Xigg s - - X5, X6, X7, X8]
ceG(3)
Z SEN(O) X1,y Xijg - - - s Xing s+ - -1 Xigg s - - - 5.X5,X6,X7,X8]
ceB(3)

forall 1 <ij < i <i3z <5, one immediately sees that for a fixed i1, iy, i3, say (i1,i2,i3) = (2,3,4), there are still 5
variables left unchanged in the sum

Y, [xi.x0,%30, %40, X5, X6, X7,X8]
0eG(2,34)
One may therefore consider the action of §({1,5,6,7,8}) on M and use another round of the same argument layed
down above. That way, Traustason were able to reduce the equality [xj,...,xg] = O to equations in 4-generated
structures, Lie algebras, Lie superalgebras, and colour algebras. Then he used computer algebra and nilpotent
quotient algorithm in order to check those identities and prove his theorem.
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APPENDIX A. ZELMANOV CHARACTERISTIC 0 THEOREM
The goal of this section is to prove Zelmanov’s characteristic 0 theorem.
Theorem. Every n-Engel Lie algebra over a field of characteristic 0 is nilpotent.

We now explain how to deduce the asymptotic solution to the RPB from Zelmanov’s characteristic 0 Theo-
rem. Let A be the two-sorted theory of n-Engel Lie algebras over a field of characteristic 0, i.e. the field sort is
axiomatised by the theory of fields and all sentences

Op=1+14...+1#0
—————
p times
whereas the Lie algebra sort is axiomatised by the theory of Lie algebra with the extra sentence
W,y [x,y"] = 0.

Being nilpotent of class < c is expressible by a single sentence ¢., and Zelmanov theorem can be stated as follows:

AE\/ ¢
ceN
Compactness implies that a finite fragment of A implies a finite fragment of the right hand side. In particular, only
finitely many of the 68,,’s are necessary to imply finitely many of the ¢.’s hence we may conclude the following'.

Theorem (Asymptotic nilpotency for n-Engel Lie algebras). For each n € N, there exists N,c € N such that every
n-Engel Lie algebra over a field of characteristic p > N is nilpotent of class < c.

A.l. Step 1: Establishing the induction scheme. In order to prove the theorem, it is enough to prove that the
relatively free n-Engel Lie algebra over QQ in countably generators is nilpotent.
We will use the following well-known result of Kostrikin mentioned in the introduction.

Theorem (Kostrikin, 1958). Let L be an n-Engel Lie algebra of characteristic O (or of characteristic p > n), then
L contains an abelian ideal.

During the rest of this section, n € N is fixed and let L be the relatively free n-Engel Lie algebra over Q in
countably many generators {x; | i € N}.
We construct a chain of ideals (/y)q<y in the following way:
o if o = 0 start with [y = {0},
e if o is a successor ordinal hence I has been constructed, consider 7 : L — L/Iy—; and let I, to be the
sum of all abelian ideals of L/I,_ and define I, := 7w~ (Iy),
e if ¢t is a limit ordinal, set Iy = ) . 1}
As the homomorphic image of any n-Engel Lie algebra stays n-Engel, Kostrikin Theorem ensure that L/l
always contains a nontrivial ideal, as soon as Iy # L. By a cardinality argument there is a (countable) ordinal y
such that L = I,.

Claim 5. For each o < 7, I is fully invariant. In particular L/l is relatively free.

Proof. We prove it by induction. If oo = 0 or « is limit, the result is clear, so we assume that o is successor and
that I, is fully invariant. As L/I,_; is relatively free, every relation that holds in L/I_ is an identical relation.
Using the isomorphism: (L/Ig—1)/(Ig/la—1) = L/14, it suffices to prove that [ := Iy /I is a fully invariant ideal
of M :=L/I4_. Let 6 be any endomorphism of M and let a be an element generating an abelian ideal. As [ is
the sum of all abelian ideals of M, it is enough to show that a6 generates an abelian ideal. Let (y;);<¢ be the free
generators of M. Assume that a lives in the Lie subalgebra of L generated by yy,...,y,. Because a generates an
abelian ideal in M, we have

[a7yr+17 .o 7yr+k7a] = O
for any k > 1. Now for arbitrary elements ay,...,a; of M, the tuple (y1,...,Yr,Yr+1,---,Yr+k) Can be mapped to
the tuple (y16,...,y,0,ay,...,a;) by an endomorphism ¢ of M. Observe now that a¢ = a6 so that
[a0,ay,...,a;,a0] =0.
As this holds for all ay,...,a; € M and k > 1, the ideal generated by a0 is abelian. O

We prove that for all 0 < 8 < y there exists & < 8 such that L/l is nilpotent. By basic properties of ordinals,
this implies that L/Iy = L is nilpotent.

ISee also [22] for a quick argument for the same result which does not use any logic. Traustason wrote a constructive account of Zelmanov’s
proof, yielding explicit bounds for N, c, depending on n [20].
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Claim 6. If 3 is a limit ordinal and L/Ig is nilpotent, then there is & < B such that I is nilpotent.

Proof. Assume that Ig = Uq.<pgla- As L/l is nilpotent, then [xi,...,Xy] € I for some m € N and & < . Then
L/1, is arelatively free Lie algebra (by Claim 5) and because [x|, . ..,x,] = 0, the latter is an identity, which means
that L/I, is nilpotent. O

It remains to prove that if § is a successor ordinal and L/Ip is nilpotent then L/Ig_; is also nilpotent. This is
the core of the proof, and will occupy the rest of this section.

Remark A.1. Another equivalent way of stating the strategy is to consider 8 to be the minimal element of the set
{a < y| L/I is nilpotent}, which is nonzero since it contains y. Then Claim 6 yields that B must be either zero or
a successor cardinal. Assuming that f3 is a successor ordinal, we prove that L/Iﬁ,l is also nilpotent which forces
B to be 0 and L to be nilpotent.

A.2. Step 2: First footstep in the induction step. Welet M =L/Ig_ andI =1Ig/Ig_;. Then M /I = L/Ig hence
M /I is nilpotent and we want to prove that M is nilpotent. Of course, I is the sum of all abelian ideals of M. Recall
also that M is relatively free and of charactericstic O hence it is multigraded. By abuse of notation, we reuse the
variables (x;);<e to denote a set of generators of the relatively free Lie algebra M. We also consider another set
of generators of M, this time indexed by N x N, which we denote (x; ;) jjenxn- We will prove that for some
K,N € N we have that (x(; ;)); j satisfy the following identity.

[X(1,1),X(1.2)5 - X (1)) X215 %(2.2) 5 - s X2,k | - 5 XV, 1) -+ X v i) )] = 0. (1)
As M is realively free, this implies that the above is an identity in M and hence that M is solvable. Then using
Higgins Theorem (Corollary 6.13), we conclude that M is nilpotent.

A.3. Step 3: Linearization. Letm be such that (M /I)™ =0, so that [xi,...,x,] €  hence there exists aj, ... ,a;_1 €
I with
X1, Xm] =a1 + ...+ ag_q

where each a; generates an abelian ideal. This is a general fact, if a Lie algebra is generated by elements which
generates abelian ideals, then the product of two elements that generates an abelian ideal also generates an abelian
ideal so that every element can be written as a sum of elements that generates an abelian ideal. In particular, in any
monomial where [x,...,X,]| appears k-times, by developing the sums, one of the a; appears at least twice in each
summand hence vanishes, so the ideal generated by [x1,...,xn] is nilpotent of class < k. It follows that we have
the identities:

(X1, sXm)y ey X0y ooy Xam]y e ooy [X15e ey Xm]] =0
where any number and any element can appear in between the monomials [x, ..., X;,], which appear k times.

Claim 7 (Linearization). M satisfies the following identity:

Z Hx(lcl,l)w"ax(lam,m)]w"a[x(261,1)7'"7x(26m,m)}7"'7[x(kdl,l)v"'ax(kam,m)]] =0 N

0,66 (k),...,oneS (k)
In the above, we omit that any number of elements can be put in between the commutators [x(icl d)seee ,x(,-cmm)].
Proof. 1t is an easy exercise of linearization by setting x; to be Z’;zl Ajix(ji for Aj,..., A € F. To convince

yourself, do it with k = 3 and m = 2. Write

3 3
xi=Y Xy, X2 = Y HixX(j2),
j=1 J=1
then
bexz]’“_7[x1,x2],...,[x1,x2]]:[ Z [A,ix<i71),qu(j’2)],...7 Z [)LiX(i,l)al'ij(jQ)L-..a Z [lix(i,lﬁ.ujx(j@)]]

1<i,j<3 1<i,j<3 1<i,j<3

= Y [y mixgal o axgen s xg )l --o [sXin s exg )]
1<, j kL, 1 <3
Now by evaluation (A1, A2, A3, 1, ta, 43) = (0,1,1,1,1, 1), one sees that in the sum above, the sum of all monomi-
als where x(y 1) does not occur vanishes, hence we may assume that the sum only involves monomials where x(q 1)
occurs. Iterating the argument above, we may assume that all monomials in the sum above involve each x; ;) at
least (and by the degree at most) once. In turn, the sum above equals:
Y (1) XG.2) s Xy Xa,2) s+ X)X, 2) ]

1<ij ko5, <3
i,j,k,l,s,t all distinct
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which is easily seens to equal

Z [[x(161,1)7x(10'2,2)]7 EERE) [x(20'1,1)7x(20'2,2)]7 EERE) [‘x(301,1)5x(30'2,2)]]'
(9] ,62€6<3)
|
A.4. Step 4: Reduction to symmetric/skew-symmetric sums. We prove that the equation
(1) x2)s - Xl s X@2,2)s - X - vy - Xl = 0 )]

is a consequence of the equations

€] £ &K

Z Z Z [...,[x?llﬁl),...,xg’f[{)],...,[xg,l),...,xé’f[()]...,[xzé’l),...,x&’il()],...]:O 2)

01€6| 0,6, oxeGk
where each &; is a copy of &(R) which acts by permutation on the generators {x(; j),...,X(g,)} (and leaves the

other generators invariant) and where R* =Nand g € {+,—}, and by definition

+ —
Y ©°:=Y ° and ) °:= ) sgn(o)°.
ceS(R) ceS(R) ceS(R) ceS(R)

Action on the first coordinates. We start by acting on the “first coordinates” of the monomials

H ::[x(1,1),x(1,2)a---:x(LK)}

I :Z[X(N71)7X(N,2)v cee ’X(NJQ]

The group &(N) act on the set (on the right) {x(; 1),..., X 1)} by X(,1)0 = X(is,1) and extends to all x(; ;) by
X(i,j)0 = X(i,j if j # 1. Then this action extends to all monomials by
1) X 2,20+ X5,30)] O = [X1,1) O X12,) O -+ 5%, j3) O

and finally the group algebra Q& (N) acts on the Q-vector span of those monomials (i.e. M) in the natural way.
By Subsection 6.5, in order to obtain equation (1) it is enough to prove that for all primitive idempotent e €
QG6(N), we have

(05X .2)s - X)L X2 1) X2,2)s - 5 X2 -5 [Xw 1) -+ X(1,5) ] Je = 0. (3)

Indeed, the identity Id of Q& (N) can be written as a sum of primitive idempotents Id = e; + ...+ ¢, and for
any linear combination u of monomials in x; ;) we have u = Id(u) = Y.}_, ue;.

Any primitive idempotent corresponds to a Young diagram which has either a first row of length at least N 1/2
or the first column of length at least N'/2. The first case will be called the “symmetric” case and the second case

will be called the “skew-symmetric” case. The idempotent e can be written as

o=l Y, sen(m)mp

S nevpeH

for some s dividing N! and where V is the subgroup of G(N) that permutes the entries within each columns and H
is the subgroup which permutes the entries of the rows.

Symmetric case. We assume here that the first row of the Young diagram associated to e has length at least N /2,
and we denote iy, ..., iy the first NV 1/2 elements of the associated Young tableau of e.

NI/2

it lir D
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As H is the subgroup of G(N) which permutes all the entries within each rows, the group of all permutations

of the set {i,...,iy12} can be seen as the subgroup S of H which fixes elements of {1...,N}\ {i1,...,iyi2}. Let
C be a left transversal for S'in H, i.e. with H =| |.cccS. We set f:=Y 5c50. Then
1
[ll,...,tN]EZ[l],...,lN]* Z Sgl’l(ﬂ')ﬂ'CO'
§ neV,ceC,0€S
1
= Z sgn(m)[t,. .. tn]c Z c
neV,ceC ocS
1
== Z Sgn(ﬂ)[tl,...le}TECf
§ neV,ceC
It is enough to show that for each 7 € V,c € C, [r1,...,ty]mcf =0,s0fixt € V,c€ Cand let j; <... < Jniy2 be
such that
{j]ﬂC7. ..,le/zﬂC} = {l.h. "7iN1/2}'
Then, because S only acts on {i1,...,iyi/2},

[t1,....tx]Tcf = Z[llﬂCG,...,tjlnCG,...,thl/anG,...,lNﬂCG]
ocS

= Z[1‘171,'6,...,tj17'CCG,...,th]/zﬂCG...INTCC]
oeS

For j € {j1,...,jy12} we have
HiTCO = [X(jrea,1):X(j2)s - - - »X(j.K))

and as o runs over S, (j17cO,..., jyi2Tco) runs over all permutations of (i1,...,iy12). So in order to prove
equation (3) for that idempotent e, it is enough to establish each equation of the form

Y [...tj7co, ... 1)1 TCO,.. ] =0

oes

for each m € V,c € C. Note that the left hand side of the previous equation is a commutator of multiweight
NK which is multilinear because we started with the equation (3) which is multilinear, and we are applying
permutations of the generators. We may now re-label the generators so that proving equation (3) reduces to
proving:

[...Jf’,...,tf,...,t§1/27...]:0 4)
ccG(NY/2)
Recall that extra entries are to be inserted between the entries 77, ... ”131 /2» and those are fixed throughout the

sum (and the expression is still multilinear). But those extra entries also varies when considering two different
sums of the above form.

Skew-symmetric case. In this case, the sum will be twisted because the permutation subgroup of N 1/2 elements
will be a subgroup of V instead of H.

N1/2 _

Although the argument is similar, we will repeat it in details. Let i,. .., i1/ be the first N 1/2 entries in the first
column of the Young tableau, and let S be the subgroup of V which fixes {1,...,N}\ {i1,...,iy12} and let C be a
right transversal for S in V, that is

V= |_| Sc.

ceC
Let f =Y sessgn(o)o. For ¢ € C and ¢ € S we have sgn(oc¢) = sgn(o) sgn(c) hence
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1
[l],...,tN]ez[l‘],...,tN]* Z sgn(Gc)ch
§ oeS,ceC,peH

1
=- Z sgn(c)[t1,. -, tv( Z sgn(o)o)cp
S ceCpeH Ges
1
=- Z sgn(c)[t1,. .. tn]fep
S ceCpeH

Now we may re-label i; so that iy < ... <iyi, and foreachc € C,p € H :

[t W] fep =Y sgn(G)[Ilc,...,t,-lG,...,tiNl/ZG,...,tNG]Cp
ces

Z Sgn(G)[l‘l,...,tilﬁ,...,tiNl/zc,...,l‘N]Cp
ceS

since ;6 = t; if i ¢ {i1,...,iy12} and ;6 = [X(ig,1),X(i2) - - - X(i,k)] fOr i € {i1,...,iy1/2}. As above, in order to
obtain equation (3) it is enough to prove that
) sgn(O)[. s 17,1510y ] =0 (3)
ceB(N1/2)

Putting together (4) and (5), we conclude that in order to establish equation (1), it is enough to prove that for
€ € {+,—} we have:

£
[...,t;’,...,tg,...,tlgm,...]:0. (6)
ceG(N/2)
Action on the second coordinates. According to equation (6), we now no longer need to consider monomials

t1,...,ty but only subsets of size N 1/2 of those. We fixed one such subset and re-labeled it 71, .. . ,Iy1/2. We continue
by acting on the second coordinates of the monomials

= [X<1,1)=x(1,2)7~~,x(l,K)]

tyij2 = [x(N1/271),X<N1/272), oo 7x(N1/27K)].
We let &(N'/2) acts on {x(12)5- - X! /272)}, leaving all other generators invariant, we extend the action on all

monomials coordinatewise. Then Q& (N 1/ 2) acts on the span of all those monomials, i.e. on all M. In order to
establish (6), it is enough to prove that for every primitive idempotent e € QS (N 1/ %) we have

€

[...,;f’,...,zg,...,tgl/z,...] e=0. @)
cEG(N1/2)
We write |
e=— Z sgn(m)mp
sneV,peH

where V is the group that permutes the values in the column of the Young tableau and H is the group that permutes
the values inside each row. The Young tableau associated to e will again have either a row of length at least N 1/4
or a column of length at least N 1/4 which leads us again to two cases.

Symmetric case. If e corresponds to a Young tableau with the first row of length at least N'/* let iy,...,i n1/4 be
the first entries and let S be the subgroup of H that fixes {1,...,N'/2}\ {if,... Jini/a )
Let C be a left transversal of Sin H, so that H = | |.cccS and f =Y 5c50. Then
£
[...,tlc,...,tf,...,t;l/z,...]e
ceS(N1/2)
is a linear combination of terms of the form
€

[...,tf’,...,tf,...,tl‘\;l/z,...]ncf
ceS(N1/2)
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form € V,c € C. Forafixed w € V,c € C, there exists ji1 <... < jyia with

(i, jyiamet = i, iy}

and hence
£ £
[t dS sty mef = Y Y ottt Tt
cES(N/2) CES(N/2)TES
€
= Y Z[...,tf’nc,...,tj‘-’lncr,...7t]‘-jvl/47rcr,...7t1‘\;1/27tc,...]
ceG(N!/2)TES
since T € S fixes t;7wc unless j € {j1,...,jyi/4}, (for which it acts on the second coordinate). As T runs over S,
(JieT, ..., jy1/saeT) runs over all permutations of (i, ...,iyis). As o ranges over G(N'/2), (ji0,..., jy1/40)
ranges over all possible permutations of N'/4 element subsets X of {1,...,N 1/ 2}. We fix one particular N 1/4

element subset X of {1,...,N'/?}. Let A= &(X) and B = &({1,...,N'/2}\ X). Both A and B are here seen as
subgroups of G(N'/?) = &({1,...,N'/?}), which fix pointwise the set {1,...,N'/2} \ X (respectively the set X).

Claim 8. Assume that oy € S(N'/2) = &({1,...,N'/2}) is such that {J100,...,jy1/400} = X. Then any per-
mutation o € G(Nl/z) with {ji10,...,jy1140} = X can be written uniquely in the form ¢ = cyab for a € A and
beB.

0o [ {jt,---sjyijaya=o [ {j1,..., jyi/a}. Similarly, there exists b € B such that

O (e Lo h) - (L NI Lo dyiad) = {1 NP X

is equal to O01({1,..NV2 ]\ [y ""’j/vl/4})b' Now because the domains and the ranges of 6 [ {ji, ..., jyi/4 } and O ({1,.. N1\ [y

are disjoint, the union of the graphs gives an element of &(N 1/ 2) which equals . For the same reason the union

of the graphs of 6y [ {Ji,...,jyi/4 }a and GO[({L.-.,N‘/Z}\{J'l,.-..,le/4})b gives cpab (note that a and b commute since

they have disjoint support). (]

Now, for the fixed X as above, in the sum

£
(o2 (o) (o)
2 [t eyt TCT,

(o2
i1 T NNV ]
ceG(N1/2)Tes

we pick out the terms where o satisfies {10,..., jyi/40} = X, and by the claim this is equal to

€ €
opb opa opa opb
=Y Y Y[ me, ) ncr,...,th|/47rcr,...,tNl/znc,...]

acAbeBTES
since t;’oab either equals £ if i € {ji,..., jyi/a} or equals #;" 0% otherwise. For a fixed b € B, the latter is a sum of
elements of the form
£
O'()b opa opa ()'()h
Y Y0, 1] ncr,...,thl/4ﬂc*c,...,tNl/znc,...].
acATeS

In order to show that (7) holds, it is enough to prove that all the sums of the latter form vanish. By re-writting the

above, re-labelling the generators x(; ;, we need to show that sums of the following form vanish
€

[...,tf‘”)...,té“’f),...,tl(vcf}f),...]

ceS(N/4) te&(NI/4)
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where
67 = [X(io, 1), X(i7,2) X (1.3) - - 1 X(i,K))
fori=1,...,NV/*.
Skew-symmetric case. If e is an idempotent corresponding to a Young tableau with first column of length at least

N1/ 4. then the situation can be carried out in a very similar manner, (with the same changes from left-transversal
to right transversal, etc) so that (7) follows from proving the equality

£ —

GG (NY/4) te&(N/4)

Iteration and conclusion. In turn, (7) follows from proving equalities of the form

i Zv: R SIS t(ﬂ’;? ...]=0
ceS(N/4) te&(NI/4) N

with t-(G’T) = [X(i6,1>,)€(if’2)7x<i73), e ﬂx(i,K)L and E,ve {+, —}

Now we let Q&S (N'/4) act on M by permuting the free generators {xa3),%23),- - ,x<N1/4_3)} and we can carry
out similar reductions. We iterate this process for K steps so that for R satisfying R® = N we establish that equation
(1) follows from proving that all the following equations hold

ST S A R IV C e O R T
GIEG(R) G[(GG(R)
with foreachi=1,...,R:
t(cl,-.-,GK)

i = [x(lo‘l,i)r'wx(Ko‘K,i)}'

A.5. Remark: An escape route. We can already conclude the theorem in a very particular case. By Step 3, there
exists k,m € N such that the ideal generated by [x|,...,x,] in M is k-nilpotent, and by Claim 7, M satisfies the
identity (A):

)y (X (16y,1)5 -+ - X (1Gmm)]s -+ -5 X200, 1) - - 5X2mm) |5 -+ X (ko 1) -+ 5 X (k0m)) = O

where any number of elements can be put in between terms of the form [x; X . Let N = kzm, and
y p (io1,1) s+ - A (iopm,m)

K = m then, assuming & = 1 for all i = 1,..., K we have the identity
€] Ex
T B o) foean | onea0 g

GIEG(R) GKEG(R)

Hence, assuming that Id € Q& (k), Id € Q&(k?), Id € Q& (kzz), ..., Id € Q6&(N) can all be written as a linear
combination of primitive idempotent only with first row of length at least ()1/ 2, then we would conclude the
theorem.
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A.6. Step 5: Symmetrization using Z,-gradings. Recall from Step 4 that we want to prove that for some R, K €
N we have
£] K
= ... tfc"“""’() . téo"“""’() ctg TR ] =0.
G]EG(R) 0'](€6<R)

We now define the constants R and K. Recall that & is the number from Step 3 such that the ideal generated by

[x1,...Xm] is < k-nilpotent. We are already given n and m, and we define
p=D)(m=1)+m+1 _

K= 1.
n—1 +

Let F be the subalgebra of M generated by xj,...,xg. It is a relatively free n-Engel Lie algebra with free
generators xp,...,Xx. Assume that we are given a Z,-grading F' = Fy & F; according to Example 6.16 with some
x; € Fy and the others in F;. We have U the set of left-normed commutators in the x1,...,xx and U = Uy U U,
with Uy C Fy and U; C Fj. Recall that we are given m as in Step 1. Define I to be the ideal generated by elements
of the form [cy,...,c,] With ¢; € Uy. Then F/I satisfies the hypotheses of Lemma 6.17, and by the choice of

K as defined above, we have [x;/I,...,xx/I] = 0 in F /I hence [x,...,xk] € I. This means that [x;,...,xg] is a
finite linear combination of elements of the form [cy,...,cm,a1,...,aq], for ¢; € Uy and a; € {x1,...,xx}. Note
that because [xj,...,xk] is multilinear and F is relatively free and multigraded, we may assume that each element
[c1y--sCmsat,. .., a] is multilinear and of weight K.

For any of those 2X gradings on F = (x{,...,xx) we obtain such a linear combination, hence there is a maximal
number 7 such that for a given such Z,-grading Up,U; on L = (x,...,xk), the element [xi,...,xk] is a linear
combination of at most 7 many monomials of the form [cy,...,cm,a1,...,a] with ¢; € Up.

We set

R:=kT.
We want to prove
£1 £k
Z Z [...,l‘l,...,tz,...,l‘R,...}Gl...GKZO ()
01€6, ox €Sk

where & is a copy of &(R) which acts on the set {x(j j),...,X(z )} by permutation of the first index, and leaves
the other generators invariant. Note that each groups is acting with support on disjoint sets of generators, hence we
are really considering the action of the direct product S| x ... x Gg.

We now fix a choice of €1,.. ., €k, and we define a Z,-grading on F := (x1,...,xx) = Fo @ F} by setting

xi€ by <= €& =+,
x, €l <— ¢g=-—.

By the above argument, using Lemma 6.17, there exists a number s < T such that
N
[xl, . ,)CK} = Zliui
i=1

where u; are multilinear terms of weight K of the form
up=|[ci,...,cm,ai,...,aq

with ¢; € Up and g; € {x1,...,xk}.
Let 61, ..., 6g be endomorphisms of M with x16; = x; 1,...,Xk0; = x(; x) fori=1,...,R. Then

= [x(i,l)a e ,X(LK)} = [)Ch e ,XK}G,' = Z u,6;.
r=1

We substitute #; in (8) and expand to get a linear combination of terms of the form

€] €K
Z Z [...,u,lel,...,u,262,...,u,R6R,...]61...GK
01€6, oxeGk
forall 1 <ry,...,rg <s. As R=kT > ks there is some index » which appears at least k times among rq,...,7g,
say r =r; fori=1iy,...,ix. Then
£l €K
Z Z [...,u,lﬂl,...,urzei,...,urRGR,...}Gl...GK
01€6, oxeGk
£l €K
= Z Z [...,urel-,,...,u,O,-z,...,u,Gik,...]Gl...GK
01€6, ox €Sk
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Now u, = [c1,...,Cm,a1,...,aq) = [[c1,...,¢m],a1,...,a4] and for i # j we have that
{c16i,...,cmB,a16;,...,a40;} N {c10},...,cn0j,a16;,...,a,0;} =0
so that
Loy urBy, 6y,
=[.. ety 0mlBi, .t em] By, et el B -

is a multilinear commutator. It follows that in order to prove (8), it is enough to prove that

£ £k
Z Z [.[ct, o emlBips- et em] By, et em) B, o1 ... og =0 9)
01€6, oxeGk
where & is a copy of &(R) which acts on the set {x(; j),...,X( )} and leaves the other generators invariant.

Again, those groups are acting with support on disjoint sets hence we are really considering the action of the direct
product & x ... X S, so we may re-write (9) as
Z sgn(o)[...,[c1,. . emBiys. . n et o emlBiyy €1y Cm) By, .. ] =10
ceG | x...x6k

where if 0 = 0] --- 0k we define sgn(0) to be the product of the signatures sgn(o;) for € = —, in other words
sgn(o) = [Tiije=— sgn(o;). It should be clear that in order to establish the above identities, it is sufficient to prove
the same identity without the extra hidden terms on the right “...]” and without the extra hidden terms on the left
“[...,” (for the latter, observe that any commutator [...,x] is a linear combination of commutators of the form
[x,...]). So, proving the above identity is equivalent to proving the following:

Z sgn(o)|[ct,- .- cm|6iy,. -5ty m) By, -y [C1y 0o 0] 6] =0 (10)

ceG | x...x6k

A.7. Step 6: Conclusion. To conclude, it is enough to prove that the left hand side of (10) consists of instances
of the linearized identity (A) from Claim 7.

Fix 0 € 64,...,0x € Gk and let 0 = 07 ... 0. We take a closer look to a summand from (10), which is of
the form

ety osemlBiys--oslet, o oemlBy .oyl 0m) By O
Fori,j € {ii,...,ix} with i < j, the action of & on [cy,...,¢,|6; and [cy,...,cn|6; is given by
[c1y. . cm|6;0 =[c16;0,...,cn6;0],
[c1,...,cm]0j0 =[c10)0,...,cu0;0]
and if ¢y = [x,,..., x|, then
10,6 = [X(j)--- ,x(l-’kq)]c = [X(i k) Oky» - - - ,x<i,kq)6kq}
10,0 = [X(jky)s- -1 X(jkg)]O = [X(jiky) Ok s+ -1 X(jiky) Oy )

since o only permutes the set {X(l,k), e ,x(R,k)} and leaves the other x; ;) invariant.
Let 7 be the transposition which swaps x(; x, Ok, and x(; x,) Ok, , let 7, be the transposition which swaps x(; x,) Ok,
and X(; x,) Ok, and so on until 7, which permutes x; ) Ok, and x(; s yO,. Let T =7y - -- 7,. Now recall that the term

ets-seml€iys-sletssemlOy . sfery o om) 65 ] (A)
is multilinear in (x; ;)), i.e. each variable x(; ;) appears at most once. So the action by a permutation of generators
gives another multilinear term. By looking on how o7 acts on [cy,...,¢,|6; and [ci,. .., c,]0; Within (A) we obtain

[.ctye o 0mlBi. .0y [c15. 0 0m]0), .. JOT
=[..,[a607,...,cynbi01],...,[c10;07,...,cn0;0T],.. ]
=1[...,[c10;07T,c20;0,...,cn0;0],...,[c10;07T,c20j0,...,cn0;0],.. ],

the last line being justified by the fact that, as the term is multilinear, among the whole (A), the generators X(i.j)
which are in the support of 7 only appear in ¢ 6;0 and ¢ 0;0, so that 7 leaves invariant the other terms of the form
c;0;o0. By choice of 7, we have, of course, ¢16;07 = c¢10;0 and ¢10;07 = ¢ 6;0, so

[...,[C],...,Cm]ei,...,[C],...,Cm]ej,...}O"L'
= [..‘,[ClejO',L‘zeiG,...,CmGiG],...,[C19i67029j0',...,CmejGL...].
Since ¢ = [xg,,. .. ,xkq] € Fy, the number of elements of {x,,... ,xkq} which lie in Fj is even. We have that

g < K and 7 can be seen as an element of &; x ... x Gk (putting identity elements in between) hence appears as
a permutation involved in the sum (10). We argue that sgn(7) = 1. Indeed, the transposition 7; will appear with
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sgn(7;) in the sum if and only if &, = —. This holds because, 7; permutes x(; ,) O, and x(; x,) Ox, Which are elements
of {x(l_’k]), ... ,X(R,k,)} and hence are acted on by permutations from &, , which corresponds to a sum twisted by &, .
Hence sgn(1;) appears in the sum (9) if and only if x; € F}. The number of times this happens when considering 7
is even, hence, according to this choice of €;, we have sgn(7) = 1. This implies that sgn(c7) = sgn(o), i.e.
[.. . [C19i67...,c,n6i6], ey [ClejG, R ,CmejG],. . ]
and
[. . [6191',629,', . ,Cmei}, . [C] 9,'(7,629]'6, . ,CmGjG], .. }

are two summands from (10) with the same sign. We can re-write the left hand side of (10) as

Y sgn(0)[[c16;0,....cnb;,0],...,[c16;,0,...,cn6;,0],...,[c16;,0,....cn0; O] (11)
ceS | X.. xSk
Fix 0 € 6 x... x &k, and set y(,,) = ¢,6;,0. Then
[[6‘19,'10,...,CmeiIO'},...,[CleiZO',...,CmeizG],...,[CleikO',...,CmeikGH

equals
[[y(l,l)ﬂy(l,Z)a cee ,y(l,m)], RS [y(Z,l)ay(LZ)v cee ay(2,m)]a (AR [y(k,l)a cee 7y(k,m)]]
By the above argument,

[[y(2,1)7Y(1,2)7 e 7y(],m)]a s [.Y(],l)vy(Z,Z) e »Y(z,m)]» s [y(k,l)a e ay(k,m)H

appear as a summand in (11) with the same sign as the previously display term. Iterating the argument, for all
permutation v € &(k), the terms

H)’(lv,l)v- "ay(l,m)]a' R} [)’(2v.1)a s 7y(2,m)]7"'a[y(kv,l)v"'ay(k,m)ﬂ

all appear in (11) with the same sign. Similarly for vi,...,Vv,, € &(k) the following terms all share the same sign
in (11)

[Dvi,1),Y(12)s - s YAm)s - Davi1):Y@,2) - s Y@ s -+ Didevi 15 Y k2) -+ > Y deom) ]
[Dvy, 1Y (0v0.2) Y m) ) v 15 Y@ ,2) - s Ym) b -+ Doy 1) Y (kva,2) -+ Y (k) ]

H.Y(lvl,l)a"'vy(lvm,m)]v"'a[y(Zvl,l)v“'ay(Zv,n,m)]v"'7[y(kvl,l)v"'vy(kvm,m)]]

hence, gathering the sub-sum of (11) consisting of all the latter terms as vi,...,Vy, range in &(k), we find an
instance of identity (A)

[X(161,1)s+ - s X(1Gmam))s -+ > K201, 1) 5+ - -1 X (20mm))s - > K (ka1 + - + s X (kam) ] = O-

Doing this for each 0 € & X ... x Sk, we establish that the expression in (11) vanishes, which proves the theorem.
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